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Abstract

We provide a novel characterization of self-enforcing debt limits in a general equilib-
rium framework of risk sharing with limited commitment, where defaulters are subject
to recourse (a fractional loss of current and future endowments) and exclusion from fu-
ture credit. We show that debt limits are exactly equal to the present value of recourse
plus a credit bubble component. We provide applications to models of sovereign debt,
private collateralized debt, and domestic public debt. Implications include an original
equivalence mapping among distinct institutional arrangements, thereby clarifying the
relationship between different enforcement mechanisms and the connection between
asset and credit bubbles.
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1 Introduction

Consider an environment where economic agents borrow and save in order to smooth their

consumption against fluctuating endowments but agents cannot commit to repaying debt.
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Default induces both direct sanctions (loss of a fraction of current and future endowments)
and a reputation loss (no access to future credit). How much debt can these agents issue in
this setting?

This is an important and classic question with many relevant implications. When agents
are sovereign governments, the question maps to the sustainability of sovereign debt, which
is the topic of a large and growing body of research (Wright| 2013, |Aguiar and Amador
2014)E] When agents are individuals or corporations, the question maps to the sustainabil-
ity of consumer debt (Livshits/|2015) or corporate debt (Azariadis et al.[2015). Since one
agent’s liability is another agent’s asset in general equilibrium, the question also maps to
the availability of assets or liquidity. It is well-known that a scarcity of assets facilitates
bubbles (Tirole| 1985} Farhi and Tirole/2012)) and a growing body of papers has argued both
empirically and theoretically that asset and credit bubbles play an important role in the
observed phenomena of long recessions, low interest rates, liquidity traps, and global im-
balances (Caballero et al.||[2008; Jorda et al.|2015; |Caballero and Farhi/[2017; Barlevy| 2018}
Biswas et al.[2018; Ikeda and Phan/2019).

In this paper, we revisit these issues with an emphasis on general equilibrium implica-
tions. We consider an endowment economy where agents can issue and trade debt contracts.
Agents cannot commit to honor their liabilities, but should they default, agents will face
two forms of punishment. First, they will lose a nonnegative fraction of their current and
future endowments. As mentioned, this loss can be mapped to output loss in the case of a
sovereign default or to recourse and seized collateral in the case of consumer and corporate
default. Second, agents will be excluded from future borrowing but they can still save. As in
Alvarez and Jermann (2000), agents face endogenous “not-too-tight” debt limits, which in
equilibrium are set at the largest possible levels such that repayment is always individually
rational. These debt limits determine the borrowing capacity and thus the availability of
assets in equilibrium and are the focus of this paper.

We provide an intuitive but powerful result that characterizes equilibrium debt limits: for
each agent, the debt limit in any contingency is exactly the sum of a “secured” component,
which is equal to the present value of the current and future endowment losses (discounted at
the endogenous equilibrium interest rates), and an “unsecured” credit bubble component. In
other words, the secured component of the debt limits is supported by the direct endowment

loss. The remaining component, supported by the threat of credit exclusion, is necessarily

! Also related is the sustainability of public debt (D’Erasmo et al.[2016)).



bubbly in the sense that it satisfies an exact rollover condition.

Despite its intuitive nature, proving this property is rather challenging. This is because
in our environment, unlike in Eaton and Gersovitz| (1981) or |Alvarez and Jermann, (2000)),
defaulting agents can still save, and hence the punishment value for defaulting involves equi-
librium prices. Our proof strategy exploits a novel intermediate finding about the equilibrium
interest rates that has no analogue in the absence of output losses. Specifically, we show
that, in any equilibrium with self-enforcing debt, the present value of endowment losses upon
default must be finite, or, equivalently, the implied interest rates must be higher than the
growth rates of aggregate endowment losses. A standard argument then reveals that the
process of present values of endowment losses is itself not too tight. The result then follows
from the fact that the difference between two not-too-tight processes is necessarily a bubble.

We also show that a necessary condition for the emergence of credit bubbles is that
the economy’s total resources have an infinite present value. A necessary condition for this
is that the aggregate endowment losses are negligible with respect to the economy’s total
resources. Note that in the special case where the endowment losses are set to zero, our
characterization result implies as a corollary that the competitive equilibrium either features
no borrowing/lending or features trades where borrowers purely roll over their debt as credit
bubbles. Thus, our paper nests the well-known theorems in |[Bulow and Rogoff| (1989)) and
Hellwig and Lorenzoni (2009).

Our result has a broad set of applications and implications. First, it simplifies sub-
stantially the computation of equilibria, ruling out complications related to the fixed-point
determination of not-too-tight debt limits. This is important since in our setting the value
of default depends on prices, and thus equilibrium allocations cannot be obtained by solving
a planner’s problem as is the case when the default option is autarky (Alvarez and Jermann
2001)). We illustrate this by looking at a simple deterministic economy with constant endow-
ment loss and endowment growth. We fully characterize equilibrium outcomes and prove the
existence of competitive equilibria where a positive fundamental component in debt limits
coexists with a positive bubble component.

Another implication of our characterization theorem is an interesting equivalence result:
a competitive equilibrium with inside liquidity (i.e., tradable debt securities issued by private
agents) is isomorphic to a competitive equilibrium with outside liquidity in the form of pub-
lic debt (Holmstrom and Tirole |2011). Outstanding debt in both environments reflects the

present value of overall resources used to back up liabilities plus a bubble component. How-



ever, at the self-enforcing equilibrium the privilege of issuing the credit bubble is attributed
to agents, whereas at the public debt equilibrium this privilege is entitled to the government.
A technical implication of this equivalence result is that it allows us to prove the existence of
a competitive equilibrium with limited commitment in a simpler way. It is well-known that
standard proofs based on truncation arguments are generally difficult to apply to models
with limited commitment due to the presence of the self-enforcing conditions. The equiva-
lence allows us to employ a truncation technique to tackle an alternative problem that is free
of the not-too-tight restrictions. Nevertheless, an additional source of difficulty remains as
the supply of government debt is endogenous in the definition of the equilibrium with public
debt. We suggest a way to deal with this issue that can be of independent interest.

We subsequently argue, via a second equivalence result, that equilibria with not-too-tight
debt constraints can be mapped to equilibria with collateral constraints (Chien and Lustig
2010; \Gottardi and Kubler|2015)) and vice versa. In the latter environment, in addition to the
issuance of private debt, each agent is free to issue and trade a durable and collateralizable
asset (a Lucas tree) whose dividend process amounts to a fraction of her income. Upon
default, the borrower’s equity is confiscated and passed to the hands of creditors (as opposed
to the previous environment where endowment losses are not passed to creditors). Apart
from the seizure of equity holdings, there is no additional punishment for default: the agent
can trade on financial markets. The default option is endogenous and reflects not only the
loss of future investment income (the asset’s dividends), but also the loss of using the asset
as a source of liquidity. In equilibrium, equity prices reflect assets’ fundamental value and
a bubble component. Thus, the credit bubble component in the previous setting with self-
enforcing debt can be mapped to the bubble component in asset prices in this setting with
collateral and vice versa.

The equivalence result challenges a common view that models with collateral constraints
are more in line with data at business cycle frequencies. For instance, (Chien and Lustig
(2010) found that their model produces more volatile equity risk-premiums than the limited
commitment model of |Alvarez and Jermann (2001). We show that, when debt enforcement
relies on recourse and one-sided exclusion, the self-enforcing mechanism is observationally
equivalent to the collateral mechanism.

Finally, it is well-known that Markovian (with respect to a simple state space) collateral
equilibria have a tractable representation, where Negishi’s method can be applied to prove

existence and even compute them in a fairly simple way (e.g., |Gottardi and Kubler 2015]).



Although this representation is often cited as a reason to prefer these types of models for
equilibrium analysis, our equivalence result shows that equilibria with self-enforcing debt
can also be cast in terms of solutions to a programming problem, thereby suggesting that

their computation is not of a different complexity. We prove existence and uniqueness of

a Markov equilibrium, thereby complementing the analysis in (Gottardi and Kubler (2015)

along this line.

Related literature. The paper is related to the general equilibrium literature on risk
sharing with limited commitment and endogenous borrowing constraints. A nonexhaustive
list of contributions includes Kehoe and Levine, (1993), |Alvarez and Jermann| (2000, 2001)),
|Kehoe and Perri| (]2002[), |Kehoe and Perri| (]2004[), |Abrahém and Cérceles—Poveda| (]2006|,
2010)), Bloise and Reichlin/ (2011)), Bloise et al.| (2013)), Werner (2014)), Martins-da-Rocha and|
\Vailakis| (2015), Bidian| (2016), where default induces full exclusion from financial markets,
and Bulow and Rogoff] (1989)), Gul and Pesendorfer| (2004), Hellwig and Lorenzoni (2009),
‘Werner| (2014)), Bidian and Bejan| (2015]) and Martins-da-Rocha and Vailakis (2017a/b)), where

defaulters are only excluded from future credit. To the best of our knowledge, our paper is

the first that introduces the empirically relevant recourse feature of endowment losses from
default into this general equilibrium environment.
Our paper is also related to [Woodford| (1990), [Holmstrom and Tirole| (1998 2011), and

(2014)) in exploring the relationship between private liquidity and public liquidity in
environments with financial frictions that lead to scarce collateral. The work is also related to

the rational asset price bubbles literature, which dates back to [Samuelson, (1958]), |[Diamond|
(1965, and (1985)). Recent papers in this literature include [Farhi and Tirole] (2012),
Martin and Ventura (2012)), Hirano and Yanagawa| (2016), Miao and Wang| (2018), and
Bengui and Phan| (2018). To the best of our knowledge, our paper is the first to formalize a

mapping between the credit bubble component of debt limits and the bubble component of
asset, prices.

The plan for the rest of the paper is as follows. Section [2] sets up the model. Sec-
tion |3| provides the main result. Section |4| provides applications and implications. Section
concludes.



2 Model

2.1 Fundamentals

Consider an infinite-horizon endowment economy with a single nonstorable consumption
good at each date. Time and uncertainty are both discrete. We use an event tree X to
describe the revelation of information over an infinite horizon. There is a unique initial
date-0 event s° € ¥ and for each date t € {0,1,2,...} there is a finite set S* C ¥ of date-t
events s'. Each s' has a unique predecessor o(s') in S'"! and a finite number of successors
sttt in S for which o(s'*1) = s'. The notation s*! = s’ specifies that s'*! is a successor
of s'. The event s is said to follow event s', also denoted s**7 = st, if o(7)(s"*7) = 5.
The set S*7(s!) := {s"T7 € ST . "7 - s'} denotes the collection of all date-(t+7) events
following s’. Abusing notation, we let S*(s") := {s'}. The subtree starting at event s’ is
then given by

5(s') = 877(s").
720
We use the notation s” > s* when s™ > s* or s” = s'. In particular, we have X(s*) = {s” €
¥osT = st

There is a finite set I of household types, each consisting of a unit measure of identical,
infinitely lived agents who consume the single perishable good. Agents cannot commit to
future actions: at any event s’, they can refuse to honor past promises and default.

Preferences over (nonnegative) consumption processes ¢ = (c(s))t»s0 are represented by

the lifetime expected and discounted utility

Ule) = 8" Y (s ule(s"))

120 stest

where 8 € (0,1) is the discount factor, 7(s') is the unconditional probability of s, and
u: [0,00) — R is a utility function that is strictly increasing, concave, continuous on [0, o),
differentiable on (0,00), and satisfies Inada’s condition lim._,o[u(e) — u(0)]/e = cof] As in
Hellwig and Lorenzoni| (2009), we assume that u is bounded. The only role of this assumption
is to guarantee that the lifetime utility U is continuous and the demand set is non-empty.

The analysis can be extended and our results continue to hold even when u is unbounded,

2For simplicity, we assume that agents’ preferences are homogeneous. All arguments can be adapted to

handle the case where the preferences differ among agents.



in particular, when u belongs to the class of constant relative risk aversion utility functions
u=c'"/(1 - a) with a > 0. The example in Section [4.1] illustrates this point [
Given an event s', we denote by U(c|s') the lifetime continuation utility conditional to s*
defined by
Ulels) = ule(s) + Y57 D wl(s™ s ule(s" )
=1 st gt

where 7(s'*7|s') := 7(s"*7) /7 (s") is the conditional probability of s'*7 given s'.

Agents’ endowments are subject to random shocks. We denote by y' = (y'(s'))ss0 the
process of positive endowments 3(s') > 0 of a representative agent of type i. A collection
(c");er of consumption processes is called a consumption allocation. It is said to be resource
feasible if Y, ;¢ = >, ;y". We also fix an allocation (a’(s%));c; of initial financial claims

a'(s?) € R that satisfies the usual market-clearing condition: y,_; a’(s") = 0.

2.2 Markets

At any event s!, agents can issue and trade a complete set of one-period contingent bonds,
each one promising to pay one unit of the consumption good contingent on the realization
of any successor event s = s'. Let ¢(s'*') > 0 denote the price at event s of the s''-
contingent bond. Agent i’s bond holdings are a’ = (a'(s"))st»s0, where a’(s') < 0 denotes a
liability and a‘(s') > 0 denotes a claim. Debt is observable and subject to state-contingent
(nonnegative and finite) debt limits D' = (D(s"))sss0. Given the initial financial claim
a'(s%), we denote by BY(D? a'(s")|s®) the budget set of an agent who never defaults. Tt
consists of all pairs (¢!, a*) of consumption and bond holdings satisfying the following budget

and solvency constraints: for any event st = s,

s+ Y a(s™al (s <yi(sh) +a'(sh) (2.1)
stls-st
and
a'(s"h) > —D'(s"),  for all s = s (2.2)

3A general treatment of unbounded utility functions requires some additional technical assumptions on
endowment processes together with a suitable modification of the utility function u outside a specific interval
such that the equilibrium outcomes remain unaffected. For a detailed discussion, see Martins-da-Rocha and
Santos| (2019)).



Fix an event s' and some initial claim a € R. We denote by V(D?, a|s') the value function

defined by
VD', als') := sup{U(c'|s') : (¢',a’) € B' (D' a|s")}

where B'(D',als') is the set of all plans (¢’,a') satisfying a’(s') = a together with restric-
tions and at every successor node s™ > st.

Without any loss of generality, we restrict attention to debt limits (D'(s"))sss0 that are
consistent, meaning that at every event s’, the maximal debt can be repaid out of the current
resources and the largest possible debt contingent on future events, i.e.,

D'(s") <y'(s) + Y q(s™HDi(s™), forall s' = s°. (2.3)

st+1 tst

This condition is necessary for the budget set B'(D?, —D(s')|s') to be nonempty.

2.3 Default Costs

Agents might not honor their debt obligations and default if it is optimal for them/[]]
Following |Bulow and Rogoff (1989)), we assume that, upon default, debtors start with neither
assets nor liabilities, are excluded from future credit, but retain the ability to purchase bonds.
In addition, debt repudiation leads to a loss ¢(s') € [0,y'(s")] of the endowment, where
¢'(s') may vary across agents and events.ﬂ Formally, agent i’s default option at event s is
the largest continuation utility when starting with zero liabilities, cannot borrow, and her

income contracts by the amount ¢/(s7) at every s = s':
Vie(0,0]s") := sup{U(c'ls") = (c',a) € By:(0,0]s")}, (24)

where Bj,(0,0]s") denotes the budget set corresponding to B*(0,0[s") when the endowment
y'(s7) is replaced by y'(s™) — £'(s7) at any event s = s’.

4Since the default punishment is independent of the default level, there will be no partial default in

equilibrium: agents either repay or default fully on their promises.
°In their modeling of unsecured consumer credit, Chatterjee et al.| (2007) assume that a defaulting

household cannot borrow and incurs a small reduction in its earning capability. Disruption of international
trade and of the domestic financial system can lead to a sovereign’s drop of if trade and/or credit are essential
for production. Among others, Mendoza and Yue| (2012), |Gennaioli et al.| (2014]), and [Phan| (2017) model
explicitly how sovereign default may lead to efficiency losses in production. We follow the tradition in the
sovereign debt literature (see for instance |Cohen and Sachs|1986} |(Cole and Kehoe|2000, |Aguiar and Gopinath
2006, |Arellano|{2008|, Abraham and Cérceles-Povedal 2010, and Bai and Zhang|[2010, 2012) and model the

negative implications on output as a loss of an exogenous fraction of income.



2.4 Not-Too-Tight Debt Limits

Since agents trade contingent bonds, potential lenders have no reason to provide credit
if they anticipate that debtors will default at an event s’. Debt limits should reflect this

property. We say that debt limits are self enforcing if for every individual ¢, at every event s,
VD', —D'(s")|s") = V,i(0,0]s").

The left-hand side is the value of market participation beginning with the maximum sus-
tainable debt, whereas the right-hand side is the value of default.

Competition among lenders naturally leads to consider the maximum self-enforcing debt
limit compatible with repayment. Following Alvarez and Jermann| (2000) and Hellwig and
Lorenzoni (2009), we say that debt limits are not too tight if the individual is indifferent

between repaying and defaulting, i.e.,

Vi(D!, —Di(s')[s') = Vi(0,0]s"). (2.5)

2.5 Competitive Equilibrium

A competitive equilibrium with self-enforcing private debt is defined as follows.

Definition 2.1. Given initial asset holdings (a'(s"));c; such that Y, ; a'(s°) = 0, a compet-
itive equilibrium with self-enforcing debt (q, (¢',a’, D%);cr) is a collection of state-contingent
bond prices ¢, a resource feasible consumption allocation (¢');c;, a market clearing alloca-

tion of bond holdings (a‘);cr, and a family of consistent, nonnegative, and finite debt limits
(D");er such that:

(a) for every agent i € I, taking prices and the debt limits as given, the plan (c’,a’) is

optimal among budget feasible plans in B*(D?, a*(s°)|s°);

(b) for every agent i € I, the debt limits D' are not too tight, i.e., equation (2.5)) is satisfied

at any event.

Throughout the paper, we restrict attention to competitive equilibria with self-enforcing

debt such that initial asset holdings are consistent with repayment incentives, i.e., a’(s°) >

—Di(s") for each i[]

6This is in particular the case when a‘(s) = 0 for each agent i.



We subsequently define some additional objects that are useful for the rest of the analysis.
Given bond prices ¢ = (q(s"))st0, we denote by p(s') the associated date-0 price of con-
sumption at s defined recursively by p(s®) = 1 and p(s™1) = ¢(s'™!)p(s?) for all st = st.
Given date-0 prices, we define the present value of a process x conditional to an event s’ as

1
PV (z|s") := Z p(sT)z(sT).

p(s')

The wealth of an agent at event s’ is defined as the present value of her endowments:

Wi(sh) .= PV(y'|s").
Finally, a process (M'(s'))ss0 allows for ezact rollover if it satisfies the following property:
Mi(s') = Z q(s"THM(s'™),  for all ' = s°. (2.6)
stly-st

Slightly abusing language, we will refer to exact rollover processes as discounted martingales
or bubbles.

Remark 2.1. If £'(s') = y'(s') at every event s', then agent 7 has no incentive to ever default.
In this case, the agent can effectively commit to her financial promises because the value of the
default option V; (0,0]s") equals U(0]s"), and, therefore, any process of consistent debt limits
is self-enforcing. Our specification of output costs thus encompasses a mired environment
where some agents can perfectly commit to financial contracts while others have limited
commitment. The textbook model with full commitment obtains when ¢i(s!) = yi(s’) for
any agent ¢ and every event s’. The model nests both Bulow and Rogoff (1989) (unilateral
lack of commitment) and Hellwig and Lorenzoni (2009) (multilateral lack of commitment)

settings where ¢ = 0.

3 Main Result

At the core of the analysis is a novel characterization of equilibrium debt limits when
default entails both credit exclusion and a loss of a fraction of the private endowment. Not-
too-tight debt limits are decomposed into a “fundamental” component, PV (¢"), associated
to direct default costs, and a “credit bubble” component, M?, that captures the possibility of
rolling over a fraction of debt indefinitely. That is, credit beyond the fundamental component
is sustainable only if debtors can exactly refinance past liabilities by issuing new debt. The

following theorem provides the formal statement.

10



Theorem 3.1. Not-too-tight debt limits equal the sum of the present value of endowment

losses upon default and a bubble component, i.e.,
D' =PV({") + M,
where M is a nonnegative discounted martingale process.

Before we proceed to the proof of Theorem we present two intermediate results. The
first and crucial observation, that has no analogue in the absence of output contraction, is to
show that the present value of foregone endowment imposes a lower bound on not-too-tight
debt limits. A direct implication of this property is that the process PV (¢) is finite. This is

summarized in the following lemma.

Lemma 3.1. Not-too-tight debt limits are at least as large as the present value of endowment

losses: for each agent i, D'(s') > PV (¢|s') at any event s'.

A natural approach to prove this result is to show that Di(s') > ¢i(s') + Di(s"), where
Di(s') := 3 a1, o q(s"H)Di(s"+1) s the present value of next period’s debt limits, and then
use a standard iteration argument. Because, in equilibrium, debt limits are not too tight,
this is equivalent to proving that agent ¢ does not have an incentive to default when her net
asset position is £1(s') + Di(s"), i.e

V(D' —ti(s') — D(s")|s") = Vi(0,0]s"). (3.1)
By definition, the default value function VZ satisfies:

VE0,00s) > uly'(s) = €(s") + B Y w(s™s")VA(0,00s™). (3:2)
sttlsst

If we had an equality in , then inequality would be straightforward. Indeed,
consuming 5 (st) —¢*(s') and borrowing up to each debt limit D?(s'*1) at event s’ leads to the
right-hand side continuation utility in and satisfies the solvency constraint at event s’
in the budget set defining the left-hand side of . However, in our environment where
an agent can save upon default, need not be satisfied with an equalityﬂ Overcoming
this problem is the technical challenge in the proof of Lemma (3.1, The formal argument is
presented in Appendix [AT]

"In the simpler environment where saving is not possible after default (as it is the case in |Alvarez and
Jermann|2000) we always have an equality in (3.2).

11



A second observation is that the process PV(¢) of present values of endowment losses,
when it is finite, is itself not too tight. The following lemma provides the formal state-

ment. The proof follows from a simple translation invariance of the flow budget constraints

presented in Appendix [A.2]
Lemma 3.2. If PV (¢|s°) is finite, then the process PV({') is not too tight, i.e.,
VHPV("),—PV(£'|sh)|s') = Vi(0,0]s"), for all s = s°.
Equipped with Lemma[3.1]and Lemma[3.2] we can provide a simple proof of Theorem [3.1]

Proof of Theorem[3.1l Fix a process D' of not-too-tight debt limits. Lemma implies
that PV (£’|s) is finite. From Lemma [3.2] we also deduce that the process D' := PV(¢)
is not too tight. Martins-da-Rocha and Santos (2019) proved that the difference between
two processes of not-too-tight debt limits must be a discounted martingale. Therefore, there
exists a process M® satisfying such that D' = D' + M’. By Lemma D' > D' in

which case the process M* must be nonnegative. O

We next show that a necessary condition for the emergence of credit bubbles is that the
direct sanctions against defaulters become negligible (relative to aggregate resources) in the
distant future. Indeed, as argued below, when the fraction of endowment losses to aggregate
endowment is uniformly bounded away from zero, the bubble component disappears and
debt can never exceed the present value of direct default costs.

Specifically, we say that endowment losses are nonnegligible if there exists € > 0 such
that:

Zﬁi(st) > 6Zyi(st), for all s' = s". (3.3)

i€l iel
The condition implies that, in equilibrium, interest rates should be sufficiently high, in the
sense that the aggregate wealth of the economy is finite. A direct consequence is that the
determination of not-too-tight debt limits is akin to the pricing of long-lived assets in a
competitive equilibrium with full commitment. On the one hand, high interest rates rule
out the possibility of rolling over debt indefinitely and forces equilibrium debt to not exceed
the present value of endowment losses exactly the same way asset bubbles are ruled out in
Santos and Woodford, (1997). On the other hand, debtors would always choose to honor any
debt that is at least as large as the present value of the endowment losses (see Lemma .
Together, those forces imply that equilibrium debt limits should exactly reflect the present

value of foregone endowment upon default. All this is summarized in the following corollary.

12



Corollary 3.1. If the endowment losses are nonnegligible, then the not-too-tight debt limits

equal exactly the present value of foregone endowment upon default, i.e.,
D'(s') = PV({"|s), for all s = 5. (3.4)

Proof. Let (q,(c%,a’, D");c;) be a competitive equilibrium with self-enforcing debt. Since

endowment losses are nonnegligible, we must have

. ) 1 )
W 0y — il 0 < - 7| 0 )
SW) = PV < - 3PV
i€l el el
Lemma then implies that the aggregate wealth of the economy must be finite. Since
consumption markets clear, we obtain that the present value of optimal consumption is
finite for all agents. In addition, due to the Inada’s condition, the optimal consumption is
strictly positivef| Lemma A.1 in Martins-da-Rocha and Vailakis| (2017a) then implies that
the following market transversality condition holds true:ﬂ
lim ) p(s")[a(s") + D'(s")] = 0. (3.5)

t—o00
steSt

We know from Theorem [3.1] that for each ¢, there exists a nonnegative discounted martingale
process M satisfying D' = PV (¢") + M*. The market transversality condition can then be

written as follows

: Byt (O (O

lim > p(sha'(s') = —p(s°) M ().
steSt

Since bond markets clear, we deduce that >, ; M*(s”) = 0 and we get the desired result:

M? = 0 for each 1. O

Corollary provides a general equilibrium foundation for Bulow and Rogoff| (1989)’s
no-trade result. Indeed, in their framework, upon default, the sovereign can take the saved
repayments to Swiss bankers who are committed to honoring contracts made with govern-
ments. This can be translated in our setting by assuming that a subset /¢ C I of agents
(the Swiss bankers) face the maximum endowment loss, i.e., £ = y* for all 4 € I° while the

remaining agents (the debtors) face no endowment loss, i.e., £ = 0 for all 7 € [ := T\ I°.

8See the Supplemental Material of [Martins-da-Rocha and Santos (2019) for a detailed proof.
9The market transversality condition differs from the individual transversality condition. Indeed, due

to the lack of commitment, agent i’s debt limits may bind, in which case we do not necessarily have that

p(s') = Bim(shu' (¢ (s")) /u'(c'(s%)).
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As long as the endowment of committed agents is large relative to the one of noncommitted
agents, i.e, there exists a > 0 such that
D yish = a ) yish, (3.6)
iele ielne
then condition (3.3) holds true (for ¢ < a/(1 + «)) and Corollary 3.1 applies: D(s') = 0

for any i € I™ and all s = s°

. Instead of assuming that the endogenously determined
interest rates are high enough (as in Bulow and Rogoff]||1989 or Proposition 3.1 in Hellwig

and Lorenzoni [2009), we show this is always true when endowments satisfy condition (3.6)).

4 Applications

4.1 Equilibrium Computation: An Example

We illustrate the applicability of Theorem by analyzing a simple deterministic econ-
omy with identical agents whose endowments switch between a high and low value and
default entails the loss of a fixed amount ¢ > 0. Our characterization result simplifies sub-
stantially the computation of equilibria. It also enables us to overcome the complications
that arise in constructing and characterizing bubbly equilibria where a positive fundamental
component coexists with a positive bubble componentET]

There are two agents I := {iy,i2} with a constant relative risk aversion utility function

a > 0.

u(c)

At every date ¢, each agent 7’s income y; alternates between a high value y;;; and a low value

Tl

Yt Agent i; starts with the high income. Incomes grow at a constant gross rate p > 1:

(Yt Yrt) = P (U 1),  with gy >y > £ > 0.

We focus on symmetric equilibria and denote by z; the not-too-tight debt limit at date ¢,
i.e., D! = x; for each zE It follows from our general characterization result that there exists
My > 0 such that

1
Ty = 5[5(2% + ey +...) + M),
t

10For details of the difficulty in establishing the coexistence of the two components in asset price bubbles,

see Miao and Wang| (2018).
HSymmetry means that the debt limit is the same for both agents.
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where p; := q1---q;. We restrict attention to equilibria where the high-income agent at
date t purchases the amount x,,; of the one-period bond and the low-income agent issues
the largest debt z;,1. To support this allocation as a competitive equilibrium, we assume
an initial positive transfer xy for the low-income agent and an initial debt level x( for the

high-income agent. Then, for all ¢, the consumption of the high-income agent is
Cut = Yut — (Tt + Q1Te41)
while the consumption of the low-income agent is
Ct = Yot + (T4 + Qi1241).
Let z; denote the net trade position, i.e.,
2t = Tt + Q1041

Since there is growth, we let 2, := p~'z; represent the detrended trade position at period t.
Observe that

. 1
Zt = pt—p[g(pt —l— 2pt+l + 2pt+2 + .. ) —l— QM()] (41)
t
The Euler equation associated to the high-income agent’s saving decision is
u'(Cri1) ( Yu — i )O‘
e\ o+ ) 2

while the Euler equation associated to the low-income agent’s borrowing decision is
' (1) vt 2\
e w' () p(Yn — Zi41)

The last inequality follows from (4.2)) when 2; < (yy — y.)/2. Therefore, to get the existence
of a competitive equilibrium it is sufficient to find a sequence (g;11)¢>0 of positive bond prices

and a sequence (Z;)¢>o of detrended net trades such that

Qi1 =0 (th)> ) (4.3)

Py + 211

and y ,
Z = E + Pqt+1 <§t+1 + F)j (4.4)
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where each Z; belongs to [0, (yu — y.)/2].

From now on, we impose the following restrictions on primitives:

1>5<y—H)a>l>ﬁ(1>a. (4.5)
PYL P P
H_—/
=:q

This condition implies that there exists a unique M such that

Yo —2M5 \© 1
—) =

- 4.6
p(y. + 2M§ p (46)

M < (yy —3)/2 and ﬁ(

It is straightforward to check that if £ = 0, then there exists a competitive equilibrium with

time-invariant interest rate characterized by

Dy = % and x; = p' M.

When the endowment loss £ is positive but small enough, in the sense that ¢/(1—q) < Mg,
we show in the online Supplemental Material of this paper that for any arbitrary value My(¢)
satisfying

1—fq + Mo(0) < Mg,
there exists a competitive equilibrium (g41(€), 2,(£))i=0 such that p,(¢) > p~*[? Note that
there is an indeterminacy of equilibria parametrized by the size of the initial bubble Mj(¢).
We also show in the online Supplemental Material of this paper that the detrended net trade
vanishes (i.e., limy_, 2,(¢) = 0). This property follows from the fact that the initial net
trade satisfies Zo(¢) < 2M{.

Nevertheless, because of the difference equation (4.4), we may look for other type of
equilibria with an initial net trade satistying Z, > 2M{. In fact, depending on the choice of
the initial value Zy, an equilibrium can display very different properties. To illustrate this,
we analyze numerically two types of possible equilibrium outcomes for a given endowment
loss £: one where the initial trade is fixed and equal to 2M[ (Figure [1) and another one
where the asymptotic detrended trade is fixed and equal to 2M (Figure . We use the
following parameters: a = 1 (that is, the utility function is u(c) = In(c)), yr = 75, yg = 140,
£ =0.55, p = 1.05, and set various values of /.

12Recall that p;(€) := q1(¢)...q/(¢) is the Arrow—Debreu price at t = 0 of one unit of consumption at
date t.
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In Figure , setting 2o = 2M}, we solve equations and for ¢ equal to: ¢y = 0,
(= 0.01, £, = 0.015, and ¢5 = 0.020. We appeal to Theorem [3.1] to get that D;(¢) = (2(¢)+
¢)/2. The initial value My(¢) of the bubble component can then be identified by computing
limy o0 ¢ (K)Dt(é).m Bond prices increase and net trade decreases with the endowment loss.

Since the initial trade is fixed and satisfies
2M = 2o = L(1 4+ 2p1(€) + 2pa(£) + . ..) + 2M(£),

the initial size of the bubble must decrease with the endowment loss. Moreover, since bond
prices converge to p, ' := g > p~', the (detrended) debt limit converges to zero.

In Figure [2| instead of fixing the initial value of the detrended trade, we look for a
solution involving the largest Z; compatible with equilibrium for each of the following values
for £: 6o = 0, £, = 0.05, £y = 0.12, and ¢35 = 0.40] Observe that, given ¢ > 0, along any
equilibrium path we now have p,(¢) < p~* for every t > 0 (as opposed to p;(¢) = p~* in
Figure[l)). We still have that the level of initial bubble M (¢) decreases with the endowment
loss, but now trade opportunities increase as ¢ increases. Moreover, debt does not vanish
asymptotically but rather converges to the pure bubble debt level M (that is independent of
the level of endowment loss), so trade persists in the limit. Bond prices also have a different
behavior. The larger the endowment loss ¢, the higher the implied interest rate, the lower

the asset price.

13The values for 1, £3, and 3 have been chosen to get a nice distribution of My(¢) between 0 and M.
14\We refer to the online Supplemental Material of this paper where we justify the existence of such a

solution. We have modified the values for ¢1, ¢, and ¢3 to keep a nice distribution of My(¢) between 0 and
M.
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Figure 3: Races defining the debt level
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We now demonstrate how our characterization result can help disentangle the forces that
drive the pattern of the sustained debt shown in Figure[2] Theorem [3.1]implies the following

decomposition:

Dy(€) = (14 qe1(£) + @re1Gee2(€) + .. Z+‘Z0<(;;)
0

where (Cy(¢) is the fundamental component with C;(¢) be the (cum-dividend) price of a
console at date t and My(¢)/p,(¢) is the bubble component. There is a first race between
the endowment loss ¢ and the price of the console Cy(¢) since the later decreases when the
endowment loss increases (Figure . The first effect dominates, so a larger ¢ implies
a larger fundamental component (Figure . There is also a second race that dictates
the way the bubble component changes as ¢ increases. We have seen that the initial value
of the bubble My(¢) decreases with ¢ while the long-term gross return p;(¢) increases with
¢ (Figure . The first effect is stronger, so a larger ¢ implies a lower bubble component
My (0)/p:(£) (Figure [3(c)). The overall effect of a change of the endowment loss to the debt
limits, and therefore to liquidity, is therefore determined by the competition between the rise
in the fundamental component and the decrease in the bubble component. For the chosen
specification of the economy’s fundamentals and the type of equilibria analyzed in Figure 2]
the rise in the fundamental component outweighs the drop in the bubble component, so risk

sharing is enhanced as direct sanctions upon default become more severe.
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4.2 Public Debt

This section shows that the consumption allocation of an equilibrium with self-enforcing
debt can be implemented as an equilibrium allocation of an economy in which debt is only
issued by a government, and vice versa. In that respect, we establish a one-to-one mapping
between an environment with private liquidity (debt issued by private agents) and public
liquidity (debt issued by the government).

This result might come as a surprise as it is generally thought that public debt provides a
superior instrument for allocating risk efficiently: using its tax power, a government can en-
large agents’ insurance opportunities by transferring additional resources to the debt holders
who are hit by adverse shocks (see, for instance, [Holmstrom and Tirole|2011)). Furthermore,
there are differences that relate to institutional arrangements. Specifically, in an equilibrium
with backed public debt, the tax revenue is seized along the equilibrium path and trans-
ferred to the government. Implicitly, it is assumed that the government is endowed with an
enforcement technology. At the self-enforcing equilibrium, instead, the loss of resources only
occurs on out-of-equilibrium paths and nothing is transferred to creditors upon default (i.e.,
they represent dead-weight losses).

We argue that these differences are immaterial in a setting with complete markets and lin-
ear pricing. The proof exploits the characterization of equilibrium private debt (Theorem 3.1])
together with a straightforward decomposition of equilibrium public debt (Proposition
below). By securing a fraction of debt, tax revenue is a source of liquidity as it is the case
with endowment losses in a setting with self-enforcing debt. Any amount of public debt in
excess of backed resources is valued in the market as a speculative bubble, exactly as private
debt (in excess of the present value of income losses) is valued at the competitive equilibrium

with self-enforcing debt.

4.2.1 Institutional Arrangements

The environment is as before, but now we assume that individual agents can no longer
issue debt, i.e., D'(s') = 0 for every agent i and any event s'. Instead, debt is only issued
by a government, which backs its liabilities by taxing income according to a tax schedule
(7°(s"))stss0 for each type i € I.

Given an initial asset position 67(s°) > 0, let Bi(#7(s°)|s°) denote the budget set of agent
i € I in this economy. It contains all pairs (¢, 6) of consumption ¢* = (¢'(s")) s 50 and public

debt holdings 6" = (0%(s!)). 0 satisfying the (after-tax) budget constraint at any event s’
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ie.,

s+ D q(sTE(sT) < (1= 7(s)y'(s") +0°(s"), (4.7)

t+1y ot v
st s after-tax endowment

together with the no-borrowing restrictions
0'(s'"t') > 0 at all successors s'™ = s'. (4.8)

At any event s', the government issues public debt d(s**!') > 0 contingent to every successor
event s'™'. The outstanding debt d(s') at an event s’ is financed partially by tax revenues
while the rest is rolled over across next period’s contingencies. The government’s budget
restriction is then

A < S0+ DDl s, (19)

iel stHs gt

Definition 4.1. Given a tax schedule (77(s"))sss0 for each agent ¢ € I and an allocation
(07(s°));er of initial asset positions, a competitive equilibrium with public debt (q,d, (¢',0")scr)
consists of state-contingent bond prices ¢, a resource feasible consumption allocation (c¢*);cs,
an allocation of government bond holdings (6");;, and the government’s net liability positions
d such that:

(i) for each agent 7 € I, taking prices as given, the plan (¢, #) is optimal among budget
feasible plans in B\i(ﬁi(soﬂso);

(ii) the debt market clears

ZQi(St) =d(s"), forall s = s% (4.10)

iel
(iii) the government’s budget constraint (4.9)) is satisfied at all contingencies s* = s.

4.2.2 Characterization of Public Debt

We show that, given the individual tax schedules, equilibrium public debt is decomposed
to a fundamental component reflecting the present value of total tax revenue and a specula-
tive bubble. As opposed to an equilibrium with self-enforcing debt, the privilege of issuing
the speculative bubble is now attributed to the government that rolls over part of its debt

forever.
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Proposition 4.1. At any competitive equilibrium with public debt,

d(s") = ZPV(Tiyi|st) + M(sY), forall s' = s°
iel
where M is a nonnegative discounted martingale process. Equivalently, the government’s
debt level at any contingency is decomposed into the present value of total tax revenue and a

bubble component.

Proof. Fix a competitive equilibrium (g, d, (c’, 6%);c;) with public debt. To simplify the pre-
sentation, let § := ., 7iy’ represent the taxed aggregate income process. Combining re-
source feasibility of (c');cr, the government’s budget constraint, and the debt market clearing

condition, we deduce that the government’s budget constraints is satisfied with equality, i.e.,
d(s') = 8(s) + Y a(sh)d(s").
sttlsst

Consolidating the above equations from date 0 to any arbitrary date T' > 0, we get

p(sM)d(s”) =D > p(sHa(s) + Y p(sTTHd(s™H).

t=0 steSt sT+1egT+1
Since d(s”*1) > 0, we deduce that the process 4 has finite present value, i.e., PV(d]s?) < oco.

In particular, consolidating the government’s budget constraints along the sub-tree X(s'),

we get that
d(s") = PV(6]s") + lim p(sT)d(s).
P 1 2,
= M(St)
The desired result follows from the fact that M satisfies exact rollover. O]

Remark 4.1. Notice that characterizing public debt (i.e., proving Proposition is far
simpler than characterizing private debt (i.e., proving Theorem . In fact, showing that
the total tax revenue has finite present value is straightforward, as the government’s budget

restriction (4.9) and market clearing imply the recursive property

d(s) =)+ 3 a(sr)d(s ).

sttlsst
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Proving the same claim for the private endowment losses is more involved, as Lemma |3.1
reveals. This is because we do not know a priori whether the not-too-tight debt limits satisfy

the recursive property

Di(s') = €'(s") + D q(s"HD(s"™),
stlsst
so this recursive equation is obtained after applying a fixed-point theorem to a suitably
defined operator.

4.2.3 Equivalence Result

We now have all elements to establish an equivalence mapping between a competitive
equilibrium with public debt and a self-enforcing equilibrium. The implication is that public
liquidity is akin to private liquidity. Who is issuing the debt does not affect the economy’s
risk-sharing opportunities. Formally, using the characterization results established in Theo-
rem and Proposition , we obtain the following equivalence result.E

Theorem 4.1. A consumption allocation is the outcome of a competitive equilibrium with
public debt backed by taxes (T%)icr if, and only if, it is the outcome of a competitive equilibrium
with self-enforcing debt and endowment losses ((%);cr such that ¢ = 7'y for any i € I.

Formally, we have the following properties:

(a) Let (7")icr be a family of tax schedules. If (q,d, (c',60%)icr) is a competitive equilibrium
with public debt where M 1is the bubble component of the government debt, i.e.,

d=> PV(r'y')+ M,
iel
then the family of income loss processes (£');cr satisfying ¢* = T'y* supports (q, (', a’, D);er)
as a competitive equilibrium with self-enforcing debt with
D" :=PV({")+ M' and a =0 — D"

where (M*);cr is any family of nonnegative discounted martingale processes satisfying

> M =M
i€l
5Note that by setting ¢ = 7 = 0, Theorem nests the equivalence result (Theorem 2) in Hellwig and
Lorenzoni| (2009).
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(b) Reciprocally, if (g, (c*,a’, D")icr) is a competitive equilibrium with self-enforcing debt as-
sociated with a family (€');cr of income losses and M is the bubble component of agent i’s
debt limits, i.e.,

D! = PV(£) + M,
then the family of tax schedules (7%);cr satisfying ¢* = 7'y supports (q,d, (¢',0")ic1) as a
competitive equilibrium with public debt with
d:=>» D' and 0 :=a + D"
il
Proof. We only provide the proof of Part (a). Part (b) follows in the same spirit. The

following claim formalizes an observation that is a consequence of a translation invariance

property of the flow budget constraints.

Claim 4.1. If the plan (c',a") belongs to the budget set B'(D' a'(s")|s°), then the plan
(¢, 60%) belongs to the budget set B'(07(s°)|s°) where 0 := ai + D'. Reciprocally, if the plan
(c', %) belongs to the budget set B (67(s°)|s), then the plan (¢',a’) belongs to the budget set
Bi(D?, a'(s°)|s°) where a* := §° — D".

Fix a competitive equilibrium (q,d, (c’,0");c;) with public debt backed by taxes (7%)c;.
It follows from Proposition that PV(7%y’|s") is finite for each i. Moreover, there exists a
nonnegative process M satisfying exact roll-over such that

d=M + Z PV (r'y").
iel

Fix an arbitrary family (M?);c; of nonnegative processes satisfying exact roll-over and such

that

> M =M.

el
Pose D' := PV({') + M*, @' := 6" — D" and (' := 7'y'. We claim that (q, (¢, a’, D");c1)
constitutes a competitive equilibrium with self-enforcing debt and endowment losses (£*);c;.

Indeed, we first observe that the market clearing conditions are satisfied:

S - Yooy

i€l el el
= d-) PV(l')-M
el
= 0.
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It follows from Theorem that debt limits are not too tight. The debt constraints are
satisfied since 0° > 0 for each 7. To conclude the proof we only have to prove that (¢',a’) is
optimal in the budget set B*(D?, a*(s")|s?). This is, however, true given Claim [4.1] O

4.3 Collateralized Debt

We next focus on economies in which all borrowing and lending operations are fully
secured by collateral and default carries no other consequences than the loss of the collateral.
Following (Chien and Lustig (2010), we assume that agents back their promises by means
of issuing and trading a long-lived asset whose dividend process accrues a fraction of their
income. The default option is endogenous and reflects the continuation value associated
with losing the privilege of the stream of liquidity services collateral provides to its owner.
In contrast to the economy with self-enforcing debt, there is no reputational effect: collateral
secures the full face value of the debt contract as opposed to endowment losses that have no
value to creditors.

We show that despite the differences in institutional arrangements, an economy with
self-enforcing debt can support as much risk-sharing as an economy with collateralized debt.
The established equivalence unravels an interesting link between credit and asset bubbles.
By securing debt, collateral is a source of liquidity in two ways. First, collateralized debt
reflects the assets’ fundamental value (i.e., the investment income due to dividend payments).
This is equivalent to endowment losses in economies with self-enforcing debt. Second, any
debt level in excess of the fundamental value reflects a bubble in the asset price, the same
way credit beyond the present value of income losses reflects a speculative bubble at the
self-enforcing equilibrium.

The finding has potential implications for the assessment of models with market exclusion.
Chien and Lustig (2010)) find that their model supports more volatile risk-premiums and
interest rates compared to the setting in |Alvarez and Jermann (2001), where autarky is
enforced upon default. Our equivalence result suggests that, for a different default option,
economies with self-enforcing debt might produce the same variation in equity risk-premiums

as in collateralized economies.
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4.3.1 Institutional Arrangements

Assume that each agent i can pledge at the initial event s® a part ¢(s') of the endowment
y'(s') at any event s® = s°. This is the equivalent of issuing a long-lived asset (Lucas tree)
whose dividend process is (¢/(s))s0. We now refer to the process ¢ as the collateralizable
mcome.

Shares of Lucas trees can be traded at every event s'. We denote by P’(s') the ex-
dividend price of agent j’s tree, and we let oz;'-(st) > 0 represent agent ¢’s share on agent j’s
equity at event st.

Agents can also trade at every event s' one-period-ahead contingent claims b'(s'™™!) € R
for each successor event s*! at a price ¢(s'*1) (expressed in units of st-consumption). Agents
can default and file for bankruptcy. In this case, all assets (equity holdings) and current
period dividends are seized and transferred to lenders to redeem their debt. However, the
nonpledged endowment cannot be seized and agents still maintain access to financial markets.
This specification of the default punishment leads to the following debt constraints:

= al(o(s))[P(s") + £(s")],  for all s' = 5. (4.11)
jEI
Constraint states that no agent can promise to deliver more than the value of her
equity holdings in any state. Following Chien and Lustig (2010), we refer to liquidity risk as
the risk associated with the constraint be binding.

For each agent i, given an initial financial claim b'(s?), we let B'(b'(s°)|s") denote the
budget set consisting of all triples (c’, a’,b") of consumption processes (c¢'(s))q50, equity
holdings (a(s!))stss0, and contingent claims (b°(s?))s 40 such that:

)+ Y PI(sN)ag(s”) + Y a(sb(sh) <y (s%) +0(s”) + P(sY), (4.12)
JeI st>s0
and at any event s’ = s,
S+ P(sai(sh) + Y (s (s <
Jel sttls-st

y'(s') = (s + V(s + > aio (s") + Pi(s")], (4.13)

Jjel
where b(s') is subject to the liquidity constraint (4.11). Notice that at any event s' = s°,
agent 4’s available income is only y*(s') — £*(s') since the rest has been sold at ¢t = 0 in the

equity markets.
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Definition 4.2. Given initial financial claims (b(s%));e; such that Y, ;

itive equilibrium with collateralized debt (q, (P')icr, (¢', o, b');cr) consists of state-contingent

b'(s%) = 0, a compet-
bond prices ¢, equity prices (P*);cr, a resource feasible consumption (c¢');cs, an allocation of
nonnegative equity holdings (a');c7, and an allocation of contingent claims (b%);c; such that:

(a) for each agent i € I, taking prices as given, the plan (¢, o', ") is optimal among budget
feasible plans in B*(b'(s°)|s°);

(b) all equity markets clear:

Viel, Zaf(st) =1, foralls" > s’ (4.14)
jel
(c) the bond market clears:
Z b'(s') =0, forall s = s°. (4.15)
el

4.3.2 Characterization of Asset Prices

We derive a well-understood asset pricing equation that turns out to be useful for our
equivalence result. At any contingency, equity prices are decomposed into a fundamental
component related to dividend payments and a bubble component. Similarly to the equilib-
rium with self-enforcing debt, asset price bubbles emerge when dividends are small relative
to aggregate resources (see |Santos and Woodford|/1997)).

Proposition 4.2. At any competitive equilibrium with collateralizable wealth, the cum-

dividend price of agent j’s equity is given by:
O+ PP =PV () + M’ (4.16)
for some nonnegative exact roll-over process M?.

Proof. Fix an agent j and an event s' = s°. Market clearing implies that there exists at
least one agent ¢ € I who is holding a positive amount aé(st) > 0 of the agent’s j equity.
Fix € € R such that ¢ > —Oz;(st). The following changes in contingent claims and equity j’s
holding are admissible

al(s') i=al(s') +e and V(s = b (s"Th) — [ PI(s) + (s,
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Since agent’s j welfare cannot improve after these changes, we must have
Pi(sh)y = Y q(s"[PI(s) + £ (s (4.17)
sttlsgt
Given this recursive equation, it follows that PV(77y7|s?) is finite. Moreover, for every

event s, the following limit

) 1 )
M?(s") = lim —— p(sT)P(s7)
T—00 p(St) sTGSZT(st)
is well-defined, so we obtain equation (4.16)). O

4.3.3 Equivalence Result

We now have all elements to establish an equivalence mapping between a competitive
equilibrium with collateralized debt and a competitive equilibrium with public debt. Given
Theorem [.1] the coincidence extends to a competitive equilibrium with self-enforcing debt.
More precisely, starting from an equilibrium in an economy where debt is self-enforcing, we
can always support the same consumption allocation in an economy that is subject to liquid-
ity risks for some appropriately chosen levels of pledgeable resources. In that respect, there
is no difference in terms of trade between equilibria with self-enforcing debt and equilibria
with debt secured by collateral.

Theorem 4.2. Given a family ({');c; representing individual pledgeable resources, a con-
sumption allocation is the outcome of a competitive equilibrium with collaterized debt if, and
only if, it is the outcome of a competitive equilibrium with public debt backed by tazes (T%)icr
satisfying ¢© = 7'y (or, equivalently, a competitive equilibrium with self-enforcing debt and

endowment losses ({*);cr). Formally, we have the following properties:

(a) Let (q, (P")icr, (¢', %, b")ier) be a competitive equilibrium with collateralizable income rep-
resented by (0');e; and denote by M* the bubble component of agent i’s Lucas tree. Then,
(q,d, (c",0")ic1) is a competitive equilibrium with public debt backed by the family of taxes
(T%)ier satisfying (' = T'y*, where

0'(s') = b'(s") + > al(o(s))[P/(s") + 7/ () (s")] (4.18)
jel
and

d:=) PV(r'y')+ M. (4.19)

el
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(b) Let (q,d,(c',0%)c1) be a competitive equilibrium with public debt backed by the family
of tazes (7%);er. Denote by M the mnonnegative process satisfying exact roll-over such
thatd =3, ., PV(r'y’)+ M. Fiz cmy family (M*);cr of nonnegative processes satisfying
ezact roll-over and such that ), , M* = M. Fiz also a family (o Yier of shares satisfying
market cleam’ngm Then, (q, (P')ier, (¢!, o, b')ier) constitutes a competitive equilibrium

with collateralized debt (associated to individual pledgeable resources €' = Ty ) where
P :=PV({") -0+ M (4.20)

and

b (s) )= ai(o (s) + £ (s")). (4.21)

jel
Proof. We only prove part (a). Part (b) follows in the same spirit. The debt constraints (4.11))
imply that Hi( %), as defined by ( -, is nonnegative. Combining the market clearing con-

ditions and (| - we get that
D 0(sh) =D [P(s) + (s => PV(r'y) + M,

iel jer iel
where the last equality follows form the asset pricing equation (4.16). The market clearing
condition then follows from our choice of the government debt. Combining the flow
budget constraints and together with the asset pricing equation , we get
that the pair (c,6?) belongs to the budget set Bi(6'(s°)|s?). Reciprocally, let (¢,6') be a
plan in the budget set B#(6'(s°)|s?). Let b be the process of bond holdings defined by

F(s0) = B(s") = Y o IP 1) + P ()]

jel
Using the asset pricing equation and the fact that b(s%) = b'(s°), we can show that
the plan (&, 0, b") belongs to the budget set B(b'(s?)|s?). Since (¢!, al,b?) is optimal in
B(b(s°)|s°), we must have U(¢|s°) < U(¢|s°). This proves that the plan (¢!, 6") is optimal
in Bi(0'(s°)|s"). We can conclude that (¢, d, (c',6");c;) is a competitive equilibrium with
public debt backed by the family of taxes (7%);c;. O

Remark 4.2. The following observation is a direct consequence of our equivalence result.
Assume, as in |Chien and Lustig (2010), that there exists £ > 0 such that ¢*(s") = ¢ for all ¢

61n the sense that Y. ; a%(s’) =1 for all i € I and all s* = s°.

jer %
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and s’ and that there is no endowment growth. If ¢/ > 0, then Corollary implies that
the present value of pledgeable resources is finite and assets are priced at their fundamental
value, so they are bubble-free. One may think that for £ = 0 (i.e., assets pay no dividends),
asset prices must equal zero, so autarky is the only equilibrium outcome. However, this claim
is true provided that the aggregate wealth is still finite, or equivalently, when the implied
interest rates are higher than growth rates. Nevertheless, as documented by Hellwig and
Lorenzoni (2009), when ¢ = 0, equilibrium interest rates can be sufficiently low so that the
economy’s aggregate wealth is infinite. The implication for the collateral equilibrium, is that,
even if the trees pay no dividend, assets may be priced as a speculative bubble. Indeed, it is
sufficient to appeal to Theorem [4.1] and Theorem [4.2] and translate the bubbly equilibrium
of Hellwig and Lorenzoni (2009) in the environment of |(Chien and Lustigl (2010).

The intuition for this discrepancy relies on the dual role of collateral as a source of
liquidity. As dividends become negligible (i.e., ¢ approaches zero), the value of the asset
increases to compensate for the decreased investment value. In the limit, the value of the
collateral asset is still positive, reflecting purely a bubble, even though there is no collateral

in the market anymore.

4.4 Existence of a Competitive Equilibrium

It is well-known that proving the existence of a competitive equilibrium with self-enforcing
debt is difficult. The presence of self-enforcing conditions does not permit a direct adaptation
of a standard truncation technique, as is the case in models with exogenous debt limits. We
show below how to bypass these complications by proving the existence of a competitive
equilibrium with public debt and then appealing to our equivalence result (Theorem .
Our insight derives from the observation that applying a truncation argument to the economy
with public debt, though it requires taking into account the endogeneity of the supply side
(condition , is far more simple than dealing directly with the endogeneity of individual
debt limits in the economy with self-enforcing debt.

Formally, the idea of proof strategy goes as follows. We can apply standard arguments
based on continuity, convexity, and compactness to prove the existence of a competitive equi-
librium (g7, dr, (¢4, 0%)scr) with public debt in a truncated economy with finite horizon 7.
Passing to a subsequence if necessary, we can assume that the sequence of consumption
allocation (c(s'))r=1 converges to a feasible allocation (c¢'(s'));e;. Convergence of bond

prices (qr(s'))rs1 to some price ¢(s') follows then from the Euler equation. The flow budget
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constraints remain valid in the limit. The only difficult part is to show that bond hold-
ings converge (or admit a converging subsequence. Since markets clear, it is sufficient to
show that outstanding public debt is bounded. Intuitively, if the sequence (dr(s°))rs1 of
initial public debt is unbounded, then there must be at least one agent with an arbitrary
large amount 6%.(s°) of initial resources as T goes to infinite. This agent could support an

arbitrary large consumption plan that would necessarily violate optimallity.

Theorem 4.3. Fix a family of tax schedules (1%);cr and consider an arbitrary decomposition

ZTiyi _ Zy

el el

of tax revenues

where 6° is a nonnegative process. If aggregate tax revenues are nonzero at any contingency,
1.€.,

ZTi(st)yi(st) >0, for all event s',

iel
then there exists a competitive equilibrium with backed public debt (q,d, (¢',0");c1) where the
allocation of initial bond holdings satisfies 6'(s°) = PV (6°|s°) for each agent i.

A formal proof is presented in Appendix [A.3|'"| Existence of a competitive equilibrium
with self-enforcing debt is then a direct corollary of the last theorem and Theorem [.1]

Corollary 4.1. Fiz a family of income loss processes ({');c; and consider an arbitrary de-

>r-Ys

i€l i€l

composition

where &' is a nonnegative process. There exists a competitive equilibrium with self-enforcing
debt (q, (", a', D");cr) where the allocation of initial bond holdings satisfies a'(s°) = PV(§" —

0's%) for each agent i.

Proof. Fix tax schedules (7%);c; satisfying ¢* = 7'y" for each 7. From Theorem there
exists a competitive equilibrium with backed public debt (¢, d, (¢!,0%);c;) where the alloca-
tion of initial bond holdings satisfies 6(s”) > PV(6‘|s°) for each agent i. We can apply

17 Assuming that aggregate tax revenues are nonzero at any contingency facilitates proving that the
limiting bond prices are nonzero. This requirement could be relaxed, but the argument becomes more
involved.
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Proposition to get the existence of a nonnegative discounted martingale process M such
that
d=M+)Y PV(r'y).
iel

We pose M(s°) := 0'(s°) — PV(6°|s), for each i. Observe that M%(s°) > 0 and

> M%) =d(s%) = Y PV(r'y'|s”) = M(s°).

il iel
We can then extend the definition of M*(s°) to the whole tree ¥ such that each M' is a
nonnegative discounted martingale and M = >, ., M ZH We can now apply Theorem 4.1
to deduce that (g, (c’,a’, D%);cr) is a competitive equilibrium with self-enforcing debt where
D' :=PV({')+ M" and a' := 6" — D' for each i € I. The way we define each M*(s”), implies
that a'(s%) = PV(§" — £7|s°). O

Remark 4.3. If we choose the decomposition such that §* = ¢¢ for each i, we then get the
existence of a competitive equilibrium with zero initial financial endowments (a’(s°) = 0).
Existence is also guaranteed for many other allocations of initial financial endowments. For
instance, we may have an agent j starting with the initial financial endowment y,_, PV (£'|s°)
while all other agents i # j start with (self-enforcing) debt PV (¢]s°).

Existence of a competitive equilibrium with self-enforcing debt as presented in Corol-
lary is an important result. However, equilibria are only tractable if they are Markov for
some simple endogenous state variable. For the rest of the section we assume that uncer-
tainty is governed by a Markov process on a finite space S with strictly positive transitions,

i.e., there exists a vector
(m(s']8)) (5,552 with 7(s[s) > 0
such that

(a) s® =: 59 € S and for every t > 1, an event s’ is a history (s, s1,...,s;) where each
s €5,

(b) conditional probabilities satisfy m(s'|s!) = 7(s441]s¢) for all st = st

18 A possible way (among infinitely many) to construct the family (M?);c; is as follows: if M (s°) = 0,
then Mi(s”) = 0 for all i, and we can pose M'(st) := 0 for every s' = s% If M(s®) > 0, then let
o = M¥(s")/M(s°) and pose M(s?) := a'M(s') for every i and every s’ = s°.
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Individual endowments y* and income losses ¢ oscillate according to this Markov process
and, hence, all fundamentals are measurable with respect to the finite Markov state space
S E This, in particular, implies that the economy cannot grow or decline over time, that is,
the aggregate endowment is bounded.

In general, at a competitive equilibrium, prices and debt limits would be affected by
the distribution of wealth, as well as possibly by future expectations, and would not be
measurable with respect to the Markov state space S. Following the recent contributions
of |(Chien and Lustig (2010)) and |Gottardi and Kubler| (2015]), we consider the instantaneous
Negishi weights as a candidate for the endogenous state variable. Indeed, fix an arbitrary
event s’ and observe that an allocation (c¢'(s?))se; of strictly positive consumption satisfies
Y ier €' (s') = y(s¢) where g := >, y" if, and only if, there exists a unique (up to positive
scaling) family A(s") = (X(s'));er € RL, of strictly positive instantaneous Negishi weights
such that

(c"(s"))ier € argmax{z N(shu(x') : (2)er € RL,  and Zx” = gj(st)}. (4.22)

iel iel
The unique feasible allocation that solves the maximization problem (4.22)) can be expressed
as a continuous function (A(s'), s¢) — ¢(A(s"), s:) = (¢'(A(s), s¢))ier from RL, x S to RL.
It is then natural to introduce the following definition.

Definition 4.3. A stationary Markov equilibrium with instantaneous Negishi weigths is a
family of policy functions ((G(s')ses), (&',a, D?)ics) defined on R! . x S and a transition

function L : RL, x S — RL, satisfying the following properties.

(1) For each state s, the set A(s) C R, of instantaneous Negishi weights A such that
a'(\,s) = —Di()\,s) for each i is nonempty and L(\,s) C A(s) for all instantaneous
Negishi weights A € RY .

(2) For any initial A\g € A(sg), the family (g, (¢’, a’, D");c;) defined by
(¢'(s"),a'(s"), D'(s")) := (& (A(s"), s1), @ (A(5"), 50), D'(A(5"), 50)) (4.23)

and for any sttt = st
q(s"™) = q(A(s"), s0) (s141) (4.24)

9Tn other words, y*(s') and ¢¢(s') only depend on the current shock s;. We abuse notations by writing
y'(s¢) and £i(sy).
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is a competitive equilibrium with self-enforcing debt where the process (A(s'))gtxs0 is

defined recursively by

As%) =X and  A(s') := L(A(o(s")),s;), forall s" = s". (4.25)

We can now combine Theorem 5 in (Gottardi and Kubler| (2015) with our equivalence
results to prove the existence and uniqueness of a stationary Markov equilibrium under

specific conditions on primitives.

Proposition 4.3. Assume that endowment losses are nonnegligible and that the map ¢ —
u'(c)c is increasing over Ry . Then there exists a unique stationary Markov equilibrium with

self-enforcing debt.

The proof of this result is presented in Appendix [A.4] In the spirit of Theorem 6 in
Gottardi and Kubler| (2015), if there are only two agents, we can identify further conditions
on primitives under which the unique stationary Markov equilibrium has finite support. This
is important since such an equilibrium can be characterized by a finite system of equations
and can typically be computed easily. One can also conduct local comparative statics using

the implicit function theorem.

5 Conclusion

Since the global financial crisis, there has been a revival in the literature that aims to
understand credit and asset bubbles. In this paper, we have shown that credit bubbles can
naturally arise in various general equilibrium environments with limited commitment, in a
similar manner to how asset price bubbles can naturally arise in environments with limited
asset supply. We also provided several applications of our theory to the context of sovereign
debt, domestic public debt, and consumer debt. While we have focused on equilibria where
bubbles are safe, it is possible to extend our framework to incorporate sunspot shocks (as
in |Calvo|[1988, (Cole and Kehoe 2000, Azariadis et al[2015) to allow for the possibility of
stochastically bursting credit bubbles. It would be interesting for future research to study the
general equilibrium effects of the booms and busts of credit bubbles in the various economic

environments that we have studied.
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A Appendix: Omitted Proofs

A.1 Proof of Lemma

Since we are exclusively concerned with the single-agent problem, we simplify notation
throughout this section by dropping the superscript .
Let D be a process of not-too-tight bounds. We first show that there exists a nonnegative

process D satisfying
D(s") = ((s") + Z q(s"™)min{D(s"™), D(s'"t))}, for all s' = s°. (A.1)
stlsst
Indeed, let ® be the mapping B € R* — ®B € R* defined by
(®B)(s") :=L(s") + > q(s")min{D(s"™), B(s"™)},  for all s = 5.
sttlysgt
Denote by [0, D] the set of all processes B € R satisfying 0 < B < D where
D(s'):=L(s") + Y q(s")D(s"), for all 8" = .
stly-st

The mapping ® is continuous (for the product topology), and we have ®[0, D] C [0, D].
Since [0, D] is convex and compact (for the product topology), it follows that ® admits a
fixed point D in [0, D].
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Claim A.1. The process D is tighter than the process D, i.e., D < D.

Proof of Claim[A.] Fix a node s'. Since V;(0,0|s") = V(D,—D(s")|s') and V(D,-|s") is
strictly increasing, it is sufficient to show that V (D, —D(s")|s") > V;(0,0|s"). Denote by
(¢,a) the optimal consumption and bond holdings associated with the default option at s,
ie., (¢,a) € dy(0, O|3t) We let D be the process defined by D(s!) := min{D(s'), D(s")} for
all s*. Observe that

y(s) = D(s') = y(s") —L(s) — > q(s")D(s")

sttls-st
= s+ Y a(s" (s — D(s)]
sttl-st
_ 5(St) + Z q(5t+1)a(5t+1)
sttls gt
where a(s'™) := a(s't!) — D(s'™). Since D < D, we have a(s'™) > —D(s'*1). At any

successor event st = st we have

y<8t+1)+a(8t+1) _ y(st+1)+d(st+1)_f)(st+1)
2 y(StJrl)—l—d(StJrl) _Q(StJrl)
> Y™ — Ut a0 a(s™)D(s)
st+2>_st+1

> é(8t+2)+ Z q(st+2)[d(st+2)—f)(st+2)]
St+2>_st+1

> (~:<St+2)+ Z q(5t+2)a(8t+2)
st+2>5t+1

where a(s?) := a(s'*?) — 13(5”2) Observe that a(s'™2) > —D(s"*2) (since D < D).
Defining a(s™) := a(s™) — ﬁ(sT) for any successor s” > s' and iterating the above argu-
ment, we can show that (¢, a) belongs to the budget set B(D, —D(s")|s"). It follows that

V(D,=D(s")|s") = U(els") = V4(0,0]s")

implying the desired result: D(s") < D(s"). O

2Equivalently, (¢,a) satisfies U(é|s?) := V;(0,0|s') and belongs to B, (0, 0|s?).
21To get the second weak inequality, we use equation 1]
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It follows from Claim that D satisfies

D(s") = ((s") + Z q(s"™HD(s"h),  for all s* = 5% (A.2)
sttly-gt
Applying equation ({A.2)) recursively, we get

p(sHD(s") = p(s)e(s) + Y p(sHUE )+

stH1egt+1(st)

DI S ("D

sTeST (st) sT+1€ST+1(st)

for any T > t. Since D is nonnegative, it follows that

AP

T=t s7€S7(st)

Passing to the limit when T' goes to infinity, we get that PV({|s') is finite for any event s*
(in particular for s°). Recalling that D > D, we also get that D(s?) > PV({|s?).

A.2 Proof of Lemma [3.2

Denote by (c’, a') the optimal consumption and bond holdings in the budget set B, (0, 0|s7)
for some arbitrary event s7. We pose D' := PV({?) and observe that

Qi(st) :gi(st)_i_ Z q(8t+1)Qi(St+1).
sttls-st

We can easily show that (¢, a’) is optimal in the budget set B'(D’, —D"(s)|s”) where a’ :=
a’ — D'. We then deduce that V(D’, —D'(s7)|s™) = V£(0,0]s7).

A.3 Proof of Theorem 4.3

To simplify the presentation, we let § :== > ., 7 /', Fix an arbitrary decomposition of §

as follows:

0= Zdi where 6° > 0 for each i.

el
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We claim that there exists a competitive equilibrium (g, d, (¢!, 0");c;) with public debt backed
by the tax schedules (7%);c; and such that the initial bond holdings satisfy

0'(s%) > PV(6'|s"), for each i€ I.

To prove existence, we follow the standard truncation approach. Given an arbitrary date
€ > 1, for every event s' with ¢t < &, the &-truncated present value PV¢(x|s; ¢) of some

process x under the price process q is defined by

PV (z]s"; q)

r=t sreSr(st)

where p is the process of Arrow—Debreu prices associated with g.
Standard arguments (continuity, compacity, and convexity) can be applied to prove the
existence of a &-truncated equilibrium with public debt defined as a family (qe, de, (ct, 0 )icr)

where

(i) for each agent i € I, taking prices as given, the plan (ct, 6;) maximizes the utility U(c)
among all budget feasible plans (¢, 6%) satisfying the initial condition

0'(s") = PVe(0'|s"; qe),
for every t < ¢ and every event st € S?,

s+ Y qe(stHO (s = (L= T(sh))y'(s) + 0'(s") and  0'(s") >0

sttlsst

and for every t > ¢ and every s’ € S*
c(s') = y'(s") and 6'(s') = 0;
(ii) the government debt market clears

Zﬁé(st) =d¢(s'), forallt< ¢ and s' € S

iel
(iii) the government budget constraint is satisfied
de(s') = PVe(d]s'; q¢), forall t < & and s' € S
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For each &, the consumption allocation (cé)l-el satisfies market clearing. Passing to a
subsequence if necessary, we can assume that there exists a consumption allocation ()¢,
also satisfying market clearing, such that, for each i, the sequence (02)521 converges (for the
product topology) to ¢!. We can also assume that for each event s’, the sequence of bond

prices (ge(s'))e=1 converges to some number ¢(s') € [0, co].
Claim A.2. For every event s', we have q(s') < oc.

Proof. Fix an event s' and assume, by way of contradiction, that the sequence (ge(s"))e=1
converges to co. Fix an arbitrary agent i. If there exists some large enough & such that
0i(s") = 0 for every £ > &, then we have

ce(s') < (L =7'(s))y'(s")
and passing to the limit, we get that c‘(s') < (1 — 7%(s%))y’(s"). Assume now that there
exists a strictly increasing function ¢ : N — N such that HZ(g)(st) > 0 for every &. From the
first-order condition associated with agent ¢’s maximization problem, we have that

Y — Br(stlo(st u'(cg (6)(St))
q@(f)(s)_ﬁ ( | ( )) ( (O’ St)))

Passing to the limit when & approaches infinity, we deduce that ¢'(s*) = O@ We have then
proved that either ¢'(s') < (1 — 7%(s"))y(s") or ¢’(s') = 0. This contradlcts the fact that the

allocation (c');cr satisfies market clearing since we assumed that ), ; 7'(s")y'(s") > 0. O

We claim that the sequence (dg(s%))¢>1 is bounded. Indeed, first observe that there exists
a date T such that Ur(2y|s®) > U(y|s") where

Zﬁt > m(sule(s"):

stesSt

Since the sequence (g¢)e>1 of bond prices converges to ¢, there exists &y large enough such
that
PVr(27]s’; ¢¢) < PV7(2y]s%q) +1, for all € > &.

Now, assume by way of contradiction that (d¢(s°))e>1 is unbounded. There must exist &,
say € > &, such that de(s?) > (#1)(PVr(27]s% ¢) + 1). In particular, there must exist an

22Recall that Cfo(f) (o(s')) is bounded from above by aggregate endowments.
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agent ¢ such that 6;(s°) > PVp(27]s”;¢) + 1. With this initial bond holding, agent i can
finance the consumption 27(s") for any ¢ < T. By optimality, we deduce that

Ulctls®) = Ur(2y]s°) > U(yls°),

which contradicts the feasibility of the allocation (cé)ie I

We have thus proved that the sequence (dg(s"))¢s1 is bounded. This implies that for
each event s', the sequence (dg¢(s'))e>1 is bounded. Since the markets for bonds clear, we
deduce that for each i and each event s', the sequence (f¢(s"))e>1 is bounded. Passing to
a subsequence if necessary, we can assume that for each ¢, there exists a process of bond
holdings 6 such that the sequence (92)521 converges for the product topology to #¢. It follows
from the flow budget constraints satisfied by (cf,0¢) that

s+ D als™e (™) < (1= 7))y (s") + 0'(s").
sttlyst
In other words, the plan (c¢’,0") is a budget feasible plan in B\i(ei(soﬂso). We omit the
standard arguments to show that the plan (c’, a’) is optimal among budget feasible plans in
B(6(s°)]).
Fix an event s'. Since the government debt market clears for every &-truncated equilib-

rium, the sequence (dg(s'))e=1 of government debts converges to some d(s') satisfying
d(s") = _0'(s").
iel
We still have to prove that the government budget restriction is satisfied. Recall that for

any &-truncated economy (with £ > t), the government budget constraint is satisfied
de(s") = 0(s") + ) qe(s")de(s™).
sttlygt
Passing to the limit, we get that
d(s") = 8(s") + Y q(sFd(s).
sttlsst

We have thus proved that (q,d, (c',0");c;) is a competitive equilibrium with public debt
backed by the tax schedule (7%)c;.
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Fix now an agent ¢ and an arbitrary 7" > 0. Recall that for any £ > T, we have
(") = PVE(']3% ge) > PV (5" go)
Passing to the limit when & approaches infinity, we get tha@
0'(s") = PVr(8's°; q) = PV (8']s°).
Since the sequence (PVrp(6¢|s°))rso is increasing, we deduce that it converges and satisfies

0'(s°) > Tlim PV (6's°) = PV(§]s").
— 00

A.4 Proof of Proposition 4.3

To simplify the presentation, we let e'(s) := y'(s) — ¢*(s) denote agent i’s endowment
after default. It follows from Theorem 5 in (Gottardi and Kubler| (2015)) that there exists a
family (V' (-, s), L(+, s))ses of functions

V(,s):RL, — R" and L(,s): R, — R,
satisfying the following properties: for every A € Rfr 4, for every s € S, and for every o > 0,
(a) L(A,s) = X and L(a, s) = aL(}, s);
(b) V(L(A,s),s) =0 and V(a\ s) =V(A,s);
(c) for each i,
VLA, 8),8) > 0= L'(\,s) = \;
(d) for each 1,

Vi, 5) =/ (E (N 8)[E (N, s) —e'(s)] + B Z 7(s'|s)VI(L(\, §'),s);

s'eS

where we recall that ¢(\, s) = (¢%(\, s))ser is the unique solution of the following maximization

problem

max{z Nu(z') © (2")er € RL,  and Zazl = y(s)}

el iel

23When the present value is computed with the limit price process ¢, we omit to specify the price in the

definition.
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We let 67(-,s) : RL — R be defined by

Vi, s)
W (AN, 8))’
and for each current state s and contingent to each possible future state s’, we let g(-, s)(s’)
be defined by

G'(\, s) = for all A € RL,

GO0 9)(s") = fr(|3) max “<Cu<é<ass)>>5>) for all A € R,

Combining conditions (a), (c¢), and (d), we get that for each 1,

EN8)+ ) a9 (O (LN, 8),8) = €'(s) + 6 (N, s).

s'eS
Condition (b) implies that
O(L(\, s’) sy >0, foralls.
If A € A(s), we also have that G()\,s) >
Fix an arbitrary Ao € A(s ) Deﬁne the process (A(s"))st=s0 according to (4.25)), the

process (q(s'))gts0 according to , the process (c'(s'))s-0 according to (4.23) and let
0i(s') := 0'(\(s"), ;). We have proved that (c*,0") € Bi(8(s")|s?). Moreover, following the
arguments inGottardi and Kubler| (2015), the plan (¢!, ') is actually optimal in Bi(#?(s°)|s°).

Fix an arbitrary date T'. Consolidating the budget restrictions from date 0 to date T" and

summing over the agents, we get

SN psas+ S ps™) S = 3 (s

t=0 stcSt sT+1esT+1 el el

where § := Y, ; ¢'. The above inequality implies that PV(§|s®) is finite. Since endowment
losses are nonnegligible, we deduce that PV(y|s®) is finite. In particular, for each i the
consumption plan ¢ has finite present value. We can then apply Lemma B.1 in [Martins-da-

Rocha and Vailakis| (2017al) to deduce the following market transversality condition
: Qi (ot —
tlggo Z p(s)0'(s") = 0.
stest
The above condition implies that

D 0(s%) = PV(4]s").

el
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This is exactly the budget restriction of the government at the initial event s°. Reproducing

the above argument at any event s!, we can show that

D 0'(s") =PV(8]s).

el

We have thus proved that (¢, d, (¢!, 0");cr) is a competitive equilibrium with public debt where
d :=PV(0).
Observe that for any arbitrary s; € S and any Ay € A(sg), we have constructed a

competitive equilibrium with public debt

(q>\07507 d)\o,Sm (Cg\o,sm 03\0 50)161)
such that PV (€']s; ¢r.5.) < 00. For any s € S and any A € A(s), we pose
Di(\, 5) :== PV(£i]s; qys)-

By construction, we have

D'(\,5) = £(s) + > _ (N s)(s) D (L(A, ), 8).

s'eS

Since L(), s") € A(s') for any instantaneous Negishi weights A € R’ |, we can use the above

recursive formula to extend the definition of D(-, s) to the whole set R! ..

B Online Supplemental Material

Please visit https://www.dropbox.com/s/7rwl9mOyutfpo28/BR_GE_supplement.pdf?
dl=1
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