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I. I n tr o d u c tio n

In recent years, there has been an increase in the use of variable interest rate 
pricing in loan contracts. In a variable rate contract, a borrower’s loan interest 
rate automatically varies with short-term market interest rates in a manner that 
is defined by a loan contract. There are many examples of these contracts. 
The interest rate on a commercial loan tied to the bank's prime rate is adjusted 
whenever the prime rate changes. In a variable rate mortgage, the interest rate 
is usually changed once every six months based on a benchmark such as the 
six-month Treasury bill rate. In some adjustable rate mortgage contracts, the 
loan rate is not permitted to rise above a specified level (or is ’’capped”). The 
interest rate on a floating rate long-term bond such as those issued by Citicorp 
might be changed every six months.

The goal of this paper is to examine how fixed and variable interest rate 
contracts affect the allocation of risk between borrowers and lenders. A  
model of a loan market is used to analyze the effects of uncertainty in both the 
borrower's revenue stream and the lender’s cost of funds on the quantity of 
loans and the distribution of risk. The literature on this subject is large and 
growing. Agmon, et. al. (1981) analyzed a single firm’s borrowing policy in a 
partial equilibrium environment in which a variable interest rate loan was one 
of the debt choices. They assumed (1) the total amount of loans (L) was 
exogenous; (2) the firm could choose any combination of N different debt 
instruments so long as the total amount borrowed equalled L; (3) the loan 
interest rates have a multivariate normal distribution; and (4) the firm had to 
purchase actuarially-fair bankruptcy insurance at a cost BBC, where B is the 
probability of bankruptcy and BC is the exogenous bankruptcy cost. 
Assuming the firm maximizes expected nominal value, the authors derived an 
efficient frontier which balances the expected operating income minus debt 
repayment (E) and the probability of bankruptcy (B). Then they showed that 
the debt portfolios which are on the (E,B) frontier have the lowest variance in 
addition to having the lowest probability of bankruptcy among all portfolios 
with the same expected net income.
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Santomero (1983) analyzed fixed and variable interest rate contracts from a 
banker's point of view using mean-variance analysis, again in a partial 
equilibrium setting. He found that an increase in the variance of a bank's cost 
of funds, ceteris paribus, leads the bank to shift some interest rate risk to 
borrowers through the use of variable rate loans. He emphasized that "such 
shifting is most efficient when the underlying project returns are more highly 
correlated with the underlying interest rate risk." (p. 1379)

Another study that analyzed indexing of loan interest rates to a bank’s cost of 
funds is by James (1982). He assumed that there are two types of bank 
customers, new and established borrowers , and that it is less costly to lend to 
established customers. Thus, established customers can get better loan terms 
by maintaining a continuing relationship with a bank. Using this framework 
to analyze the effect of indexed loan rates on the allocation of bank credit, he 
demonstrated "that indexed contracts do not result in an efficient allocation in 
the sense that the resulting allocation does not replicate the allocation 
obtained with completely contingent contracts.” (p. 809) In particular, he 
showed that given different sources of uncertainty in both the borrower's loan 
demand function and the bank’s cost function, "there exists no loan rate 
determination rule, R(L), which makes the loan rate contingent upon loan 
volume which will maintain efficiency." (p. 823)

In the present paper, the loan market is analyzed using a single-period model. 
The borrower and lender each choose a loan quantity to maximize expected 
utility of profits. Loan demand and supply functions are derived from the first 
order conditions of each agent's maximization problem. Equating loan supply 
and demand yields an equilibrium loan interest rate and loan quantity.

Uncertainty is introduced into the model by assuming that the lender's cost of 
funds (deposits) is a random variable unknown to either party when the loan 
contract is signed. For analytical convenience, it is assumed throughout the 
paper that there exists an interior solution where both the firm and the bank 
have nonnegative profits. Two contracts are examined. In the first type of 
contract, referred to as the fixed loan interest rate case, the loan interest rate 
and quantity are set at the time the contract is signed, before the lender's 
actual deposit cost is known. Since the loan interest rate is fixed, the lender 
assumes the risk of the random deposit cost on its profits. In the second type 
of contract, referred to as the variable loan interest rate case, the loan interest 
rate is indexed to the random deposit rate. In this arrangement, the borrower 
bears the risk of the uncertain deposit rate and the lender receives a fixed 
interest rate spread. For each contract, an equilibrium is computed assuming
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each agent maximizes expected utility where utility functions are concave and 
exhibit constant absolute risk aversion.1

Assuming the expected value of the deposit interest rate is equal to the deposit 
rate in the certainty case, it is shown that with uncertainty, the equilibrium 
loan quantity is unambiguously lower than with certainty. This is true for 
both types of loan contracts. Moreover, the equilibrium loan interest rate in 
the fixed loan interest rate case and the expected value of the equilibrium loan 
interest rate in the variable loan interest rate case are higher than with 
certainty.

I then introduce an additional source of uncertainty into the model. 
Specifically, the price at which a borrowing firm sells its output is assumed to 
be a random variable that is correlated with the random deposit rate. Again 
assuming constant absolute risk aversion, an equilibrium loan, quantity and 
interest rate are computed for the fixed loan interest rate case, and an 
equilibrium loan quantity and spread between the loan and deposit interest 
rates are computed for the variable interest rate case.

When the output price is stochastic (with expected value equaf to the price in 
the certainty case), I show that, for a given loan interest rate, the risk-averse 
firm borrows less than it would under certainty. In other words, uncertainty in 
the firm's revenue induces a leftward shift in its loan demand schedule. In the 
fixed loan interest rate case, the lender assumes the risk of random deposit 
rates, so, for a given loan interest rate, the lender supplies fewer loans than 
under certainty. Combining both sources of uncertainty into the model with a 
fixed loan interest rate, the firm's loan demand is lower (because of the 
stochastic output price) and the bank's loan supply is lower (because of the 
random deposit interest rate) than either schedule would be under certainty. 
Because there is a decline in both the loan supply and loan demand schedules 
relative to the certainty case, however, it is not clear whether the expected 
equilibrium loan interest rate will be higher or lower than under certainty.

In the variable loan interest rate case, both sources of uncertainty affect the 
borrower, while the lender is assured of a constant interest rate spread. Thus, 
the firm’s loan demand schedule will shift to the left, so both equilibrium loan 
quantity and expected equilibrium loan interest rate will be lower than under 
certainty. However, the magnitude of the shift will depend on the correlation 
between the output price and deposit rate. If the price and the deposit interest 
rate are positively correlated, then the variance of the firm's profits may be 
less with a variable loan interest rate than with a fixed loan interest rate. In

F R B  C H IC A G O  W orking P aper
October 1989, W P-1989-17

3

Digitized for FRASER 
http://fraser.stlouisfed.org/ 
Federal Reserve Bank of St. Louis



this case, the firm might be able to borrow more in the variable loan interest 
rate case than in the fixed loan interest rate case.

This paper is divided into seven sections. Section two describes the basic loan 
market model and illustrates an equilibrium assuming no uncertainty. Section 
three introduces uncertainty in the model by assuming the lender's cost of 
funds is a random variable. A  loan market equilibrium is computed for fixed 
loan interest rates assuming each agent knows the distribution of the random 
deposit rate. Section four examines the variable loan interest rate case, in 
which the loan interest rate is set at a fixed spread above the random deposit 
interest rate. A loan market equilibrium is computed where the loan quantity 
and the loan interest rate spread are endogenous variables. Section five 
analyzes how the terms of fixed loan interest rate contracts are affected when 
the firm’s revenue stream is also uncertain, due to a stochastic output price. 
Section six examines the variable interest rate case when both sources of 
uncertainty are present. Section seven summarizes the theoretical results.

I focus on the behavior of a representative firm (borrower) and a 
representative bank (tender). The borrower transforms working capital, 
denoted by "loans", L, into a good that is sold in a competitive market at a 
fixed price P. Loans are the only factor of production in this discussion. The 
lender can borrow funds from a competitive deposit market at interest rate rd. 
It makes business loans, incurring a cost of intermediation, C(L), which is a 
function of the loan quantity. For simplicity, it is assumed that the firm can 
costlessly choose one of a large number of banks with identical cost functions, 
and that the bank can choose to lend to any number of firms with identical 
production functions. Thus, neither agent possesses any market power that it 
could use to bargain for a larger profit share.

At the beginning of each period, the firm and bank agree on a loan quantity 
and a loan interest rate for the period. After a loan contract is signed, output 
is produced and sold at price P. The firm repays the loan in full, the bank 
pays off its depositors at the end of the period, and a new contract is 
negotiated if production is to take place in the next period. The firm 
maximizes utility by solving:

n .  T h e  B a s i c  M o d e l  U n d e r  C e r t a in t y

(2.1) max U{P Q(L) - rLL} 
L

U’(L) > 0 U"(L) < 0
Q ’(L) > 0 Q ” (L) < 0
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where U(.) is an increasing concave utility function; P is the price of the 
output good; rL is the loan interest rate; and L is the quantity of loans. The 
production function, Q(L), is assumed to be increasing and concave. 
Equation (2.1) states that the firm chooses L to maximize its utility of profits. 
The first- and second-order conditions for equation (2.1) are:

(2.2a) U’[J {PQ'(L)-rL} =0

(2.2b) U’,[.]{PQ'(L)-rL}2 + U’[.]{PQ"(L)} <0

Assuming profits are non-negative, L is chosen so that marginal revenue 
equals marginal cost. Thus,

(2.3) rL = P Q ’(L)

Solving (2.3) for L yields a loan demand function for the firm. The bank 
solves the following problem:

(2.4) max V{(rL- r d)L - C(L)} V ’(L)>0 V"(L) < 0
L C'(L) > 0 C "(L )> 0

where V(.) is an increasing concave utility function; is the deposit rate; and 
C(L) is an increasing, quasi-convex cost function. The first- and second-order 
conditions for (2.4) are:

(2.5a) V ’[J {rL-rd-C'(L)} = 0

(2.5b) V"[J {rL-rd-C'(L)}2 + V ’[J {-C "(L» < 0

Assuming non-negative profits, L is chosen so that

(2.6) rL = rd + C'(L)

Solving (2.6) for L yields a loan supply function for the bank.

Substituting (2.3) into (2.6) yields an equation in P, rd, and L:

(2.7) PQ '(L) = rd + C'(L)

The value of L which solves equation (2.7) is the equilibrium loan quantity 
under perfect certainty.
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H I. E q u ilib r iu m  w it h  U n c e r t a in  D e p o s it  R a te s :

T h e  F i x e d  In te r e s t  R a t e  C a s e

In this section, the deposit rate is assumed to be a random variable with a 
distribution known to both agents at the time the contract is signed. All other 
variables are known with certainty. Each agent selects a loan quantity that, 
for a given loan interest rate, maximizes expected utility. Equating loan 
demand and supply yields the equilibrium loan quantity and interest rate. 
After the contract is signed, the deposit rate is made known and everything 
proceeds as described in the previous section. Since the deposit rate does not 
enter the firm's profit function, the firm experiences no uncertainty in its 
utility after the contract is signed. A risk-averse bank, however, is shown to 
supply fewer loans for a given loan interest rate relative to its behavior under 
certainty.

The specification of each agent's utility and profit functions is as stated in the 
previous section. The deposit rate is assumed to be normally distributed with 
expected value equal to the deposit rate in the certainty case2:

(3.1) r a -N O i^ o ,2)

Since the firm has no deposits of its own and the output price is assumed to be 
an exogenous constant, the firm's problem is unaffected by deposit rate 
uncertainty. The assumption that the output price is nonstochastic is relaxed 
in sections V and VI. The firm solves the following problem:

(3.2) max U { P Q (L )-r LL )
L

The first- and second-order conditions for equation (3.2) are:

(3.3a) U'[.] (PQ'(L) - rL} = 0

(3.3b) U"[.] {PQ’(L) - r t f 2  + U'[.] {PQ"(L)} < 0

Assuming profits are nonnegative, L is chosen so that marginal revenue 
equals marginal cost. Thus,

(3.4) rL = P Q ’(L)
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The bank solves:

(3.5) max E V{(rL- rd)L - C(L)}
L

Assuming profits are nonnegative, the first- and second-order conditions for 
the bank are:

(3.6a) E{V^)[rL-rd-C'(L)]} = 0

(3.6b) E{V”(») [rL-rd-C’(L) ] 2 + V'(.) [- C"(L)]} < 0

Theorem 1: The loan quantity the bank supplies under uncertainty is less 
than what it would supply under certainty.

Proof: Rearranging equation (3.6a) yields:

(3.7) E{V’(.)[rL - C’(L)]} = E{V'(.)rd}
Using the definition of a covariance, we have:

(3.8) Cov{V'(.), rd} = E{V’(.)rd} . E[Vf(.)] E(rd)
Then (3.7) can be rewritten as:

(3.9) [rL-C*(L)] E {V (.»  = Cov{V’(.), rd} + E{V*(.)} E(rd)

= Cov{VU rd} + E{V*(.)} ftr
Collecting terms yields:

(3.10) [rL-C’(L)-m.] E{V'(.)} = Cov{V(.), rd} > 0
V(.) = V*[(rL-rd)L-C(L)}, so av<[(rL.rd)L-C(L)]/ard = -LV,fC). Since 
VM(.) is negative, av*(.)/3rd > 0, and the covariance between 3V*(.) and 3rd 
must be positive. Since EV'(.) > 0, it must be true that:

(3.11) rL-C'(LMir>0 or

(3.12) M R  = rL > jLir + C’(L) = E(MC)
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When the bank chooses a utility-maximizing level of loans, its marginal 
revenue from lending is greater than its expected marginal cost. Because the 
same bank operating under certainty would increase its lending if marginal 
revenue exceeds marginal cost, I conclude that the loan quantity supplied by 
the bank under uncertainty is less than under certainty.

When the upward-sloping loan supply curve shifts to the left and the 
downward-sloping loan demand curve is unchanged, the market-clearing 
amount of loans decreases and the market-clearing interest rate increases.

Example: Exponential Utility for Both Agents

Suppose the utility and profit functions for each agent are:

U (nF) = -exp(-anF) n F = PQ(L) - rLL

V(IIb) = -exp(-bnB) n B = (rL - rd)L - C(L)

where a and b represent the Arrow-Pratt coefficients of constant absolute risk 
aversion for the firm and the bank, respectively. Equation (3.2) becomes

(3.13) max -exp{-a[PQ(L) - rLL]}
L

The first- and second-order conditions are:

(3.14a) {exp(-anF)} (PQ’(L)-rL) = 0

(3.14b) a exp(-anF){-a(PQ’(L)-rL)2 + PQ"(L)} < 0 

Since exp(-aIIF) is positive, (3.14a) implies,

(3.15) rL = PQ'(L)

Since there is no uncertainty in the firm's profit function, risk aversion does 
not affect the firm’s loan demand. The bank's profit, however, is stochastic. It 
solves the following problem:

(3.16) max E{-exp(-b[(rL-rd)L - C(L)])}JL/
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Since rd is assumed to be normally distributed and L is nonstochastic, bank 
profits are also normally distributed:

(3.17) n B ~ N {(rLL-|iTL-C(L)), a r2L2 }
Since, the utility function is exponential and profits are normally distributed, 
the expectation in (3.16) is equal to3:

(3.18) max {-exp(-(b/2)pn + (b/2)2cn2)}
L

Using the same procedure as Parkin (1970),

(3.19) max {-exp(-(b/2)p.n + (b/2)2an2)}
L

if and only if max (p.n - (b/2)crn2)}L

Simplifying, the bank's maximization problem is:

(3.20) max (pn - (b/2)an2)) = max {(rL-pr)L - C(L) - (b/2)ar2L2}
L L

The first- and second-order conditions for (3.20) are:

(3.21a) rL - n, - C’(L) - bar2L = 0 
(3.21b) - C"(L) - bar2 < 0
Solving (3.21a) for L yields the loan supply schedule for the bank. Using
(3.15) to eliminate rL in equation (3.21a) yields:

(3.22) PQ’(L) = pr + C'(L) + bar2L
Solving equation (3.22) for L yields the equilibrium loan size.

Using the first-order conditions (3.14a) and (3.21a), the effects of changes in 
parameters on the equilibrium loan quantity and loan interest rate can be 
studied. In the appendix, the following partial derivatives are evaluated and 
shown to have the indicated signs:
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3L/3P > 0 3rL/3P > 0

0L/0MT < 0 3r1y3pT > 0

3L/3<Jr2 < 0 9rL/3ar > 0

3L/3b < 0  3rL/3b > 0

Thus, when deposit rates are uncertain, the equilibrium amount of loans is 
lower and the equilibrium loan interest rate is higher than when the interest 
rate on deposits is known and unchanging.

I V .  E q u il ib r iu m  w it h  U n c e r t a in  D e p o s it  R a te s :

T h e  V a r ia b le  In te r e s t  R a t e  C a s e

In this section, the deposit interest rate is still assumed to be a random 
variable, but now the loan interest rate is indexed to the deposit rate.4 
Specifically, it is assumed that:

(4.1) rL = rd + x

From (3.1), the loan interest rate is normally distributed with mean (pr + x) 
and variance <rr2. The spread between the loan and deposit interest rates, x, is 
nonstochastic.

Suppose the firm and the bank agree to index the loan interest rate to the 
deposit interest rate. The firm's maximization problem becomes:

(4.2) max EU fflp) = EU[PQ(L) - rLL]
L

The first- and second-order conditions are:

(4.3a) E{U TnF)[PQ'(L)-(rd+x)]} = 0

(4.3b) E { V " a i F)[P Q '(L H r d+x)] + U '(n F)[PQ"(L)l} < 0
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Theorem 2: Assume the firm borrows from the bank at a loan interest rate 
indexed to the random deposit rate as specified in (4.1). Then, 
for a given expected loan interest rate, the loan quantity 
demanded by the firm is less than what it would demand if the 
deposit rate was known with certainty.

Proof: Rearranging equation (4.3a) yields:

(4.4) E {U '(.)[P Q ’(L)]} = E {U ,(.)rL}

Using the definition of a covariance, we have:

(4.5) C ovfU 'O , rL) = E {U '(.)rL) - E[U'(.)] E(F l)

Then (4.4) can be rewritten as:

(4.6) P Q ’(L )E {U ’(.)} = Cov{U ’(.), rL) + E {U #( .»  E(Fl)

= C ov{U '(.), rL} + EfU'OJOir+x)

Collecting terms yields:

(4.7) [PQ*(L)-(|ir+x)] E m - ) }  = Cov{U'(.), F lJ > 0

U’(.) = U*[PQ(L)-Fl LJ, so aU'[PQ(L)-F lL]/aFL = -LU % ). Since U % ) is 
negative, aU’CV^L > and covariance between U'(.) and must be 
positive. Since EU*(.) > 0, it must be true that:

(4.8) PQ ’(L) - (|ir+x) > 0 or

(4.9) M R = PQ*(L) > (pr+x) = E(MC)

When the firm chooses a utility-maximizing level of loans, its marginal 
revenue from borrowing is greater than its expected marginal cost. Because 
the same firm operating under certainty would increase its borrowing if 
marginal revenue exceeds marginal cost, I conclude that the loan quantity 
demanded by the firm under uncertainty is less than under certainty.

Because the loan rate is fully indexed to the random deposit rate, the quantity 
of loans supplied by the bank for a given loan interest rate is the same as in

F R B  C H IC A G O  Working Paper
October 1989, W P-1989-17

11

Digitized for FRASER 
http://fraser.stlouisfed.org/ 
Federal Reserve Bank of St. Louis



the certainty case. All the risk of random interest rates is now borne by the 
firm. Thus the bank's maximization problem is:

(4.10) max EV(IIb) = V{xL - C(L)}
L

The first- and second-order conditions for the bank are:

(4.11a) V'(.) [x-C'(L)] = 0

(4.1 lb) (V"(.) [x-C'(L)] + V'(.) t-C"(L)]} < 0

From (4.1 la) and (2.5),

(4.12) x = C'(L) > 0 

Example: Exponential Utility for Both Agents 

Suppose the utility and profit functions for each agent are:

U(nF) = -exp(-anF) n F = PQ(L) - rLL

V(nB) = -exp(-bnB) n B = (rL - rd)L - C(L)

Equation (4.2) becomes:

(4.13) max -exp{-a[PQ(L) - rLL]}
L

Since rL is normally distributed and L is nonstochastic, the firm’s profits are 
also normally distributed:

(4.14) IIF ~ N {(PQ(L)-(|xr+x)L), ar2L2 }

Using the same procedure as in the previous section, the firm's maximization 
problem can be transformed into the following:

(4.15) max (PQ(L) - (|J.r+x)L - (a/2)ar2L2)
L

The first- and second-order conditions for (4.15) are:
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(4.16a) PQ,(L)-(Mr + x)-aar2L = 0 

(416b) PQ"(L) - aar2 < 0

Substituting the bank's first-order condition from (4.12) for x in (4.16a) 
yields:

(4.17) PQ’(L**) - nr - CU**) - aar2L** = 0

The value, L , represents the equilibrium loan quantity in the variable 
interest rate case. Compare this equilibrium condition with equation (3.22), 
the equilibrium loan condition in the fixed loan interest rate case, rewritten as
(4.18) with L denoting the equilibrium loan quantity:

(4.18) PQXL*) - Hr - C ’(L*) - bar2L* = 0

Subtracting (4.18) from (4.17) yields:

(4.19) P[Q'(L**)-Q'(L*)] - [C'(L**)-C'(L*)] =ar2[aL**- bL*]

Using (4.19), the following theorem can be proven.

Theorem 3: L > L if and only if a < b.

Proof: Suppose L** > L*. Then the left hand side of (4.19) must be
negative because Q*(.) is decreasing in L and C'(.) is 
nondecreasing in L. For the right hand side also to be negative,

sfesfc s|s *|gj|g ^it must be true that aL < bL . Since L > L , it must be true 
that a < b. This completes the first half of the proof. Now

$ $  jjcsuppose a < b. If L < L the right hand side would clearly be 
negative, but the left hand side would be positive, a 
contradiction. If L = L , then the left hand side of (4.19) 
would be zero, while the right hand side would be arr2[a-b]L*, 
which is less than zero, another contradiction. Thus, L > L 
and the theorem is proven.

Theorem 3 states that, for constant absolute risk aversion utility functions, 
whether the optimal loan size is larger in a variable or fixed interest rate loan 
contract depends upon the differences in risk aversion between the borrower 
and lender. If the borrower is more (less) risk averse than the bank, then the
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equilibrium loan quantity will be smaller (larger) with a variable interest rate 
contract than with a fixed rate contract.

Using equations (4.12) and (4.16a), the effects of changes in parameters on 
the equilibrium loan quantity and interest rate spread can be studied. The 
derivations are presented in the appendix.

3L/3P >0 3x/3P > 0

3L/3fir <0 dx/d^ < 0

3L/3crr2 <0 3x/3ar2 < 0

3L/3a <0 3x/3a < 0

Under a variable interest rate contract, the bank's loan supply schedule is 
unaffected by these parameters; however, these parameters do influence the 
firm’s demand for loans. An increase in the output price increases loan 
demand so a higher equilibrium loan quantity and expected loan interest rate 
would result. An increase in the expected value or variance of the deposit rate 
would reduce equilbrium loan quantity and lower the interest rate spread. An 
increase in the firm's risk aversion would also lower its loan demand.

V .  E q u i l ib r iu m  w it h  U n c e r t a in  D e p o s it  R a t e  a n d  O u t p u t  P r ic e :

T h e  F i x e d  In te r e s t  R a te  C a s e

In this section, a second source of uncertainty is introduced into the model by 
assuming both the firm’s output price and the bank's deposit interest rate are 
random variables.5 Specifically, it is assumed that:

(5.1) r ^ N ^ a , 2) P ~N(*iP,aP2)

cov(rd>P) = p araP

where |iP equals the output price under certainty and p measures the 
correlation between rd and P. The firm chooses L to maximize its expected 
utility of profits:
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(5.2) max EU{PQ(L) - rLL} 
L

The first- and second-order conditions for equation (5.2) are:

(5.3a) E{U’[.](PQ’(L)-rL)} =0

(5.3b) E{U"[.](PQ'(L)-rL) + U ’(.) PQ”(.)} < 0

The bank solves:

(5.4) max EV{(rL- rd)L - C(L)}
L

The first- and second-order conditions for equation (5.4) are:

(5.5a) EtV’OtrL-rd-C L̂)]} = 0

(5.5b) E{V"(.)[rL-rd-C'(L)] + V(.)(-C"(L» < 0

Theorem 4: If both rd and P are random variables, then for a given loan 
interest rate:

(1) Loan quantity demanded by the firm will be less than the quantity 
demanded under certainty.

(2) Loan quantity supplied by the bank will be less than the quantity supplied 
under certainty.

Proof: Statement (2) is an implication from Theorem 1. To prove
statement (1) rearrange (5.3):

(5.6) E{U'(.) PQ'(L)} = E{U'(.) Tl)

Using the definition of a covariance, we have:

(5.7) cov(U’(.),PQ'(L)) + EU’(.) E{PQ'(L)} = E{U'(.) PQ'(L)} 

Substituting (5.7) into (5.6) and collecting terms yields:

(5.8) {rL’PpQ'(L)} EU'(.) = cov{U'(.),PQ'(L)} < 0
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The right hand side is negative because 3U'(.)/3P = U"(.)[Q(L)] < 0. Since 
EU’(.) > 0,

(5.9) rL - jipQ'(L) < 0 . Thus,

(5.10) |i.pQ*(L) > rL

Since expected marginal revenue is greater than marginal cost, the loan 
quantity demanded by the firm must be less than the quantity demanded in the 
certainty case, for a given loan interest rate. Combining this result with 
inequality (3.12) places the following upper and lower bounds on the 
equilibrium loan interest rate.

At any loan interest rate in this interval, the amount of loans is smaller than in 
the certainty case. Also, the equilibrium loan interest rate must be between 
the expected marginal revenue of the firm and the expected marginal cost to 
the bank.

What determines whether the loan interest rate is closer to the expected 
marginal revenue or the expected marginal cost? In this model, the more risk 
averse the firm (bank), the further away the marginal cost of borrowing 
(lending) will be from rL. If both agents were risk neutral, then the 
inequalities in (5.11) would be replaced by equal signs and the equilibrium 
loan quantity would be the same as in the certainty case.

Example: Exponential Utility for Both Agents

Suppose the utility and profit functions for each agent are:

(5.11) |ir + C*(L) < rL <tiPQ'(L)

UOIF) = -exp(-anF) 

V (n B) = -exp(-bnB)

n F = PQ(L)-rLL 

n B = (rL-rd)L - C(L)

Equation (5.1) becomes

(5.12) max E[-exp{-a[PQ(L) - rLL]}] 
L
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Since P is normally distributed and loans are nonstochastic, the firm's profits 
are also normally distributed:

(5.13) n F - N {(MpQ(L) - rLL), aP2[Q(L)]2}

Since the utility function is exponential and profits are normally distributed, 
(5.12) can be transformed into:

(5.14) max (nn * (b/2)on2)} = max {(pPQ(L)-rLL-(a/2) ctp2[Q(L)]2}
Li Li

The first- and second-order conditions are:

(5.15a) MpQ’(L) - rL - aaP2Q(L)Q’(L) = 0

(5.15b) pPQ"(L) - aaP2[Q’(L)Q’(L)+Q(L)Q"(L)] < 0

Since the second-order condition (5.5b) is less than zero for all concave utility 
functions, (5.15b) must also be negative. Solving (5.15a) for L yields a loan 
demand function for the firm. A comparison of (3.15) and (5.15a) indicates 
that uncertainty in the firm’s output price results in a reduction in the firm's 
loan demand relative to the certainty case. The bank solves the following 
problem:

(5.16) max E{-exp(-b[(rL-rd)L - C(L)])}
Li

Since rd ~ NQi,., or2), then, for any level of loans, bank profits are also 
normally distributed:

(5.17) nB ~ N {((rL-tgL - C(L)), ar2L2 }

Using the same procedure as in section HI, the bank’s problem can be 
transformed into the following:

(5.18) max {pn-(b/2)an2)} = max {(rL-pr)L-C(L)-(b/2) ar2L2}L L

The first- and second-order conditions for (5.18) are 

(5.19a) rL -pT-C'(L)-bar2L = 0
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(5.19b) - (C"(L)+bCTr2) < 0

Solving (5.19a) for L yields a loan supply function for the bank. By 
comparing (5.19a) and (2.6), it can be seen that the quantity of loans supplied 
by the bank in the uncertain case is less than when there is no uncertainty. 
Substituting the first-order condition for the firm from (5.15a) in for rL in 
(5.19a) yields:

(5.20) |XpQ'(L) - aaP2Q(L)Q'(L) - nr - C ’(L) - bar2L = 0

Solving equation (5.20) for L yields the equilibrium loan quantity. Since 
aaP2Q(L)Q*(L) is positive, a comparison of (5.20) and (3.22) indicates that 
equilibrium L must be lower than in the case where only the deposit rate was 
a random variable.

Using equation (5.20), the effects of changes in parameters on the equilibrium 
loan quantity and loan interest rate can be studied. Derivations in the 
appendix imply the following signing of partial derivatives.

3L/3jiP > 0 arL/ajip > 0

3L/3a < 0 3rL/3a < 0

3L/3g p 2 < 0 3rL/3aP^ < 0

dL/dtir < 0 3rL/3|ir > 0

3L/3b < 0 3rL/3b > 0

3L/3CTr2 < 0 3rL/3ar2 > 0

An increase in the expected output price will increase loan demand, while an 
increase in either the output price variance or the firm's risk aversion will 
reduce loan demand. Higher (lower) loan demand raises (lowers) both 
equilibrium loan quantity and the loan interest rate. An increase in the 
expected value or variance of the deposit interest rate induces the bank to 
supply fewer loans. Finally, an increase in the bank's risk aversion reduces 
the amount of loans it will supply.
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V I :  E q u il ib r iu m  w it h  U n c e r t a in  D e p o s it  R a t e  a n d  O u t p u t  P r ic e :

T h e  V a r ia b le  In te r e s t  R a t e  C a s e

In this section, the firm and the bank agree to index the loan interest rate to the 
random deposit rate. As in section IV, the bank earns a constant interest rate 
spread which is determined in the model. The firm, on the other hand, faces 
two types of uncertainty which can affect its profits. The firm’s maximization 
problem becomes:

(6.1) max EUOIf) = EU[P Q(L) - (rd+x)L}
L

The first- and second-order conditions for the firm are:

(6.2a) E{in)[PQ’(L)-(rd+x)]} = 0

(6.2b) E{U"(.)[PQ’(L)-(rd+x)] + U*(.) PQ"(L)} < 0

The bank's maximization problem is:

(6.3) max EV(nB) = V{xL - C(L)}
L

The first- and second-order conditions for the bank are:

(6.4a) V'(.) [x-C’(L)] = 0

(6.4b) V%) [x-C'(L)] - V ,(.)C,,(L) < 0

Because V*(.) > 0, (6.4a) implies:

(6.5) x = Cf(L)

Example: Exponential Utility for Both Agents 

Suppose the utility and profit functions for each agent are:

U(nF) = -exp(-anF) n F = PQ(L) - rLL

V(nB) = -exp(-bnB) n B = (rL-rd)L - C(L)
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Equation (6.1) becomes

(6.6) max -exp{-a[PQ(L) - rLL]}
L

Using the same procedure as in the previous section, the firm’s maximization 
problem can be transformed into the following:

(6.8) max (pPQ(L) - (pr+x)L - (a/2)[CTP2[Q(L)]2+ar2L2-2paPCTrLQ(L)}}
L

The first- and second-order conditions for (6.8) are:

(6.9a) |iPQ'(L) - Mt-x -aaP2Q(L)Q’(L) -aCTr2L 

+ apap0r[Q(L)+LQ’(L)] = 0

(6.9b) jj.PQ"(L)-aCTP2[(Q')2+QQ"]*aCTr2+apCTPar[2Q'(L)+LQ"(L]<0

Since (6.2b) is negative for all concave utility functions, (6.9b) must also be 
negative. Substituting the bank's first-order condition from (6.5) for x in 
(6.9a) yields:

(6.10) PPQ ’(L)- m. -C'(L)-aaP2Q(L)Q'(L)-aar2L+apaP0r[Q+LQ'] = 0

Solving (6.10) for L yields the equilibrium loan for a variable interest rate 
contract assuming both types of uncertainty are present. To understand better 
how the optimal loan in a variable interest rate contract differs from that in a 
fixed rate contract, compare (6.10) with (5.20), the equilibrium condition for 
the fixed interest rate case, rewritten here as (6.1 1):

(6.11) pPQ'(L) - pr - C’(L) - aaP2Q(L)Q'(L) - bar2L = 0

There are several differences between (6.10) and (6.11). First, the bank's 
coefficient of risk aversion does not appear in (6 .1 0) because, in a variable 
rate loan contract, the bank gets a fixed interest rate spread regardless of the 
value of rd. Second, the correlation between the two types of uncertainty 
affects the equilibrium loan quantity in the variable loan interest rate case. 
The variance of the firm's profits in the variable rate case is decreasing in p, 
the correlation between the two types of uncertainty in the model. Thus, there 
may be a positive value of p such that a firm borrowing at a variable interest
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rate experiences a lower variance of profits than if it borrows at a fixed 
interest rate.6

Using equation (6.10), the effects of changes in parameters on the equilibrium 
loan quantity can be studied. The derivations underlying these results are 
contained in the appendix.

3L/9p.p >0 3x/3|iP >0

3L/3a <0 3x/3a < 0

3L/3<jp2 (?)0 3x/3op2 (?)0

aL/â . <0 3x/3pr <0

3L/9ar2 (?)0 3x/3ar̂ (?)0

3L/3p >0 3x/3p >0

An increase in the expected output price increases the firm's demand for 
loans; both equilibrium loan size and interest rate spread increase. An 
increase in jir decreases loan demand. An increase in the correlation 
coefficient, p, decreases the overall variance of the firm's profits, so 
equilibrium loan quantity and expected loan interest rate rise.

V I I :  C o n c l u s i o n

In this paper, a model is constructed to study the loan market when 
uncertainty is present. Two types of loan contracts are examined. For the 
fixed loan interest rate case, uncertainty in the firm's output price and/or the 
bank's cost of deposits results in a lower market-clearing amount of loans than 
under certainty. An increase in the variance of the deposit rate or output price 
lowers equilibrium L.

The other loan pricing policy studied is to index the loan interest rate to a 
random deposit rate, so that the bank no longer has uncertain profits. For the 
case when only the deposit interest rate is random, it is shown that the market
clearing loan quantity with a variable loan interest rate is higher than it would 
be if the loan interest rate were fixed, if and only if the bank is more risk 
averse than the borrower. When both the output price and the deposit rate are
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stochastic, a variable interest rate contract may increase or decrease the firm's 
risk (as measured by the variance of overall profits) depending on the value of 
p. Whether the equilibrium loan quantity is higher in a variable interest rate 
contract than in a fixed interest rate contract depends on the value of p, the 
coefficient of risk aversion for each agent, and the specifications of the firm's 
production and the bank's cost function.
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T̂he assumption of risk averse utility functions for both agents is controversial. There is a large 
literature on the issue of whether a firm or a bank should have a risk averse objective function 
rather than maximize expected profits (see Santomero (1984), pp. 581-3). Arguments in favor of 
concavity have traditionally rested on the inability of management to diversify its human capital, 
agency problems which imply a concave management objective function, and the presence of 
bankruptcy costs.
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A disadvantage of assuming the deposit interest rate to be normally distributed is the possibility 
that the deposit interest rate might be negative. Imposing normality, however, simplifies the 
analysis considerably, and, for the case of exponential utility functions for each agent, yields 
strong and intuitively plausible comparative static results. In my opinion, the advantages of 
imposing the assumption outweighs the disadvantages.

 ̂Equation (3.24) is derived from the moment generating function of the normal distribution. For 
more information, see Aitchison and Brown (1957), p. 8.

Ît is worth noting the similarity between interest rate indexation in loan contracts and cost of 
living escalator clauses in labor contracts (see, for example, Blanchard (1979), Gray (1978), and 
Fischer (1986)).

Âssuming the output price is stochastic implies that there is some random shock to either 
aggregate supply or demand for the good that affects its market price. It is still assumed that the 
firm cannot affect the price by its own output decision, that is, the firm is still an output price 
taker. The normality assumption further implies that the output price is not bounded from below 
at zero. As explained in footnote 2, I choose to impose die assumption anyway because the 
advantages gained by simplifying the analysis outweigh the disadvantages.

F̂rom (5.13) and (6.8), Var(Hp) = ap̂ [Q(L)]̂  for fixed loan interest rates, and 
Var(Ilp) = Gp^[Q(L)r+ar̂ L -2pGpGrLQ(L) for variable loan interest rates. If 
p > LG,72GpQ(L), then the variance of the firm’s profits is lower if it borrows at a variable 
interest rate.

o
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A p p e n d i x

In the appendix, the comparative static results reported in each section are 
computed.

Section m

The relevant first-order conditions are (3.16) and (3.22a):

(A.l) rL = PQ'(L)

(A.2) rL = Mr + C’(L) + bar2L

Totally differentiating (A.l) and (A.2) and rearranging terms yields

(A.3) PQ"(L) dL - drL = -Q'(L) dP

(A.4) -(C"(L)+bar2)dL + drL = dpr + ar2Ldb + bLdar2

Writing (A.3) and (A.4) in matrix form:

PQ"(L) -1 dL -Q’(L) 0 0 0 dP
= dpr

(C"(L)+bcr2) 1 drL 0 1 cr2L bL db
“ wmi L. J dcr2

Solving for dL and drL results in the following expression:

dP 
dpr 
db 
dar2

where = PQ’flL) - (C”(L)+bar2) < 0.

dL

II > i HA

-Q'(L) 1 crr2L bL

drL •Q'(L)(C"(L)+bCTr2) PQ" ar2L PQ" bLPQ"

F R B  C H IC A G O  Working P aper
October 1989, W P-1989-17

25

Digitized for FRASER 
http://fraser.stlouisfed.org/ 
Federal Reserve Bank of St. Louis



From the above expression, the following partial derivatives can be computed: 

3rL/3P = -Q'(L)(C"(L)+bCTr2)/A1 > 0 3L/3P = -Q'(L)/A1 > 0

3rL/3p.r = PQ'XD/Aj > 0 3L/3|ir = 1/Aj <0

3rL/3b = CTr2LPQ"(L)/A1 > 0 3L/3b = a^L/Aj < 0

3rL/3ar2 = bLPQ'^LVAj > 0 3L/3ar2= bL/Aj < 0

Section IV

The first-order conditions are (4.16a) and (4.12), respectively:

(A.5) PQ’(L) -|ir - x -aar2L = 0

(A.6) x = C*(L)

Totally differentiating (A.5) and (A.6) and rearranging terms yields:

(A.7) -(PQ"(L)-aCTr2)dL + dx = Q'(L)dP - d|ir - or2Lda -aLdar2 

(A.8) dx - C"(L) = 0

Writing (A.7) and (A.8) in matrix form:

-(PQ"(L)-aar2) 1

-C"(L) 1

dL

dx

-Q'(L) 1 ar2 L aL

0 0 0 0

Solving for dL and dx results in the following expression:

dL

dx
= (A2 ) '1

dP
dMr
da
dar2

-Q'(L) 1 a/L aL

-Q'(L)C"(L) C"(L) CTr2LC"(L) aLC"(L)

dP
d(ir
da
d a J

where A2 = PQM(L) - aar2 - CU(L) < 0 from the second-order conditions.
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From the above expression, the following partial derivatives can be computed:

3x/3P = -Q’(L)C"(L)/A2 > 0 3L/3P = -Q’(L)/A2 > 0

8x/3pr = C"(L)/A2 < 0 3L/3|ir = 1/A2 < 0

dx/da = cr2LC"(L)/A2 <0 3L/3a = ar2L/A2 <0

dx/dcr2 = aLC"(L)/A2 >0 3L/3ar2= aL/A2 <0

Section V

The relevant first-order conditions are from equations (5.15a) and (5.19a): 

(A.9) l̂ pQ'(L) - rL - aCTP2Q(L)Q'(L) = 0

(A. 10) rL - pr - C'(L) - bar2L =0

Totally differentiating (A.9) and (A. 10) and rearranging terms yields: 

(A.11) {|iPQ" - aoP2[(Q')2+(QQ")]} dL - drL =

Q'(L)dpP + CTP2QQ'da + aQQ'daP2 

(A. 12) -[C"(L)+bCTr2]dL + drL = dpr + crr2L db + bLdar2

Writing (A.ll) and (A.12) in matrix form:

Qj -1 dL -Q’(L) ctp2QQ' aQQ’ 0 0 0

-(C”(L)+bor2) 1 j
1

U
___2-J 0 0 0 1 ar2L bL

dpP

da

dap2

dpr

db

dar2
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where %  = pPQ"(L)-aaP2[(Q')2+(QQ")l < 0 from (5.15b). 

Q 2 = (C"(L)+bar2) > 0 

A^ = Q j - ^ 2 < ®

Solving for drL and dL results in the following expression:

Q ’ aP2Q Q ’ aQQ’ 1 ar2LdL~

= (A3r 1

drL
.1

bL d|iP

da

b L Q j d aP2

d|ir

db

dar2

From the above expression, the following partial derivatives can be computed: 

3rL/3pP = -Q'(L)Q2/A3 > 0 dL/3pP = -Q ’(L)/A3 > 0

drL/da = c p2Q Q ’Q 2/A3 < 0 

3rL/3aP2 = aQQ'Q2/A3 < 0 

drL/3|ir = Q j/A3 > 0 

3rL/3b =ar2LQj/A3 > 0 

3rL/3ar2 = bLQj/A3 > 0

3L/3a = ctp2QQ'/A3 < 0 

3L/3ctp2 = aQQ'/A3 < 0 

3L/9pr = 1/A3 < 0 

3L/3b = ar2LQ1/A3 < 0 

3L/3ar2 = bL/A3 < 0

Section VI

The relevant first-order conditions are from equations (6.9a) and (6.5): 

(A.13)|J.PQ'(L) -|ir -x -aaP2Q(L)Q,(L) -aar2L +apCTPa r(Q(L)+LQ'(L)) =0 

(A. 14) x - C'(L) = 0
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(A. 15) Q jd L  - dx = -Q'(L)dpP + dpr + Q 2da + fljdctp + Q^dor - figdp

Totally differentiating (A.13) and (A.14) and rearranging yields:

(A. 16) -C"(L)dL + dx = 0

where

= HpQ” (L) -aaP2 [(Q')2+QQ"] - a a r 2  +ap<jpCTr(2Q’+LQ") < 0 

£22 = a P2Q(L)Q'(L) + a r2L ■ papCr(Q(L)+LQ'(L)) > 0 

Q 3  = 2aaPQ(L)Q'(L) - apar(Q(L)+LQ'(L))

Q 4  = 2aar2L - apaP(Q(L)+LQ'(L))

%  = aaPa r(Q(L)+LQ'(L)) > 0

The sign of Q j is negative from the second-order condition (6.9b). The signs 
of and ^ 4  depend on the sign of the correlation coefficient, p. If p < 0, 
then £>3 and Q 4  are both positive. If p > 0, then the signs of Q 3  and Q 4  are 
indeterminate. The sign of is positive.

That the sign of Q j  *s positive can be shown from the first-order condition. 
From (6 .8), the firm chooses L to maximize:

(A. 17) EU = pP - (a/2)aP2

The first-order condition is:

(A.18) dup/dL - (a/2)3<yP2/3L = 0

From (6 .8),

(A.20) a<rP2/3L = 2{aP2Q Q ' + a r2L - pOpar(Q(L)+LQ'(L))} = 2Q 2  > 0

Thus,

(A. 19) dap2/d L = (2/a) dtip/dL  > 0
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Writing (A. 15) and (A. 16) in matrix form:

-1 dL ■ Q'(L) q2 Q 3  1 «4

-C"(L) 1 dx 0 0 0 0 0 0

ditp

da

daP

dn,.

daF

dp

Solving for dL and dx results in the following expression:

dL -Q'(L) Q 2  Q 3  1 -Q g

i<II

dx -Q ’(L)C" Q 2 C " Q 3 C " C " Q 4 C " -Qg C "

dftp 

da 

daP 

dpr 

dar 

dP

From the above expression, the following partial derivatives can be computed:

ax/9pP = -q '(l )C"(l )/a 4  > o 3 L % P = -Q'(L)/A4 > 0

dx/da =  Q2C’’(L)/A4 < 0 3L/3a = Q 2/A4 < 0

dx/dOp =  Q3C"(L)/A4 (?) 0 dL/dCp =  a y A 4  ( ? ) 0

3x/3|ar = C"(L)/A4 < 0 3L/9|ir = 1/A4 < 0

d x /d cr =  Q4 C"(L)/A4 (?) 0 d L /d o r = Q 4/A4 (?) 0

dx/dp =  -Q5C"(L)/A4 > 0 3L/9p — -flg/A4 > 0
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