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1 Solving for the transmission rate

For the simulations, we use a discrete time approximation of the continuous time model for
which the unit of time is one day. We use the simplified version of the SEIR model, without
contact tracing and random testing, to recover the transmission rate.

The system of difference equations is
I} =Tas+ (1= %) I,

ASi1 = —a S /N

AE 1 = S I /N — oE,
Alg1 = QE — (B +74) Lay
Algyr = Blay — (6 +vs) Isy
ARy 1 =valay +vslsy
ADy 1 =dipq = 6lg;.

We solve the system recursively, working backward, and operating on daily deaths. From
the AD equation

IS,t = dt+1/5 and AIS,t+1 = Adt+2/5‘
Sub Ig into the Alg equation

Blag=Algpy1+ (0 +7)Isy
= Ady12/0 + (6 +7) (di11/9) -

Therefore

Tas = [Adya + (6 +7) diya] / (B0)
Algp = [AZdt+3 + (0 +7) Adt—l—ﬂ / (B6) .

Sub into the Al, equation

By =[Alagr + (B+7) Lag] /&
AE 1 = [ALago+ (B+7) Alaya] /¢
= [A%dyy 3+ (0 +7) Adyya] / (89)
+ (B+7) [Adpsz + (6 +7) dia] / (89) -
Sub into the AFE equation

Sl [N =pE; + AE
o :¢Et +AFE
! S,I;/N



Solve forward with AS equation

St+1 = St + O[tSt-[t*/N

2 Calibration

We use the following conventions: (1) px_y for transition probability from X to Y; (2)
Tx_,y for the average time to get from state X to Y; and (3) Txyz for the average time
spent in states X, Y, and Z.

For the calculations that follow, it is useful to recall the expected time to exit of a Poisson

process with exit rate a,

t

¢ 1 1
/ e dr = == [1+e*(at—1)] and lim [ 7e77dr = —. (1)
0

2
t—o00 0 Y

2.1 Transitions from exposed to symptomatic, pr_,s and Tg_,g

pE_ss is the probability that an exposed individual eventually becomes symptomatic,

PEog = /OOO {/T [(be—%} [56—6&—5)] [e‘“ T—5 } ds} dr (2)

0

where the first term is the probability that the individual becomes asymptomatic infectious

at s, and then becomes symptomatic at 7, without recovering. Working on this, we get

R / {e—w / e=0=T) [o=a(r=0)] [(=Ar=9] ds}dT
0 0
=3 /Oo {6—¢T /T 6—(’7A+/8—¢)(7'_5)d8} dr

_ d>T (ya+B—9)T
7A+6 ¢/{ Ll
_7A+ﬁ_¢l¢ ('YA"‘B)} 3
4P [wﬁﬁ—cﬁ]
Ya+B—¢ [ d(ya+p) ]
Thus
pEaS:fyA_i_ﬂ' (4)

Of course, since an exposed agent always becomes asymptomatic, we could just write

PE—S = PA—S = At 6



Tg_.s is the average time to become symptomatic, conditional on eventually becoming

symptomatic, that is, the average time to get from state £ to S

B 00 T |:¢€_¢S:| [ﬁe (r— sj| [e—vA(T—s):|
TE_,S—/O 7‘{/0 P ds y dr

where the term in curly brackets is the probability of becoming symptomatic at 7, conditional

on eventually becoming symptomatic. Working on this, we get

Tp,s =22 T{e¢T / e¢(87)€(m+ﬁ)(78)d5}d7-
0 0

PE—S
— o5 > - {edw /T 6(7A+5¢)(73)d8} dr
PE—sS Jo 0
1 [oe)
P r{e 07 [1 — e tB-97] L 4y

T PEasyatB—¢
R
CpEssyAat+B—0 '

?*  (ya+B)’

Substituting for pg_,¢ from (3), this simplifies to

. _{L[l_ ! ”1¢_5{i_;}
E—S = Ya+B—0 o (ya+P) Ya+B—¢ | ¢? (’YA—FB)z

[l el

—[(ra+ 8% = &) [(a+ 826 — & (ra+ 8]
_(ratB8- ¢)(7A+6+¢>)
(va+B) o (va+ B —¢)

_ (ya+ B+ 0)

(ya+8) ¢

Thus
Toos =+ 4 — (5)
T T a+ B

Note that this can be rewritten as

T 1 p_1 =T+ T T+ T

p _—
E—S = ¢ At B 5 E A=sd Aos E A

where the first term is the average time spent being latent, and the second term is the
probability of becoming symptomatic times the average time it takes to become symptomatic

from asymptomatic.



2.2 Average duration of infectiousness, 145

pa_s and pa_,r are the probabilities that an infected individual becomes symptomatic or

recovers before becoming symptomatic, respectively

PAa-s ZVA e (6)

YA
= . 7
PA—R YA 3 ( )

Tss is the average duration of infectiousness, that is, the average time spent in states A
and S

Tas — /0 N {T [yae=] [e=7] + <T ; ) [e=47] [8e=7] } ar
8

— > —(ya+B8)T
Frionsaeromns () 52

where the first term in the integral represents being asymptomatic for duration 7, followed by

Vs + 0

a recovery, and the second term of the integral represents being asymptomatic for duration
7, followed by being symptomatic with an average duration 1/ (ys + ). This expression

simplifies to

1 N I6; 1
B+va B+yavs+o

which is the average duration of being asymptomatic plus the average duration of being

Tas =Ts+passTs, (8)

symptomatic times the probability of becoming symptomatic.

2.3 Infection fatality rate (IFR), ppp

The probability of dying when symptomatic is

Ps—p = / (56_67) e Tdr = 0
0

d+ g

The probability of dying conditional on being infected is equal to the probability of mak-
ing the transition from asymptomatic to symptomatic times the probability of dying when

symptomatic
0 s
0+7vsB+7va

(9)

PE—-D = PA—SPS—»D =

3 Reproduction rates

We now calculate the average new infections caused by a newly infectious individual. We
start with the basic reproduction rate in the SIR model and then calculate the average new

infections from an infected individual in an environment with quarantine and contact tracing.



3.1 Basic reproduction rate R for SIR model

The individual is infectious at rate aS/N until recovery or death (¥ =~ + d). The average

number of individuals who are infected by an infectious individual are

T
za% /000 (1) (ie_%) dr
Ry /000 e 7dr.

For the first approximation, we assume that changes in the measure of susceptible individuals
S are small over the duration of an individual infection. For the second approximation, we
assume that initially the share of susceptible individuals is close to one. From equation (1),

it follows that the basic reproduction rate is

Ro = (10)

200

3.2 Reproduction rate with quarantine and contact tracing

e A symptomatic individual who is not quarantined infects on average Rs = « (S/N) Rs

individuals until he recovers or dies, with

Rs= [ 1) 6 4 (s ()

= (s + 5)/ Te~ s+ 7
0
1
g+ 4

e An asymptomatic individual who is not quarantined infects on average R4 = a(S/N) R4

until she recovers or becomes symptomatic, with

Ra= [ om[(e77) (5e) + (e 7) ()]




e An asymptomatic individual who is quarantined with rates eg4 and egg infects on

average Ras = a (S/N) Ras until he recovers or becomes symptomatic, with
Ras (£ga;£qs) :/ [(1—eqa) o7 + (1 — eqs) Rs] [(e7747) (Be™7T)] dr
0

+ /000 (1 —ega)orT [(VAe_“T) (6_67)] dr

=(1-c¢ Ry+(1—¢ Rg.
(1 —ega) Ra+ (1 —egs) popmr L
o Let Ras(er,20a,2qs) denote the expected infection factor for a latent individual (the

individual of interest) before knowing whether the individual will be traced
Ras (67,694, 29s) = erRas (€, €qs) + (1 —er) Ras (0, £qs) -

e Consider an individual who is latent, traced with efficiency 7, and quarantined with
rates ega and egg. The individual of interest may have been infected by (1) a symp-
tomatic individual who was not quarantined, there are (1 —egg) Is of them; (2) an
asymptomatic individual who was traced, but not quarantined, there are (1 — ega) Lar
of them; and (3) an asymptomatic individual who was not yet traced, there are 14 of
them. We want to calculate the average of new infections coming from this individual

until she recovers or dies.

— Case 1 and 2: Since infectious individuals are only traced at the time they be-
come symptomatic, the individual of interest will never be traced. Therefore,

the expected number of new infections coming from the infected individual is
Ras (0,eqs) = a(S/N) Ras (0,£0s);
— Case 3: The expected number of new infections coming from the infected individ-

ual when the infecting individual was asymptomatic is Rg = a (S/N) Rg, with



RE

:/ [ryAe_(’YA-i-ﬂ)TO} [RAS (07 5QS)] dro (11)
0
+ / [ﬁe (va+5) TO] [6 ¢TO} ET, e’:“QA, 8@5) dTo (12)
0
0 0

{ (13)
i

" /OOO g 0w § [ [oe Uo [rae 04+ Hffﬂdt} ds} S

+/Ooo [Be=(rat8)m] {/ [pe=?*] U ~0a+9] [0t + (1 — egs) Rs] dt} ds}

(15)
where the five sub-cases are
x Case 3.1, expression (11): The infecting individual recovers at 79, and the

infected individual is not traced;

x Case 3.2-5, expressions (12) through (15): The infecting individual becomes

symptomatic at 79 and

x Case 3.2, expression (12): The infected individual never became asymp-

tomatic;

« Case 3.3, expression (13): The infected individual became asymptomatic at

s and stayed so until 7y;

x Case 3.4, expression (14): The infected individual became asymptomatic at

s and recovered at s+ t;

x Case 3.5, expression (15): The infected individual became asymptomatic at

s and symptomatic at s + .

e The probabilities are

for Case 3.1 -
= ~(Vat+B)T0] Jr — A 16
e To ,
PE1 /0 [7a ] =3 (16)
for Case 3.2 5
_ (va+B+¢)70 dry = — 17
PE2 /0 [56 ] To At Bt (17)



for Case 3.3
pro= [ et { [ foe ] e ne -] s
0

—5¢>/ m+ﬂ+¢)m {/TO [e (va+B—)(T0—s ] ds} dry
0

1
— (’YA+/3+¢)7'0 = 1 = e a1 gn
qus/ ’YA +B8—¢ [ J do
_— > (at+B+d)T0 _ o=2(va+P)70] g
Ya+B—=9 Jo e J do
86 [ S ]
YA+ B—¢ [ya+ B+ 2(va+P)

B 2(at+B)—(1atB+9)
A+ B—0 (At B+6)2(va+B)

B (Ya+ 8 —9)
Ya+B—¢ (ya+B+0)2(va+B)

_ Io10) (18)
2(va+ B+ 0)(ya+B)’

for Case 3.4

Dt = /OOO [Be O8] {/ (e] {/ e (at) }d] ds}dTO

_BqﬁryA/ e~ (va+8) To {/0 ,}/A_FB —e —(va+8)(r0— s)} dS}dTO

5¢1A5 oo[ (Lt {/ [e7#e] [1 = em o) ds}dTo
VA

_ 6@25'714 %) [67( A+5+¢)TO} {l [edh'o . 1] B 1 *('YA+5*¢)TO] } dTO

- 1=
vatB /s 6 oyl Ll

Béva (1 1 1 1 [ 1 1 ]}
:7A+6{5{(7A+6)_7A+6+¢}_7A+6_¢ (Ya+B8+¢) 2(va+B)
 Béra [1 ¢ ]_ 1 { Ya+B—0 ”
_7A+5{5[(7A+B+¢)(%4+5) Ya+B—¢ [(ya+ B+ ¢)2(va+B)
_5¢’YA{ 1 _ 1 }

A+ Bl(atB+d)(at+B)  (vat+B+d)2(va+B)

1 Boya 1

=5 2’ ) (19)
2(va+B)” vatf+¢
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for Case 3.5

PEs = /oo [Be (’YA+B)T0:| {/OT de~ ¢s} {/OT [,Be (va+8) }dt} ds}dm

0 [ 0—s
_ﬂ(bﬂ/ —(va+8) 7'0 {/ 0 [ 7¢8] [VAi‘ﬁ [1 - e(’YAJFB)(TOS)}} dS} o
o8 s { [ )

Cya+ B8 0
_ QSBZ = —(ya+B+¢) 70 {l ¢T0 __ _ 1 _ A+5¢>)To}
i g ), TG s g e p
e e BT F | s =] Cres s REToea |
A+ B o+ B atB+9] A+ B—0 [va+tB+o 2(va+p)
P2 {1

¢

A+ [(%4 +8) (;bA + B+ sb)} 4 +16 —¢ [(%4 +;A++£2($A +6)} }

_ 98 1 { I }
atB (at+B+9) L (a+8) 2(va+5)

Lo
S a4 B (AT BEO) 20)
Note that
PEs = —DPEa-
YA
The sum of the probabilities is one
VA B . B N Boya
Ya+B  yat+B+o 20a+B+¢)(a+B)  2(ya+ B+ ) (ya+B)’
¢
2(va+B+¢) (va+ B)*
_ A B B Y4+ 0
‘m+ﬁ+7A+5+¢+2<m+5+¢>m+5>{“mw)]
__Ta I B n B
Ya+B yat+tB+eé  (ya+B+9)(va+B)
A B {1 ¢ }
Ya+B vatB+0¢ Ya+ B
YA B

p— + p—
Ya+B  ya+p

e Before we proceed, note that the following is true

> —aTy o —Bs _ 1
/0 e {/0 se ds}dTO—Oé(Oé—i—ﬂ)T (21)
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We use equation (1)

o) T0
/ e am {/ se‘ﬁsds} dTo
0 0

:/000 e T {% [1 — (B0 +1) e’ﬁm} } dry

:% {/000 e “dry — [6 /000 Toe @A dr + /OOO e(o“rﬂ)mdm] }
1 (1 3 1
:@{5_ {<a+ﬁ)2 +a+6”
_i{(a+5)2—aﬂ—a(w+ﬁ>}
32 a(a+p)?
:1{(a+ﬁ>ﬁ—aﬂ}
2 a(a—l—ﬁ)2
1
“a(atB)

e The expected infections are

for Case 3.1
Rp1 =R s (0, EQS)/ [yae= 020 dry = ppiRas (0,20s)
0
YA
= Rus(0,e05) . 22
Ya+ B a5 (0, €gs) 22
for Case 3.2

[e.e]
Rps =Ras (5T;5QA75QS)/ [Be(1athm™] [67970) dry = ppaRas (67,04, €05)
0

B

=" R , , , 23
SOy B as (er,€04,€05) (23)
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for Case 3.3 [where you use equation (21) at the fourth step]
o] 70 —
RE3 :/ [ﬁe_(7A+’B)TO] {/ [¢6_¢8} [6_(7A+’8)(T0_8)} [U (7’0 - S) + RAS (5T>5QA>5QS)] dS} dTo
0 0

:/OOO [Be~CratdIm] {/m [pe9°] [e~a+O =] [5 (1, — 5)] ds} dry

+ prsRas (61, €04, €05

)
:@¢g/oo e (Ya+B+9) To {

+ pesRas (67, €04, €05)

:5¢J/OO e (Ya+B+9) 7’0]{
)

+ prsRas (61, €04, €05

—(s— TO [ _(’YA+/B)(TO_S):| [(7’0 — 8)] dS} dTo

O

_('YA+6 ¢)(To— s)} (10 — )] ds} dro

O

= R ’ ’
O AT+t 6 VoIt g P fias ricat cas)

B¢ .
_ R »EQA;
U(’YA +B8+¢)[2(va+ ) Fpmofias r2an, cas)

O’ _
= — 4+ R 24
PE3 (A + 5) + Ras (er,€04,208) | (24)
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for Case 3.4

R :/Ooo [Be (va+8) ro] {/ (e~ {/ =8 [yae™ (’YA+ﬁ)t:| (o] dt} ds}dTo

_6¢’YAO' e (ya+B8+¢)T0 {/ —d)s 70) |: - te—(%ﬁ-ﬂ)tdt] dS}dTO
0

—(b S—T
—5¢’YAU e~ (va+B+¢)T { ?
(ya + B)°

x [1- [(%4 +8) (1o — 8) + 1] e 02991 45} dry

= Béyao /OO e~ (vatB+e)m0 {/TO e?(10—5)
(va + 5)2 0 0

X [1=[(va+ B) (10 — ) + 1] e~ 4= s} diry
o0 T0
= 6?25%40'2 / e~ (Ya+B+e)T0 {/ e?s [1 —[(ya+B)s+1] e*(’VAJrB)S} dS} drg
0 0

(va+B)
o] 70
2 / o~ (YA+B+6)T0 {/ [6¢8 — e~ (vatb=d)s _ (va + B) se_(7A+’B_¢)S] ds} dry
0 0

_ Boyac
:( qujf‘gf {/OO e*(’YAJrﬁer’)TO {/TO [ed)s — eiﬁAﬁBi@S} dS} dTO
YA 0 0

(va + B)
_ /Oo e~ (YatB+d)T0 /TO (%4 + /3) 86_(’7A+B_¢)5d8d7—0}
0 0

ﬁqﬁ%“a ~ _("/A+/3+¢)TO{1 é10 _ 1] _ —1 — e~ (atB=9)m0 }
(4t B / ’ P e Iy o

— (ya+B)

(y
_ Borac {l 1 1 }_ 1 [ 1 B 1 ]
(a4 B o a8 atB8+9] at+B-0 |[vat+tB+o 2(va+p)
1
~ e T e <A+ﬁ>12}
_ Boyao l[ ¢ }_ 1 l Ya+B—¢ ]
(ya+ B2\ L(a+B8)(a+B8+0)] va+B—0 [(a+B+8)2(ya+ )

1
~ O T O R Oa T AT }

Boyao 1 1
T at B2\ (At B) (atB+9) (a+B+0)2(7a+5)
1
_(7A+5+¢)4(7A+5)}
_ Boyac
A(ya+B+¢) (1a+8)"

1
+5+¢)[m+ﬁ+¢>+m+5—¢>]2}

|—|:J>

(25)
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for Case 3.5

Rps :/O~oo [ﬁef(wﬁrﬁ)m] {/07'0 [¢67¢S] [/OTO_S [567(7A+ﬁ)t} [0t + (1 — egs) Rs] dt} ds} dry

252¢U /OO e~ (va+B)mo {/TO e~ 98 [/TO_S te‘(%-ﬁ-ﬁ)tdt} ds} dry
0 0 0
oo T0 T0—S
+ (1 —egs) Rsﬁzqﬁ/ e~ (1atB)mo {/ e % [/ e‘(“w)tds] dt} dry
0 0 0
0o T0 ]

:ﬁﬁ’mqﬁa/ e~ (ath)mo {/ e 9 {/ te(“*mtdtl ds} dry

YA 0 0 0

+ (1 —egs) Rspes
:ﬁRm + (1 —egs) Rsﬁpm
YA YA
:% [Rea + ppa (1 —egs) Rs], (26)

and .
Rp =) R,
=1

e A newly infected individual then infects on average R = « (S/N) R individuals where

R _ [(1 — 6QA) IAT + (1 — €Q5) Is] RAS (0,8@5) + IARE
(1—6QA)IAT+(1—EQ5)IS+IA ’

3.3 Traceable individuals

This time we consider an asymptomatic infectious individual who is quarantined once he
becomes symptomatic. For this case, we calculate the average number of exposed and
infectious asymptomatic individuals who this individual has created.

By the time an asymptomatic individual becomes symptomatic, on average who individ-
ual has infected a (t) S(t)/N(t)Ragq other individuals, where

Raq :/000 (o7) (Be™P7) (7747 dr

=0 /00 re” BT g7
0

_ B8
(B+7a)

The average number of individuals who the infectious individual has infected and who are

=0

not yet infectious at the time the individual becomes symptomatic is a (t) S(t)/N(t)Ragr

where

Raor = / opeg (T) [ﬂe*(ﬁﬂfm] dr.
0
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where the term in brackets is the probability that the infectious individual has been asymp-
tomatic for duration 7, and pgg (7) denotes the fraction of individuals who were infected
by the infectious individual over the interval 7 and who have not yet become infectious at
the time the individual becomes symptomatic. The probability that an individual who was

infected time s ago and has not yet become infectious is e~#*. Thus

T 1
peEe (T) = /0 e ds = p (1—e?)

and
Raqe =po /0°° {% (1 — e_¢7)} e~ (B+1A)T 1
_Beo { I }
6 [B+a BHato
_Ba ¢
¢ (B+7a) (B+ra+0)
Therefore

s
(B+74) (B+7a+0)
The average number of individuals who an infectious individual has infected and who are

RAQE =0 (27)

infectious but asymptomatic at the time the individual becomes symptomatic is « (£) S(t) /N (t) Raga

where - -
Raga :/ {0/ pEA (8) ds} [Be_(ﬂ+7A)T] dr
0 0

and pga (s) denotes the fraction of individuals who were infected time s ago, have become

infectious in the meantime, but have not yet recovered or become symptomatic. Thus

PEA () :/ ¢6—¢v6—(m+5)(s—v)dv
0
e (1a+B)s / T o (6-1a-B gy,
0

_,—(va+B)s ¢ —(¢p—va—B)s
=€ 1 e
¢—va—p3 [ }

Y

lim pga (s) =0.
S5—00
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Substituting in the expression for R0, we get
Rioa 05—/ {/ —(vat+B)s [1 _ o= (¢=71a=B)s ds} e~ (BHya)T 1
¢ ¢—va—p [ ]
__o¢B / { et = L —m)] ()7 g
o4 B YA+ B ¢
1

1 1
To- ’YA_B{'VA“‘B{ + 8 27A+ﬁ] [ﬁ‘l"YA B+7A+¢H
_ o¢B 11 1 ¢
_¢—7A—5{ 2 (4 +pB)° ¢{(5+’YA)(5+’YA+¢)]}
B opp 1 1
(p—va—B)(B+74) {25+7A 5+7A+¢}
_ oo {5+7A+¢ —2(5+7A)}
(@—va—B)(B+7a) L 2(8+74)(B+74+9)
_ opp ¢—B =74
(@—va—B)(B+74)2(B+74) (B+7a+¢)

Therefore

% |
2(B+74)" (B+74+0)

The average number of individuals who the infectious individual has infected and who

Raga=o0 (28)

have become symptomatic or recovered at the time the individual becomes symptomatic is
a(t) S(t)/N(t)Ragr where

RAQR:/ 0/ per (s)dr [Be_(ﬁJ”A)T} dr
0 0

and pgg (s) denotes the fraction of individuals who were infected time s ago and who have

recovered or become symptomatic,

pER / ¢€ (bv — e (va+B)(s— v)] dv.

Note that

- <T>+/T pEa (5) + por (5)) ds

:/T _¢Sds+/ [/ pe” ‘z’”dv} ds
—1—6 +¢/{ 1—6¢S:|d8

(1—6 )+7’—5(1—6_¢T)

@I»—‘@

I
R
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which are all the individuals who have been infected over the interval 7. Therefore

RAQR:/ |:7-_pEE_/ PEA (S)d7:| [66 B+’YA)T]
0
:0‘/ [ﬁe (B+va)T 0/ PEE ﬁe (B+ya)T dT
0 0

][ et T] e g

=Raq — Ragr — Raga

_ of B of B oB¢
B+74)? BHra)B+ra+0)  2(B+74)° (B+74a+0)
o [ 1 1 0

B4 B+ya Bryatd) 2(B+7a)(B+va+ o)
__oB '2(ﬁ+m+¢)—2(5+m—¢}

BAva |l 2(B+74)B+7a+09)

a8 ¢ }

B+ va 2B+ ) (B+yat+ o) ]

Thus
ofB¢

2(8+74) (B+74+ @)

What about the relative magnitudes?

Rage _oB/[(B+74)(B+ya+¢)] _ B+7a

Ragr = = Raga-

Raq 0B/ (B4 7a) C BHvato
Raga 205(%5/ [2 (B+ 7A)2 (B 474+ Cb)} _ ¢

Raq oB/ (B +a)? 2(B+v4+9)
Ragr 989/ [2(8+74)" (B +7a+9)] _ ¢

Raq oB/ (B +7a)? 2(8+7a+9¢)
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