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Alternative Approaches to Analysis of
Total Factor Productivity at the Plant Level

Robert H. Schnorbus and Philip R. Israilevich*

I) Productivity Analysis and the Firm

The production function is the foundation of any economic analysis of
productivity. In theory, the production function models the explicit re-
lationship between a given output and all its inputs, or factors of pro-
duction. Productivity, as a measure of economic performance, is often
interpreted as an indicator of the relative efficiency with which those inputs
are converted into outputs. While one of the most basic tools of econo-
mists, productivity analysis shouid also be a useful tool for managers to
identify problem areas in their firms’ production process and to formulate
specific actions that improve profitability at the plant or divisional levels
of the firm. Yet surprisingly, productivity analysis has not been integrated
effectively into the decision-making process of the firm.

Managers are often skeptical of productivity measures, viewing them as
biased, inaccurate, or analytically meaningless. Labor productivity (or,
Q/L, where Q is output and L is man-hours), for example, is by far the most
widely used measure of productivity.! Being a partial-factor productivity
measure, however, labor productivity may cause misleading analyses. Im-
provements in labor productivity, for example, could be due to capital
substitution, changes in scale economies, quality improvements in labor,
better discipline, new work rules, improved maragement, and a host of
other reasons unrelated to simply the more efficient use of labor (i.e., in-
creased effort by labor directly). Moreover, changes in the use of one input,
as might be induced by technological change, require a whole series of ad-
justments in the production process that will alter the most efficient com-
bination of all factors of production. In fact, a technological change
intended to increase labor productivity conceivably could reduce profit-
ability by requiring costly adjustments in other inputs (e.g., higher quality
requirements of materials). If so, what value are managers likely to place
in the limited finding that labor productivity has increased?

*The views expressed herc are solely those of the authors and do not necessarily represent the
views of the Federal Reserve Banks of Chicago and Cleveland or of the Federal Reserve Sys-
tem. The material contained is of a preliminary nature, is circulated to stimulate discussion,
and is not to be quoted without the permission of the authors.
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Managers are concerned ultimately with the profitability of their invest-
ment and the necessary adjustments among factors of production that will
have to be made in the whole production process in order to maximize that
profit. They must be aware of the impact that technological change
through their investment will have on the entire economic structure of their
firm. As a result, they need a more comprehensive approach to produc-
tivity analysis than provided by simple comparisons of labor productivity.

An alternative to partial-factor productivity analysis is analysis of the
combined productivity of all inputs, or total factor productivity (TFP).
TFP can be derived from the firm’s production function by taking the av-
erage physical product of all inputs that have somehow been aggregated.
While introducing the problem of how to aggregate diverse types of inputs,
TFP analysis avoids the problem of factor substitution that is inherent in
partial productivity measures. In addition, it can be expanded to deal with
scale economies, technological bias, and other important aspects of pro-
duction theory of interest to managers. Indeed, it can be expanded through
input-output analysis to capture indirect productivity effects that may occur
in the production of inputs (i.e., a firm may produce its own machinery or
some other intermediate input that are used in its production process), as
well as direct effects in the production of the firm’s final product.

Unfortunately, estimating production functions and deriving productivity
meas-res at the plant level has usually required rather strict assumptions
that managers dealing with the complexities of the real world often find
unpalatable. Indeed, although it has now been thirty years since Solow
pioneered major advances over partial productivity analysis, the contro-
versy over how to measure productivity at the microeconomic level has—if
anything—intensified.’

The basic issue clouding productivity analysis, therefore, is whether a pro-
duction function can realistically be measured at the plant or firm level,
much less be aggregated in any meaningful way to represent an industry
production function. As an extreme example, consider a recent quote by
a leading authority on productivity: “Most economists fail to realize that
managers have no need for production functions at the plant level in the
case of single production operations and regard them as meaningless in the
case of multi-product operations.” If production functions are useless or
meaningless at the plant level, what possible meaning can productivity
measures derived from them have in the analysis of a multi-regional firm
or a regional industry? Without the aid of an empirical production func-
tion, managers need an economic framework to evaluate all the partial
productivities and an array of other economic variables within an economic
context that interrelates all the variables—a network of productivity, cost,
and profitability relationships.
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With TFP analysis gaining much wider acceptance for analysis at the na-
tional level, the focus of current research has shifted to applications at the
regional and plant levels. The techniques for measuring productivity that
have been developed at the macroeconomic level are conceptually applica-
ble at the firm or regional plant level, which would allow detailed interre-
gional and interplant comparisons. For example, using TFP, knowledge
of a regional plant’s productivity performance relative to other plants in the
firm or to the “average plant” in the industry could be used to identify areas
in the production process where profitability of the firm could be improved
by raising the plant’s efficiency to some firm-wide or industry-wide stan-
dard.

Microeconomic applications of TFP analysis are just beginning to be re-
fined, but few managers are aware of the alternative approaches available
to them. This Working Paper examines the concept of the production
function and alternative TFP measures for the purpose of evaluating their
relative strengths and weaknesses. Section II presents the concept of pro-
ductivity in the context of the theory of production. In sections III through
V, three major approaches to TFP analysis—the network of productivity,
cost, and profitability relationships; neoclassical productivity analysis; and
input-output analysis—are described and evaluated with respect to their
usefulness for managers. The final section summarizes the relative
strengths and weaknesses of the three approaches from the perspective of
the manager.

IT) Production Functions and the Concept of Productivity

A firm’s production function in its purest theoretical form relates the max-
imum amount of physical output, Q, that can be produced with the tech-
nologically efficient combinations of the relevant set of physical factor
inputs. A generalized form of the production function would be:

1I-1 0 =F(X;, Xy, .. X,, T)

where every conceivable factor used in the production of Q is assigned to
a vector of n aggregated inputs, X; , which are characterized by close
substitutability within the X; vector and strong separability between the
X; and X, vectors.* The variable T for time is a proxy for technology A,
or, in some sense, efficiency, and allows for any kind of shift in the pro-
duction function that may occur over time. Technological change is only
one—albeit the most interesting—of the sources of productivity growth that
are shifting the production function outward.

To facilitate the description of the most common properties assumed by a
production function, a simple two-input model is used:
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II-2 Q=FKL,T)

where Q is output measured by value added, K represents the capital stock
(or more appropriately, the services derived from capital) and L represents
labor services. This is the most common form of production functions used
in empirical studies. Its properties must be understood before alternative
productivity measures can be properly compared.

Within the economically meaningful range of a well-behaved production
function, average and marginal physical products of each input (i.e., Q/K
and dQ/dK, respectively) are assumed to be positive, but at some point the
rates of change in the marginal products are assumed to be negative (the
law of diminishing returns). Holding output constant, the marginal rate
at which labor can be substituted for capital (i.e., K/dL) is assumed to be
negative and, for convenience, the rate of change in substitution is negative
(the principle of diminishing marginal rates of technical substitution).’

A measure of overall productive efficiency would combine all average
physical products into a single index number that could then be used to
measure the level of TFP (i.e., TFP, = G,/ X,, where Q is aggregated output,
and X is aggregated inputs at a given time period f). Since the absolute
level of an index number is meaningless, TFP can be presented as a pro-
portional growth rate (i.e., taking the derivative with respect to time and
dividing by the value of the respective variable to get

II-3 dTFP|dt(1/TFP) = dQ|dt(1/Q) — dX/|dt(1/X)

or, for simplicity,

11-4 TFP=0Q-X

where ( - ) designates a proportional rate of growth). According to
Kendrick, TFP “...indicates the relationship between real product in a
given year to the real product that would have been produced (real factor
cost) if the productive efficiency of the factors had been the same in the
given year as in the base year.”®

The inclusion of all inputs in the measure of productivity growth in effect
controls for the factor-substitution probizm. Each input’s growth is
weighted by its relative importance to total cost (e,
vy = wL{(wL + rK) and vy = rK/(wL + rK), where w is the wage rate, r is
the rate of return on capital, and v is factor share in a two input model that
assumes constant returns to scale and producer equilibrium). In other
words, the contribution to output growth, 0, made just by increasing the
amounts of all inputs, X , is v,L +vK , and the TFP equation can be re-
written as:
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I1-5 TFP = Q — v, L — vgK.

Now it no longer matters whether labor is growing faster than capital or,
in effect, is being substituted for capital. It therefore follows that changes
in total input, X, capture movement along the production function and the
difference between total output growth, @, and total input growth, X, cap-
tures the shift in the production function or the change in productivity,
TFP.

The classical illustration of how a shift in the production function is sepa-
rated from movements along a production function can be summarized as
follows.” In order to capture two inputs and one output on a two-
dimensional chart, production functions for two different time periods (i.e.,
t and t+ 1) are plotted on a Q/L by K/L plane, where 1 = Q/L (labor pro-
ductivity) and k = K/L (capital-to-labor ratio, or capital intensity). (See
chart 1.) Thus, the production function, Q,, can be viewed in either of two
ways: holding labor constant, output increases as more capital is added; or,
labor productivity increases along the production function as capital in-
tensity is increased. Rewriting the TFP equation in terms of the ratios that
are relevant to chart 1 reduces the expression to

11-6 ¢ = TFP + v(k)

where g=Q—Landk=K— L.

To demonstrate how a change in output is decomposed into shift and sub-
stitution components, assume that output moves from point M at time ¢ to
point N at time ¢+ /. If capital intensity had not changed between time
periods (i.e., k£ =0), then all growth in output would have been due to
productivity (i.e., ¢ = TFP, which theoretically is the difference between
points M and O). The problem is that O can not be observed, and O is the
point on the production function, Q,,,, with the same capital intensity, &, ,
as the initial production function, 9, . All that can be observed is N, which
has a different capital intensity, k,,, . Point N is used to estimate the pro-
duction function, Q,,,, and solve for &, , in order to find O. But, a function
can not be estimated from a single point. The solution proposed by Solow
(i.e., forward estimation) was to draw a line tangent to Q,,, at point N,
which is a first-order approximation of Q, ;. This tangent line can then be
used to identify O, which is the estimated value of O on the new pro-
duction function with the same capital intensity as the initial production
function.® The movement from M to O, therefore, would represent the
change in TFP and the movement from O® to N would represent factor
substitution. (In fact, the distance between O and N overestimates actual
TFP growth by O® — O., which represents an inherent measurement error.)
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A second way to measure TFP, or backward estimation, would be to use
linear approximation of Q,, which would have a capital intensity of k,,,.
In this case, TFP would be the distance between R* and N, which is obvi-
ously too small by R* — R. One way to minimize the estimation error is to
compute both measures of TFP and average them together. By averaging,
the errors will tend to cancel each other out. Since the difference between
using ¢ and ¢+ ] is essentially a choice between vy at ¢ and ¢+ I, some re-
searchers choose a second way to reduce the error, which is simply to use
the average values of vy.

Decomposing output growth into a shift in a production function and
movement along a production function is relatively easy to conceptualize,
but there are many other sources of growth that can be modeled in a pro-
duction function. More complex properties of production functions are
empirically difficult to incorporate into a production function, but should
not be ignored if the intent is to isolate an unbiased measure of technolog-
ical change. Among the most important of these properties that can also
affect output growth are scale of production, substitutability of inputs, and
technological bias.

Evaluating the effects of increasing output on productivity of inputs re-
quires assumptions about economies of scale. For example, the most
common assumption is that the production function is homogeneous to the
first degree, which means that doubling all inputs will exactly double
output—or simply, constant returns to scale. If homogeneity is greater than
unity, the production function will exhibit increasing returns to scale (i.e.,
doubling ail inputs more than doubles output). If homogeneity is less than
unity, the production function will exhibit decreasing returns to scale (i.e.,
doubling inputs less than doubles output).’ Normally, returns to scale are
assumed to be evenly distributed over all inputs (i.e., the production func-
tion is homothetic). If the production function is assumed to be both
homothetic and Hicks-neutral (i.e., to be holothetic), the impact of tech-
nological change becomes indistinguishable from the scale effect and im-
possible to measure separately. Only under different assumptions of the
production function can technological change be separated from scale ef-
fects, although not without difficulty." Returns to scale, for example,
could disproportionately favor some inputs over others (i.e., the production
function could be nonhomothetic), which would subsequently affect the
optimal combinations of inputs.

A linearly homogeneous production function has the advantage of holding
average and marginal products constant as output increases, because the
ratios of the inputs are held constant. In other words, productivity is con-
stant, because no substitution of inputs occurs. Another advantage of lin-
ear homogeneity is that, by being able to apply Euler’s Theorem, total
output can now be distributed over the inputs according to each input’s
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share of total cost (amount of input times its marginal cost or price). Thus,
the assumption of linear homogeneity is empirically appealing and makes
production functions easier to work with.

The implications of fixed- and variable-coefficient production functions on
productivity of inputs is equally straightforward. In the fixed-coefficient
case, productivity of an input remains constant for a given level of output
as the other input increases, but the other input’s productivity falis sharply.
In the variable case, productivity of one input rises as more of the other
input is used, again holding output constant. By far, the most commonly
used production function for empirical work is the Cobb-Douglas model,
which is linear in the logarithms of its variables. As a result, it is assumed
to have fixed-coefficients with both constant and unitary elasticity of sub-
stitution (i.e., constant returns to scale).

Another aspect related to substitutability is the influence of movements in
relative factor prices on productivity. Since inputs depend on their relative
prices to find the least-cost combination at a given level of output, changes
in factor prices induce movements along the isoquants (i.e., contours of
equal output). And, as we have seen, productivity changes occur as factor
substitution takes place (unless substitution is restricted, as in the Cobb-
Douglas case). The effectiveness of factor price changes depends on the
degree of elasticity of substitution between inputs (i.e., if the elasticity of
substitution equals one, relative price changes have substantial effects on
input productivity; if the elasticity of substitution equals zero, they have
no effect).!!

~ Finally, when all the possible qualifying adjustments to TFP have been

made, the remaining growth in productivity is due to technological change
(A4). To be sure, technological change would still be a nebulous term that
is measured as a residual, but this residual represents the least-biased
measure practically attainable. Having isolated technological change,
however, there is still more to be learned because there are different types
of technological change. For example, technology can enter the production
function either as embodied in or disembodied from the inputs. In both
embodied and disembodied cases, technological change influences input
productivity by shifting the isoquants toward the origin and altering the
marginal rates of substitution.

In the case of disembodied technology, technological change is defined as
Hicks-neutral, or '

1I-7 Q = A,F(K,L)

if the marginal rate of substitution between inputs is unchanged. Produc-
tivity of inputs would increase proportionately under the Hicks-neutral as-
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sumption, if the production function is linearly homogeneous. If
technology is biased toward favoring capital, technological change is
Solow-neutral, or

11-8 O=FA4,K,\L)

and the productivity of capital tends to be enhanced relative to other in-
puts. If technology augments the effectiveness of labor, technological
change is Harrod-neutral, or

11-9 0 = F(K,A,L).

In the case of embodied technology, an input is simply measured as a
function of technological change along with other determining variables.
“Embodied” implies that, because of technological changes, an input is not
homogeneous over time. Old and new inputs do not participate equally in
technological change and, therefore, newer inputs are inherently different
from older inputs.'? For example, capital stock would be a function of in-
vestment, depreciation, and technological change over time. Technological
change would tend to enhance the productivity of newer capital relative to
older capital.

The relationship of the above properties of production
functions—technological change, technological bias, elasticity of substi-
tution, relative prices, and scale economies—to productivity changes can be
iltustrated graphically. In chart 2 below, a labor-saving technological
change is assumed to be the only cause for a shift in the production func-
tion. Isoquants for a given level of output, Q, are mapped for two periods,
before (t) and after (t+ 1) when the technological change took place. The
total change in productivity representing optimal combinations of inputs
appears as a shift from point A to B, as adjustments are made to the new
production process and to the resulting changes in relative factor prices.
The rate of productivity change is the rate at which the isoquant shifts to-
wards the origin. (Note: the axes represent unit capital and unit labor re-
quirements, which is average physical product—or the reciprocal of input
productivity, instead of the more conventional levels of capital and labor.
As a result, movements within the graph can be related to changes in rela-
tive factor productivity)."?

To isolate the purely technological influences of productivity between two
time periods, factor substitution due to relative price changes must first be
eliminated. To do this, relative prices in the initial period, ¢, are retained
after the technological change has occurred, ¢+ 1. In other words, the slope
of the isocost line (i.e., contours of equal cost) in period ¢ is preserved.
(Alternatively, the analysis could have been done using constant prices at
period ¢+ 1, with the effects being essentially the same but the magnitudes
of change being different—the “indexing problem” in measuring productiv-
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ity changes). The relevant shift in total factor productivity becomes the
move from point A to A’.

But even controlling for relative price changes, the move from A to A’
captures some factor substitution, because in this example the nature of the
technological change is labor-biased, and relative factor productivity
changes. If the technological change had been Hicks-neutral (i.e., constant
capital-to-output ratio), the shift in the isoquant would have been from
Q, to O*,., and the relevant shift in optimal combinations of inputs would
have been from A to A’ ’. The extent of the labor bias in TFP growth is
represented then by the move from A’ “ to A’. The capital-to-labor ratio
would, however, remain constant as would the productivity of labor relative
to capital.

The final shift in optimal combinations of inputs would be the move from
A’ to B, which results from the change in factor prices. The substitution
of inputs that occurs will also affect relative factor productivity—labor
productivity would increase relative to capital. Here, particularly, the
elasticity of substitution can be seen to play the dominant role in the extent
of the relative productivity change. If the shift of the isoquant had been
Hicks-neutral (i.e., less labor biased), the substitution can be described by
the movement from A’ “ to B” and the increase in labor productivity relative
to capital productivity would have been less.

Of course, the firm need not be producing on its cost curve at all, due to
mismanagement or some unavoidable reason, such as quasi-fixed factors,
and movement toward the cost curve would certainly improve efficiency.
For example, suppose a firm is operating at point G on chart 2, because
of a fixed stock of capital. The “technical efficiency” of the firm would be
measured by the ratio OA/OG. Under the assumption of constant returns,
the rat}? would be the percentage of potential output that is actually at-
tained.

The scale effects can also be illustrated in chart 2 by making one modifi-
cation: output is allowed to change. In this case, the input savings due to
an increase in the scale of operations is represented by a shift. of the
isoquants from Q, to Q,,,, where Q,,, > Q. Now the shift from A to A"’
represents the input savings, assuming the production function is
homothetic (i.e., the benefits of returns to scale are evenly distributed be-
tween inputs). The shift from A’ to A’ represents the nonhomotheticity
effect of the production function (i.e., its labor-saving bias). If a change in
relative prices occurs, a further shift will occur, such as from A’ to B, ac-
companied by adjustments in relative productivity. (Graphic analysis does
not allow simultaneously separating technological changes and scale ef-
fects).
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Capturing all the adjustments that can take place as a result of changes in
technology is impossible, because of the complexities of real production
functions. Nevertheless, the discussion above provides the foundation to
compare the strengths and weakness of alternative approaches to produc-
tivity analysis. While the discussion has been a basic review of well-known
properties of production functions, the assumptions are often glossed over
in most papers. As a result, differences in the assumptions of alternative
approaches are obscured and comparisons made difficult. The next three
sections focus on the underlying assumptions of three major approaches to
TFP as a measure of the productivity performance of a firm.

IIT) The Network Approach

Since managers are not restricted to the single objective of maximizing
physical output relative to any or all physical inputs, they need a frame-
work of analysis that provides links to all aspects of decision making and
performance evaluation in the production process. In order to integrate
productivity analysis into their decision making, managers must be able to
identify what physical and economic relationships are truly constant and
where better results (typically in terms of profits) can be obtained."”” As
such, a measure indicating that a change in partial productivity has oc-
curred but offering little insight into the implications of such a change on
the overall performance of the firm or what actions must be taken to derive
the full benefit from that partial productivity gain is likely to be viewed by
businessmen as having little value. The issue is not that managers have no
interest in productivity analysis, but rather that their meticulous knowledge
of their own production processes make them skeptical of the economist’s
penchant for simplifying assumptions.

For strategic purposes of comparing a firm’s performance with industry
standards or among individual divisions of the firm, managers have typi-
cally resorted to financial analysis ratios that are more closely related to the
accounting concept of profit margins than the economic concept of pro-
ductivity.'® By far, the most economically oriented of the structure-of-ratios
approaches is the network of productivity, cost, and profitability relation-
ships, which is a blend of financial and physical aspects of resource flows.
(See chart 3.) The network approach to evaluating the impact of produc-
tivity changes, particularly those directly related to the adoption of new
technologies, avoids the manager’s concerns with empirically derived pro-
duction functions, but is still deeply rooted in the economic theory of pro-
duction.

Unlike economists who may be interested in understanding productivity
growth as an end in itself, managers are foremost interested in the profit-
ability of investment, which may not be enhanced by a productivity gain in
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any one input (i.e., if the adoption of a new technology results in higher
material costs because higher input standards are required.) Even plant or
division managers, who may not be directly involved in investment deci-
sions, are concerned with cost minimization of those portions of the firm
directly under their control, which may have a broader scope than produc-
tivity performance. In order to take account of managers’ objectives, the
network approach simultaneously monitors three distinct sets of ratios: 1)
six productivity ratios implicit in the production function, 2) seven cost
ratios implicit in the cost function, and 3) six managerial control ratios
implicit in the profit function. Although interdependent, each set monitors
different aspects of the economic and financial structure of the firm and
provides different signals to decision makers.

The set of network relationships for analyzing productivity explicitly are

" centered around the physical input-output relationships for the firm as a

whole or each of its separable units (i.e., plants, divisions within plants, or
possibly product lines within a division). To the extent a single product is
involved, output is measured in physical units (e.g., tons of finished steel)
and each input (e.g., labor) in homogeneous units (e.g., man-hours). Thus,
one group of three ratios is simply the partial productivity indexes for the
major inputs—output per man-hour, output per materials volume, and ca-
pacity per net fixed investment. While the first two ratios are reasonably
straightforward, representing labor and materials productivity, the third
ratio needs some explanation.

Capacity per fixed investment represents the productivity of investment,
which is substituted for capital productivity for two basic reasons. First,
aggregated investment is used instead of capital stock, because physical
capital is extremely difficult to measure and the data is readily available to

managers. The measure of investments, / , would simply be the sum of past

capital expenditures, or I, = 3.I_,. Second, managers are more concerned
i=0 .
about the return on their investment than on the size of their capital stock,
per se. Thus, the focus on investment productivity avoids a serious criti-
cism that most managers have of production function-based productivity
analyses (i.e., the measurement of physical capital stock) and gets directly
to the key concern of managers (i.e., profitability). The advantage is lim-
ited, however, by the need to include depreciation in measuring investment.

The reason capacity, or potential output, is used in the analysis of invest-
ment productivity instead of actual output is to “...differentiate between
what the capital goods of the firm embodying such investment can produce
and the extent to which they are under-utilized because of market
forces.”'” This adjustment for potential output is more appropriate than
actual output in capturing the economic concept of capital services deriv-
able from a given stock of capital. To the manager, the relevant concept
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of capital productivity is based on potential output, which is likely to pro-
vide a lower measure of capital productivity than one based on actual out-
put. Using actual output assumes that capital is always fully utilized, when
in fact actual output is typically less than potential output. Indeed, in-
vestment decisions are commonly made with the assumption that a portion
of the capital stock’s time will be idle—either for repairs or from inadequate
demand for the product.

The remaining group of physical ratios are input-input ratios: materials
volume to man-hours, materials volume to actively utilized fixed investment
(or, fixed investment times the utilization rate), and man-hours to actively
utilized fixed investment. Again, to be analytically correct, the relevant
measure of the capital input is not capital stock, but actively utilized in-
vestment (or, fixed investment times the output-to-capacity ratio). In
equilibrium, these input ratios should represent the most efficient combi-
nations of inputs, in accordance with traditional productivity theory.

Under assumptions of constant returns to scale and producer equilibrium,
for example, a Hicks-neutral change in technology will increase the pro-
ductivity of the three inputs proportionally and leave the input ratios un-
changed. But since an empirical production function is not required for the
analysis, these assumptions (which are made simply for the convenience of
the econometrician) are not necessary. In the real-world environment of
managers, changes in one of these ratios (e.g., the substitution of capital for
labor) will induce a series of adjustments over time in all three input-input
ratios until a new optimal combination is reached, which will also alter the
input-output ratios.

By tracking the movement of all six ratios over time, therefore, the manager
is able to analyze the effects of changes in technology on plant productivity.
In the case of labor productivity, for example, the ratios are combined in
a single equation, such that:

. Output
) Fixed Investment x —————
-1 Physical Output Capacity
- = X
Man-hours Materials Volume

Material Volume Capacity
Man-Hours Fixed Investment

This equation can be loosely interpreted as decomposing labor productivity
into a capital-to-material ratio, a materials-to-labor ratio, and capital pro-
ductivity. The advantage of this formulation is that changes in labor pro-
ductivity, especially in a capital-dominated industry, can be traced to
changes in the level of investment in plant and equipment per man-hour
and to changes in the productive capacity obtained from that investment.'s
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As long as the source of the technological change (e.g., displacement of la-
bor by new machines) is known, therefore, the changes in “apparent” pro-
ductivity of labor (associated with perhaps an increase in the capital to
labor ratio or with an increase in capital productivity) can be distinguished
from gains in‘labor productivity caused by other sources, such as intensified
labor effort.

The productivity network is constructed around physical measures of inputs
and outputs and must be linked through input prices to a cost function, in
order to measure the economic effects of changes in productivity on costs
and ultimately profitability. In chart 3, composite prices of labor, capital,
and materials are represented by wage rates, return on investment, and
material prices respectively. The product of the physical input and its price
equals total input costs. The cost function is built up around seven inter-
related ratios. A group of four ratios measure unit costs: total costs per
output, labor costs per output, fixed costs per output, and materials costs
per output. An analysis of the effect of a change in labor productivity on
unit labor costs, for example, may have to consider possible changes in
wage rates. Again, assuming competitive markets, managers will seek to
equate the marginal product of labor with the price of labor, which is set
by the market and presumably insensitive to factor-demand shifts induced
by a technological change in any firm’s production process. The assump-
tion may break down for firms in which collective bargaining centers
around the issue of labor productivity or in which an increase in labor
productivity requires higher quality labor.

Another group of cost ratios measure factor shares of total costs: labor
costs per total costs, fixed costs per total costs, and materials costs per total
costs. Factor shares are essentially the products of the ratios of physical
inputs to outputs and the ratios of input and output prices. By analyzing
the three share ratios together, a change in one input price can be traced
through its effects on relative prices and back to substitution effects and
productivity changes in the network ratios. Aside from input price changes,
the effect of a change in input productivity must also consider what pro-
portion that input’s costs are of total costs, especially if an opposite change
in other unit input costs with higher proportions of total cost is induced
by the initial change. These relationships can be expressed algebraically as:

Total Cost _ , Wage Cost (Wage Cost )

II1-2 A =A
Output Output Total Cost

A Material Cost ( Material Cost ) A Other Cost (Other Costs )
Output \ Total Cost Output Total Cost
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For example, a 10 percent reduction in labor costs would offset a 2 percent
increase in material costs for a firm in which labor accounts for only 10
percent and material costs account for 50 percent of total costs.

The role of the cost ratios is “...to emphasize the need to consider possible
interactions between adjustments in factor productivities and in the factor
prices, instead of encouraging continued reliance on the common but un-
realistic assumption that factor prices remain unchanged.”'® It should be
noted that, although no direct effort is made to weight the contributions
of each input to productivity changes as occurs in neoclassical TFP mea-
sures, factor cost proportions are explicitly included in the analysis (i.e., the
percentage increase in labor productivity can be compared to accompany-
ing changes in wage rates). In fact, under the assumptions of constant re-
turns to scale and producer equilibrium, the input share would be equal to
the elasticity of cost with respect to input price, which is used explicitly in
the neoclassical approach to measure the share-weighted contribution of
an input to total costs. Moreover, not only are input prices likely to change
over time in response to a change in input demand, but the resulting relative
price change would again alter the optimal combination of physical inputs,
which induces another round of input adjustments, and so on until a new
equilibrium is achieved.

To compiete the network approach to TFP analysis, a profit function is
introduced to provide a group of ratios through which managers
“control” the determinants of their firms’ profitability. The relevant set of
ratios for the profit function are: total cost per output (average unit costs),
product value per output (product prices), fixed investment per total in-
vestment (internal allocation of capital between fixed and working compo-
nents), output per capacity (capacity-utilization rate), profit per total
investment (profit rate), and—to come full circle back to the production
function—capacity per fixed investment (productivity of fixed investment).
These ratios place the role of productivity gains in the broader context of
economic factors that influence the firm’s profitability. A cost-reducing
investment may actually prove undesirable if it leads, for example, to re-
ductions in product prices by market forces or to increases in idle capital
that more than offset profit gains from the initial cost reduction. Alge-
braically, the profitability ratios are related in the following way:%

HI-3 Profit _ _Profit Output
Total Investment Output  Total Investment
Profit _ Product Value _ Total Cost
Output Output Output
(average price) (average unit cost)
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Output Output Capacity Fixed Investment

= T X == X
Total Investment  Capacity  Fixed Investment = Total Investment

(utilization  (productivity of  (internal allocation
rate) internal investment) of capital)

The interactions of the inputs are the basis for three serious shortcomings
that managers (and economists) find in partial productivity measures: 1)
partial productivity obviously does not measure efficiency of the production
process as a whole or even the productive contribution of the single input,
2) increases in an input’s productivity may or may not be desirable, and 3)
even if increases in an input’s productivity are accompanied by only
proportionate increases in unit input costs, total production costs are more
likely to increase than to remain unchanged if another input is more dom-
inant.

Consider, for example, the effect of a technological improvement that in-
creased the capacity of existing capital stock through relatively minor out-
lays in ancillary equipment (e.g., computers). Labor productivity would
obviously increase, but the means by which that productivity gain is ac-
complished can be seen through the link between labor and capital pro-
ductivity in the network relationships. Changes in labor productivity result
from some combination of a change in adjusted capital-labor ratio and a
change in capital productivity itself, which should be observed in the values
of the ratios. The increase in productive capacity also induces a change in
capital charges (price of capital), but an increased utilization (assuming the
improvement was dictated by excess demand) would reduce capital charges
per unit of output (average capital costs). Moreover, wage costs per unit
of output may be reduced, which may or may not be passed along in the
form of higher wage rates. If wage rates do rise, labor may share in the
gains from the technological improvement even though all of the produc-
tivity gains in this case were derived from capital. (To be sure, the division
of labor and capital productivity is never as clear as is suggested here. If
capital is more productive, then virtually by default labor is also more
productive and is likely to benefit from the technological gain in the form
of higher wages whether earned or not).

If capacity is expanded by replacing old, depreciated capital with new, un-
depreciated capital (i.e., modernization of a plant), the profitability of the
plant may actually decline. Consider, for example, that the increase in
capital costs was not offset by large enough increases in capital productiv-
ity. Labor productivity would still have increased and induced an increase
in wage rates. The net result would be an increase in total average costs,
or a reduction in profit margins. Moreover, the new technology could re-
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quire an improvement in the quality of the materials input, which would
further increase average cost.’!

By analyzing patterns of change in the ratios over time, managers clearly
have a solid method for analyzing the impact of productivity gains on the
profitability of their firm, assuming the firm’s production process is stable
so that changes in ratios can be attributed to the introduction of a new
technology. The new technology would create a disturbance in the pattern
of the ratios, which could then be analyzed. If the production process is
unstable, it may be unclear what a change in the ratios signifies. The ap-
proach also burdens the manager with a substantial amount of data that
must be monitored and a large number of ratios that must jointly be ana-
lyzed. The question is whether there is better way to organize the infor-
mation contained in the ratios into a more comprehensible measure of a
firm’s productivity performance.

IV) The Neoclassical Approach

The basic challenge to the neoclassical approach is to match the scope of
the network ratios, but at the same time to combine the ratios into a single
unified measure that isolates the real gains in efficiency of production, or
growth in TFP. Given a willingness to accept the assumption of an
estimable production function, the separation of movement along the pro-
duction function (factor substitution) from the actual shift in the pro-
duction function (change in TFP) becomes a relatively simple task. As
illustrated above, the shift is measured by a residual—the difference between
output and input growth or any source of output growth other than
changes in inputs. The trick is to remove as many sources of bias in the
empirical work, so that the residual can reasonably be assumed to be pro-
portional to real gains in efficiency due to technological change (A4), or that
portion of TFP that is directly the result of the advance of technology.

Given the complexities of production functions described in section II, a
more versatile model than a simple Cobb-Douglas production function is
obviously required to demonstrate the full analytical power of the
neoclassical approach. However, to show the development of the
neoclassical approach as a microeconomic tool, it is appropriate to start
with the simplest and most intuitively appealing models that have been used
for analysis at the macroeconomic level and then to build in complexity by
dropping assumptions. In order to emphasize the regional application of
the models, all the following equations are presumed to apply to a regional
firm (i.e., subscripts to designate region are omitted) unless otherwise
specified. The same analysis can be applied to a regional industry essen-
tially by aggregating the production functions of regional firms in the same
industry.
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In the previous section, TFP was presented as a ratio of growth in aggre-
gated real output to aggregated real input. The first issue to confront is
how to handle multi-product firms. Under the appropriate assumptions
of competitive equilibrium, the sum of the output values (i.e., total revenues
from a set of final products of a firm) should equal the sum of the input
values (i.e., total costs of all factors of production), or:

Iv-1 Z%Qj-_-ZpiXi
j i

where
P, = price of the jth output
P, = price of the ith input
O, = quantity of the jth output

X, quantity of the ith input

Differentiating with respect to time and dividing both sides by total value
will result in the following relationship:

Iv-2 > ulB+ Q1= ) wlPi+ X
J i

where the corresponding weights are simply factor shares, or:

uj=_21.31§_]; ;= ZPX Zu_Zv,—l ,v;i 20
J

If we denote Q = 2 uQ,. X = ZVX,, P,= Zu » and P, = Yv,P, the above
equation is 51mphﬁed to the form

V-3 P+ Q=P +X

For the moment, let us assume that technological change (A4) is the only
source of productivity growth. By substitution then, the rate of growth in

TFP can now be expressed either in its primary form (i.e., the production
function):

V-4 A=0-X
or in its dual form (i.e., the cost function):

V-5 -B=P, - P,
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In this simple formulation, 4 is the outward shift in the production function
due to techological change, B is the inward shift in the cost function due
to technological change, and TFP =4 = — B.

The main point is that even if all outputs and inputs are correctly measured
and the direct aggregation of their values must be equal, the growth rates
of physical outputs can still exceed the growth rate of physical inputs. The
difference of these growth rates will be TFP growth and will be reflected in
the differential growth rates of inputs and outputs and their prices. In other
words, output prices need not grow as fast as production costs, if costs are
offset by productivity gains.*

The effect of quality changes in the output or in any of the inputs can also
distort the desired measure of productivity. Other things being equal, for
example, an improvement in quality will be reflected in an increase in price.
But, prices are also used to derive physical quantities (i.e., real value) from
nominal money values of inputs and outputs. Does a change in price reflect
a change in quality and, therefore, an increase in physical quantities? Or,
does it reflect inflation or even a change in relative price, but not a change
in quantity? Fortunately, the problem can be dealt with directly in the
above analytical framework. The output measure, as in the case of inputs,
is typically an aggregate index of products created by the industry or firm
(in the case of a multi-product firm). The preferred method of aggregating

: L o : PO
is to use a share-weighting, or Divisia, index: Q = TQ—<Q’)

i1
The difference between the actual total (i.e., direct aggregation) and the
share-weighted total (i.e., Divisia aggregation) measures quality changes of
a particular input or output. The rate of change in the direct aggregation
of the index should contain both the quality improvements and the
quality-adjusted gains in output. The quality-adjusted gains are calculated
by first disaggregating the output index into product lines and computing
individual growth rates for each line. Then, the separate growth rates can
be combined into a share-weighted growth index, based on each product
line’s contribution to total revenue, in the case of output, and total cost, in
the case of inputs. Any difference between the aggregated growth rate and
the share-weighted growth rate—the residual—can be attributed to quality
enhancement of the input. A parallel approach on the cost function will
distinguish between quality-related adjustments in input prices and
technology-related adjustments in output prices.

An approach developed by Gollop and Jorgenson provides the foundation
on which more complex models of production functions at the microeco-
nomic level can be discussed.> The method applied by Gollop and
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Jorgenson is based on an expanded production function for an industry,
which in this discussion is applied to a regional firm, and still assumes
constant returns to scale and Hicks-neutral technological change:

IV-6 0 = F(K,L,M,A)

where A4 is expressed explicitly as a function of time and Q is output ex-
pressed as value of total shipments rather than value added. Compared to
the form presented earlier, the only additional variable is materials, M, and
the production is presented in logarithmic form. In order to solve for TFP
growth, output is differentiated with respect to time (i.e., the proxy for

technology). Since is equivalent to O, the differentiated equation can

be expressed as:

In
dt

6anK dlnQ . c¢inQ M+61nQ

dlnK dinL olnM ot

V-7 0=

where = A, or the desired measure of productivity growth.

dlnQ
o

Assuming the necessary conditions for producer equilibrium (i.e., perfectly
competitive factor markets, so that marginal product equals the input
price), the partial derivatives of output with respect to inputs in log form
(e.g., _;3_11132_

nM
of the total value of output, or:

wL _0InQ ,k _an and mM_aan
PO élmL’PQ 4K’ P,Q  olnM

, which is also an elasticity) must equal their respective shares

or,
mM
PqQ

where w = price of labor, r = price of capital, m = price of materials, and
Sv,=1(withi = L, K, and M), because of the constant returns to scale
i

_ wlL

rK
vy = , Vg =———, and vy; =

assumption. (P, is traditionally considered to be a numeraire, which is as-
sumed to be 1 without loss of generality). The differential equation can
then be simplified to an expression of a growth rate of output less the
weighted average growth rates of inputs:

Iv-8 O =0vK+vL+vyM]+ A

The neoclassical approach at this point is essentially identical to the pro-
ductivity ratios in the network approach. All three partial productivity
measures are implicit in the formula and can be presented explicitly by
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subtracting the growth rate of the chosen input (i.e., labor) from both sides
of the TFP equation:

V-9 Q—L=vi(K—L)+vy(M—L)+ 4

where factor intensities are represented by v(K — L) and v,,(M — L) and
remembering that v+ v, + v, =1 . This rearrangement of the TFP
equation shows the sources of labor productivity growth depending on
factor intensities and changes in TFP. The partial productivity of an input
already adjusts for input substitution, which under the network approach
required analyzing three additional sets of ratios—the input-input ratios.

Moreover, the number of inputs can easily be expanded to a larger set of
inputs, which would only further encumber the network approach. An
obvious choice for a fourth input is energy, given its topical interest, but
recent studies have also differentiated between domestically produced
intermediate inputs and imported inputs. Other studies have included
production and non-production workers, instead of aggregating into a sin-
gle labor input. Capital could be divided into separate parts, such as ma-
chinery, structures, and land.** Indeed, the only limitations to further
disaggregating the four basic inputs are data on the inputs and time to
process them. (As we shall see in the next section, an input-output table
potentially overcomes both limitations.)

The inclusion of multi-product firms also raised the problem of a changing
composition of total output of the firm over time. The firm may be affected
by a changing composition of aggregate demand (i.e., sectoral shift) or
simply by a changing market share. If so, some portion of the firm’s TFP
growth should be attributed to the reallocation of its resources from low
productivity product lines to high productivity product lines and only the
remainder to technological improvements. In some sense, multiple prod-
ucts introduce an aggregation problem similar to quality changes discussed
above. That is, each product line will have its own technological improve-
ments and the contribution each output makes to total productivity growth
will depend on its share of total output of the firm. At the same time, there
will be a reallocation of factors among products.

The basic equation to analyze the compositional-bias effects is derived by

aggregating the productivity measures for each product, using the following
equation:

. PO . P,— P, dV; ri—r dkK;
V-0 A= ) 224+ ) —=" L4 )2 L+
PV I PV di PV “di
7 7

J
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W~ W dL
PV  dt
J
where aggregate rate of productivity growth for the firm
rate of productivity growth for product-line j
total value added of the firm’s output
value added of product-line j
output of product-line j
price of total value added
price of value added of product-line j
price of product-line j’s output (i.e., specific product price)
total price of capital
price of capital associated with product-line j
total price of labor
price of labor associated with product-line j

([ T I |

.\§ = Sl :U <~° <w@s§ ‘\k:k

The equation decomposes 4 into the following four components: a

i

weighted sum of product-line productivity growth rates (2 ' 4),

the effect of reallocation of capital and labor ( / ———— and

W - w
z PV ‘2 , respectively), and the effect of shlfts in total value added

i

P,— P, dv
2 7y » For example, capital could be

of the firm’s products (Z T RT

moved from one product line where it earns a low rate of return (r; < r) to
another product line where it earns a relatively high rate of return (r; > r).
Although the aggregated capital input need not change, the shift to a more
productive product would increase total output. Similarly, holding the al-
location of capital and labor constant, the firm’s total productivity could
be increased by a shift in the composition of value added from product-lines
with high marginal cost (P,; > P,) to product-lines with low marginal cost
(P;< P).

If a set of fixed weights, selected for some base period, are used to compute
what each product-line’s contribution would have been if its share of total
output remained constant, one can identify the pure contribution of
changing product-line productivity within each product-line and also the
effects of shifts in demand activity among products. Adding in the base
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period weights to hold the distribution of products constant gives the fol-
lowing equation:

. PQ; . P—-Q (PO .
_ i ' iTE = .
IV-11 A-Z( PVV>B A + [ 7 (PVV>B ]Aj+

J J

P,—P,; dV; ri—r dK; W,—w dL
PV @ /) PV @ /) PV 4

j J J

P.O; .
where Y (%%,—) B 4; identifies the pure contribution of changing pro-
J v

PO, PO, .
ductivity within product lines and 3 | —— — <—L A, identifies the
P ; [ PV \PV i

effect of shifts in activity among product lines.

While working with the primary form of the production function provides
indepth analysis of productivity growth, the dual form has been useful in
identifying other sources that bias the interpretation of the rate of techno-
logical change contained in the productivity measure. Among the most
important developments in productivity analysis using cost functions has
been the measurement of scale economies and factor-augmenting technol-
ogy bias. Using Sheppard’s lemma, the production function can be con-
verted to a cost function from which a productivity measure can be derived.
Starting with the simplest input-output relationship:

Iv-12 P,Q=rK+wL+mM, oqu=r-£~+wL+l

Q Qo 0

where total revenue equals total cost and output price (P,) equals average
cost. The average cost function of the firm can be expressed in terms of
input prices as:

IV-13 Py = G(r.wm.T)
Again, taking the total derivative to isolate the productivity measure:

IvV-14 Py=vgf + v + vy + B

. . . O0lnP
and TFP is measured by B (where B = P £ ) is perhaps more appro-
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priately called the rate of cost reduction. Now, all the basic cost ratios in
the network approach are revealed and changes in relative prices controlled
for in the analysis of productivity growth.

In the form of a total cost function, returns to scale.can be measured or
explicitly controlled by making cost a direct function of output. The cost
function takes the form:

IV-15 C = G(r.wm0,T)

where now average cost is a function of output as well. Differentiating in
log form with respect to time and applying Sheppard’s lemma (e.g.,

_%C_'_ =K) decomposes the cost function into its sources of growth, or
r
IV-16 C = vgi +vpw + vyt + eQ + B
The derivative of cost with respect to output, ¢ (where ¢ = %— .
0

can be interpreted as a cost elasticity representing an index of scale econo-
mies and the assumption of constant returns to scale can be dropped. The
value, ¢, measures the change in cost that is independent of technological
change and changes in input prices. If the resulting value is equal to one,
then the firm exhibits constant returns to scale and and does not bias the
productivity growth measure if it is excluded. If the value is greater (less)
than one, the contribution of economies (diseconomies) of scale to the re-
sidual is eliminated.?®

If the firm is viewed as having a multi-product production and cost func-
tion, there is the potential for scale economies to be increasing for some
product lines and decreasing for others. In order to analyze the effects of
multi-products on productivity, assume a cost function of the form:

IV-17 C= G(”,W,m’QlaQZ,““Qn’n

where the producer is minimizing the cost of producing m outputs with the
three basic inputs: capital, labor, and materials. Again, totally differen-
tiating the cost function in log form with respect to time:

dinC _ 9lnC dlaw , dInC dlnr , dInC dlam

NV = hw d  dlmr dr < omm T
édlnCc dInQ +8lnC dan2+ élnC dan"+61nC
alnQ, dt oInQ, dt “Alnon  dr ot

dlnC , dlnC _ ) ¢In C
dlnw =L dlnr =K, and dlnm
lemma) will result in:

Now, setting = M (from Sheppard’s
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IV-19 € = vgF + vy + vyt + 210.C

Q n dlnC

cow, A omg, &t

dInC 5 . dlnC
aimoy 2T e

If ilnC

dlnt
(where g; =

is defined as proportional shift in the cost function, B, and g
dlnC

cln g
line, then the the ej:quation can be rearranged, as follows:

is the elasticity of cost with respect to each product

IV-20 B=C — [y + vy + vyprit] — Zg, 0
;

The equation thus divides the shift in the cost function into 1) a change in
costs, 2) change in aggregate inputs, and 3) aggregate scale effects. By total
differentiation of C, one can derive 3.v,P, = C — Xv.X; Substituting this

equation into IV-20 and denoting Zv,Xi = X . one can then derive
B=X- g0, . Adding Q to both sides and recalling that TFP = Q — X ,

7 .
one can relate B to the measure of TFP:

V21 TEP=—B+(1 - ) 5)0,

J

Under conditions of constant returns to scale, TFP will equal - B. Ear-
lier, 4 was equated with — B. Since the measure of B is affected by scale
economies, one would naturally expect 4 also to be affected. Indeed, the
equation 7FP = A = — B holds only under conditions of constant returns
to scale (¢ = 1) . More generally, the relation between the two measures is
— B =¢A , (where again ¢ is the elasticity of cost to output, or the index for
scale economies). In other words, shifts in the cost function are not equal
to shifts in the production function except under the assumption of constant
returns to scale.”’ Thus, another way of viewing the sources of technolog-
ical change for the firm, 4, is to distinguish between a static component
(scale economies), which is a shift in the production function due essentially
to proportional changes in inputs, and a dynamic component (cost-reducing
new technology), which is the shift in the production function. It is this
dynamic component that is the Holy Grail of productivity analysis. If
B > 1, the term can be referred to as technological progress; if B < 1, then
the appropriate term would be technological retardation.

The cost function can also facilitate identifying which inputs are primarily
augmented by technological change, but introduces the need for empirical
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estimation. In the case of a Cobb-Douglas production function, for ex-
ample, the factor coefficients were held constant on the (required) assump-
tion of Hicks-neutral technological change. If technology is factor specific,
however, changes in that factor will be a function of technological change,
independent of the other factors. As such, fixed coefficients no longer ap-
ply and the cost function can be rewritten:

=H-X _r _m

where each A4; represents productivity change in the ith factor in time, in-
dependent of other input factors.” Each augmentation function, A4,, can be
expressed as a translog function of time:

v-23 A4; = exp[n,T + % 0.T%] (i=L,K, M)
which is now a second-order approximation. When combined in a translog

cost function, the coefficients can be estimated with time series data. The
translog approximation of the cost function takes the form:

1
IV-24 C = exp[Z — ZB,nTT _ TZZ”’"" In PT — Zy,.Qn,. In QT
i i i
1 2 1 2
- —Z—ZﬁﬂiT + TZ(Zyij’"i)an ]
i Jj i
where Z = a5 + Zﬁi InP;+BolnQ+ %ZZY’J In P;In P;
i i J

+ Zy,.Q in PlnQ + —é—yQQ(an)2
i

and — %;ﬁ,—{bi + —;—;(;y,-jn,)nj is the component that allows the
augmentation factor to be flexible.

For measurement purposes, A; is restricted to a first order form, such that
A; = exp[n,T] parameters containing T will change. For example, the pa-
rameter for 72 becomes %?()’:y,.jn,-)nj . The rate of cost reduction due to

technological change (i.e., the partial derivative of cost with respect to time)
is:
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IV-25 —A= Zﬂmi - Z(ZV,-jn,—) In P; — (ngm) InQ
i i i
+ Z(Z)’iﬂi)ﬂjT
i

Since #; enters each component of technological change, 4; (in equation
IV-25) can be decomposed into the contributions of each input by taking
the derivative with respect to each factor’s price. For example, labor’s
contribution is

V26— A, =—n.[B+ ZV:’L InP;+yolnQ— (Z)’imi)T]-
7 7

(i=L, K, M)

The sum of these expressions is equal to — 4. If 5, equals zero, the corre-
sponding augmentation coefficient will equal unity and the conclusion
would be that the input did not contribute to technological change. How-
ever, if n, is greater than zero, then that input is a positive source of the
firm’s technological growth (and vice versa). If #,=#, =1, , each input
contributed equally to TFP growth (i.e., Hicks-neutral growth). And,
finally, if nx > 5, , then the firm experienced capital-augmented growth.

Two final assumptions warrant a brief mention. The first is the assumption
that price equals marginal cost, or that factor markets are in competitive
equilibrium. The literature abounds with examples of imperfect competi-
tion and, in the case of regulated industries, the assumption is also unlikely
to apply. Denny, Fuss, and Waverman have developed an approach to
analyzing productivity growth under conditions of non-marginal cost pric-
ing and much research is underway in the use of shadow pricing among
firms where direct prices do not exist.” A second, related assumption is
that firms operate where long-run and short-run costs are minimized, which
is linked to the issue of idle capacity. Two basic approaches have been
developed to deal with the problem. Morrison and Brendt have developed
a dynamic equilibrium model that measures the difference between short-
run and long-run costs, which is attributed to excess capacity.”® An alter-
native approach incorporates the stock of fixed capital directly into the
model and estimates a restricted cost function.® Both approaches are in
the early stages of refinement and are somewhat controversial.

The decomposition of TFP into scale and technological change illustrates
the complexity of disentangling the effects of technological change on pro-
ductivity growth even if other sources of growth have been eliminated. The
term remains, in effect, a residual and is still subject to distortions that can
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not be quantified. To the extent that A is never a pure measure of tech-
nological change, managers must be careful in analysis changes over time.
Clearly, more research is need to improve the measurement of the sources
of productivity change, especially in the handling of capacity and shadow
pricing. Nevertheless, research in the last few years has dramatically im-
proved our ability to analyze productivity growth, so that managers can
place greater confidence in the critical assumption that the residual is at
least proportional to the growth in productivity due to technological
change.

V) The Input-Output Approach

The primary strength of input-output (I-O) models is widely known to be
their ability to analyze resource-allocation problems. Yet, to the extent that
productivity analysis evaluates the effect of changes in various input-output
and input-input relationships on the production process, an I-O approach
would seem to be ideally suited for productivity analysis. Indeed, the po-
tential for deriving an I-O-based productivity measure has existed for some
time. - However, only recently have developments linking an I-O framework
to the neoclassical approach sparked new interest in the application of I-O
models to productivity analysis. This new interest in I-O analysis as an
extension of the neoclassical approach is centered around the ability of I-O
models to make three contributions to productivity analysis: 1) extend the
number of intermediate inputs that can be explicitly captured in the analy-
sis, 2) adjust for compositional shifts among inputs and final demand at a
very detailed level, and 3) measure both direct and indirect components of
productivity changes.

Starting with Leontieff’s original approach, a general production function
for a firm, based on the firm’s own I-O matrix for the products it produces,
is given such that:

V-l Qj = F(Xl_]’XZ]’XNj)
where O, = (column) vector of physical outputs from

each of the firm’s product lines
X,; = the amount of kth input absorbed by product-line j.

(This production function includes only material inputs, but can be ex-
panded to include labor and capital in the form of value added, as will be
illustrated below). From the production function, the input-output
ratios—or, coefficients of production—are derived simply as:

Xy Xy Xnj

a1j=—§j—, a2j=7j, aNj=7]
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with a = matrix of the direct coefficients of
production for all inputs and outputs of the firm.

As formulated above, the g;s are measured in physical terms, i.e., tons of
coal per ton of steel shipped. But, for most empirical work, value coeffi-
cients are required and the physical coefficients will be redefined later in the
text (eq. IV-6) as:

PX;;

A =
Y

where P; and P; are prices of inputs and outputs respectively. Now, P.X;
can be interpreted as the transaction flow of input i to the output of
product-line j and g; is the production coefficient in value terms.

The underlying assumptions for the I-O model are similar to those found
in neoclassical production functions. For example, the production function
is assumed to be linearly homogeneous (i.e., constant returns to scale) and
is unique for each output (i.e., no joint products). Both assumptions are
subject to the same criticisms as appeared in the neoclassical approach.
The linearly homogeneous assumption can be dropped either by introduc-
ing capital and labor constraints into the static model or by using a dy-
namic model with investment as an endogenous vector that determines
product-line capacity levels.”” The homogeneous output assumption is es-
sentially the aggregation problem, which becomes less important as
product-lines are defined at increasing levels of disaggregation.

Another key assumption that is required by the very nature of an I-O model
is fixed-input coefficients (i.e., no input substitution). This restriction is
typically defended out of practical necessity rather than theoretical con-
venience.” The restriction of fixed coefficients, however, only applies to
analyses using the same matrix over time for forecasting purposes. If new
matrices are used for each time period, the coefficients are obviously no
longer fixed. With input substitution and compositional shifts at least
conceptually adjusted for, all that remains is to capture movements in the
production function through changes in the I-O coefficients over time.**

Leontieff’s original approach to deriving a productivity index from an I-O
model was to calculate what he called an index of structural change. This
index was intended to indicate the change in output that the firm is capable
of producing, given the same amount of inputs. The index can be formu-
lated explicitly by taking the average change in the direct production coef-
ficients as follows:

\'®) a@; = (a) — a))|[(a + a)/2]
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where 0,1 = base and end years, respectively. If g, is based on a change
in a material input coefficient over time, the index can be interpreted as a
measure of structural change in the sense that there has been a composi-
tional change in the share of the input consumed in the production of the
output in product-line j. Since g; is based on a change in the input coeffi-
cient, the index can be loosely described as a measure of the change in input
productivity. In fact, a;is nothing more than the reciprocal of Q,/X;; , which
is the typical productivity ratio. If the coefficient for production of the
input declined between two periods, the productivity of that input increased
at the inverse rate. (Although Leontieff did not originally include primary
inputs in his matrix, labor or capital productivity would be analyzed in the
same way as any other input once they are added to the matrix.)

Since a; is an average-growth measure of the direct coefficients of an indi-
vidual input in the production of output j, the total change over all the in-
puts of the firm should be measured by a weighted-average value of the sum
of the changes in all inputs used in the production of output j over the two
periods. The appropriate weights would be (X} + X})/2 , or the average
share of each material input in the total amount of materials used over the
two periods. Therefore, for product-line j the direct productivity index of
all materials is:

Y [PX; + PXI213;

V-3 I =
I i
D Py + PXDI2
i

In other words, the change in each cell of a column is combined by a
weighting system based on size of the transaction flows of each cell (P.X})
and the total of the firm. While the value of each cell may be obvious, the
aggregate measure can be problematic because the change in any given co-
efficient between two different matrices can be positive or negative, and its
contrib%tion to total productivity change will depend on its assigned
weight.’

Surprisingly, little attention was given to Leontieff’s index in the produc-
tivity literature until recently. One possible explanation is that the index
has been aimed at measuring only material productivity (and thus its re-
lation to structural change) as opposed to the productivity of primary
factors—labor and capital—that are the paramount interest of neoclassical
economists. By introducing a measure of indirect effects of productivity
changes, however, the I-O approach is a natural extemsion to the
neoclassical measures of productivity change. For example, labor produc-
tivity can increase in the food industry, but does that mean less total labor
is used per unit of food-industry output—i.e., direct labor used by the food
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industry plus the indirect labor that went into the production of the capital
used in the production process? If labor productivity in the food industry
itself rose, but labor productivity in the food-processing machinery industry
declined, it may be that total labor per unit of food processed, relative to
the base period, also declined. In other words, by measuring output in
terms of final demand rather than total output (direct and indirect), the
productivity measure cannot reflect the overall effects of productivity
growth.*

In order to show formally how the neoclassical measures may be misrepre-
senting productivity effects, consider the following demand-supply re-
lationship:

V-4 PQ; = ZPiX[j + ZPiYim
J

m

where Y, is demand for input i by final demand category m. In the case

of a firm, P,Q; would be shipments of output i, 3 P.X;; would be total inter-
j

mediate purchases of output i, and > P,Y,, would be final consumer pur-

m

chases of output i. The aggregate value added identity would then be:
V-5 YN Pbi= Y ) P
k J mo

where V,; = the amount of input of the kth factor of value added into
product-line j. Then, the total input productivity (TFP) change can be de-
rived as a change in output minus the weighted change in all inputs (mate-
rial and primary inputs):

V-6 G=9- Z”{f""ﬁ - Z/kin/
7 7

where f; = P, V| P,Q, and a; = P.X;/P,Q, Combining terms, the aggregate
index of total productivity change for the firm can be expressed as:

V-7 = Z“.’/‘fi
J

where w; = PO/ PO,
i

To measure the primary inputs productivity without material productivity,
which would be analogous to the productivity measure presented in the
previous section, the change in value added is derived as:
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The numerator is the value added of period 1 in constant dollars and the
denominator is the value added in the base period. The primary input
productivity change in the jth sector is:

V-9 6 =24 ~ E;/kini
7

where f}; = PV, [(PQ;, — TP.X;) . Equation V-9 calculates productivity of

J
primary factors only (i.e., capital and labor), which is similar to the pro-
ductivity calculation based on the neoclassical approach (see IV-4). The
total productivity change is:

V-10 e—e(l—é)

where 1 — 0, = (P,Q, — ZPX;)[PQ;and 0 <1 —J; < 1. It can be seen that

7
primary input productivity change is always greater than the TFP change.
Obviously, ¢, can be different for each product line as well as for each pe-
riod. Therefore, productivity based on aggregate value added might be
misrepresented for both time and cross-product comparisons.*’

Most recently, Wolff has been able to enrich the I-O productivity analysis
by linking the I-O model directly to the TFP approach.*® An adaptation
of the Wolff approach is presented briefly below. The basic TFP formula
for primary inputs would be:

oy dL dK
V-11 p=(P yr W )y
where y = PY (i.e., P and Y are vectors of prices and final demand re-
spectively). To show the identity with neoclassical equations used in the
previous section, the TFP growth equation (V-11) can be rewritten as:

A
PY L : rK

V-12 p=

(since Y = ). where the symbol, ». above a vector represents a diag-

JinyY
ot
onal matrix with the diagonal composed of the vector elements. The coef-
ficient P;Y,/y is a share of the value of the output of product-line j. Coef-

ficients wL/y and rKjy represent aggregate shares of labor and capital
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inputs into product-line j. respectively. From the aggregate value added
identity (V-5), we know that

wL,» rK/«
V-13 Z Ly =1

i J

Therefore, the I[-O based TFP equation (V-12) is similar to the
neoclassical-based TFP equation with constant returns to scale (IV-8).

With the above analogy in mind, the dual (cost) form of the TFP model
can be derived by making the following simplification of notation. First,
express a proportional change, dz/dt, as dz, and rewrite the 1-O based TFP
equations (V-11) as:

V-14 p = (PdY — wdlL — rdK)|Y

The basic Leontieff equation presented-above (V-4) can be rewritten in the
dual form of the production [unction as:

V-15 P,=Za,,P,+ Mf’.ll'+l’kj
i

L, K
where /= —- and k; = — . Based on equation V-12, Wolff modified the
[-O based Tl’:P equation {/-15 into:
V-16 p = — [Pda + wdl + rdk]Q|v

where “a” is the matrix of direct coefficients and / and k are vectors com-
posed of elements / and ;. The equation V-16 simply states that a decrease
in any cell of matrix “a” or primary factor per unit of output will increase
TFP. For an individual firm, the TFP growth measure for product-line j
is:

V-17 n; = — (Pda; + wdl; + rdk)) | P;

where g; is a jth column of matrix “a”, and =; is the equivalent cf Leontiefl's
measure of technological change presented at the beginning of the section
(V-3). In the Leontieff measure. the change in each direct coeflicient is
weighted by the average value of transaction flows in the numerator and
the total difference is divided by the two-period average of the intermediate
inputs. In Wolff’s measuring scheme, weights are assigned according to
prices of each intermediate input (the numerator) and total change is di-
vided by the price of the industry’s output. In some sense, therefore,
Wolff's measure can be viewed as a dual measure to Leontieff’s. The im-
portant addition made by Wolff is the inclusion of primary factor changes
in Leontieff’s measure of structural changes.
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By combining the equations V-16 and V-17, Wolff has derived a definition
of aggregate TFP in I-O form:

V-18 PO

However, his major contribution is identifying the sources of TFP growth
in an I-O format, which allows the inclusion of change in material inputs
and the direct and indirect effects of each primary input—both of which are
lacking 'in earlier neoclassical approaches. With that intent in mind, the
TFP measure presented in V-17 can be expressed in terms of the total pri-
mary inputs requirement as:

V-19 p=—[wdl+rdylY[y

where 4 and y are total (direct and indirect) requirements for labor and
capital per unit of total output. The corresponding measure of product-line
technological progress can be expressed as:

V-20 m; = — (wdd, + rdy)/P;

where 7} indicates the change in technology that is attributed to the labor
and capital inputs involved in each of the material inputs used to produce
a unit of output in product-line j of the firm. The difference between the
TFP measure n; and the technological progress measure 7; is established
by the equation:

* ACA Y
V-21 n; =n(PqP )
where ¢ is a Leontieff inverse: ¢ = (I — a)~!. Each =} is a weighted average
of each m; . Weights are distributed according to the direct and indirect
impact of each final demand m on product-line j (i.e., g;), which in turn is

weighted by the price of good j (i.e., P;'). Finally, these weights are
multiplied by the price of good i, or:

V22 n* = PiZnin—lq,-j
7

Thus, n;* is TFP growth for product-line ;.

The TFP growth for the firm can be expressed as technological progress,
which is weighted by shares of each good in final demand, or:

FRB CHICAGO Working Paper 36

Digitized for FRASER
http://fraser.stlouisfed.org/
Federal Reserve Bank of St. Louis



A
PY
y

V-23 p= n

By substituting V-21 into V-23, we derive
V-24 p=mnSp

A A PY,
where S = PgP-! and § =—L . Equation V-24 can now be used as the
major equation for the derivition of the sources of change in TFP growth
in terms of rate of the change in TFP, which is:

V-25 Ap = nS(AP) + n(AS)B + (Am)SB

(For convenience, the second-order terms in the derivation of this equation
are ignored). The first term indicates the effect of the change in the com-
position of final demand on the change in p. The second term indicates the
effect of the cross-product-line transactions on the change in p. The last
term reflects the effect of TFP growth of each product-line on the change
n p.

As stated earlier, the neoclassical approach does not have a cross-product
effect, AS. If Sp is aggregated into one term, o =SB, however, the
neoclassical approach can be represented as:

V-26 Ap = n(Aa) + (Am)a

which is the analog of the TFP measure developed by Gollop. The last
term on the right-hand side is identical to the last term of the equation
V-25. Therefore, the first term is a combination of two effects: the effect
of the change in the composition of final demand and the effect of the
change in cross-product-line transactions. In other words, Wolff has dem-
onstrated that the I-O model allows one to differentiate the effect of activ-
ities related to the change in the final demand composition from those
related to the cross-product-line transactions. Moreover, in the neoclassical
approach An would include only the change of the primary factors, while
the I-O approach allows one to examine all the intermediate inputs as well.

In traditional I-O studies, capital is considered as a primary input factor.
By considering capital as a primary factor, however, one losses the indirect
effect devoted to production of capital, which can be fairly significant (ac-
cording to Wolff’s empirical results). To avoid this shortcoming, Wolff
augmented the I-O matrix by including the row and column that reflects the
consumption and production of capital. Wolff also included noncompet-
itive imports inside the I-O table. More often, studies have assumed im-
ports to be a primary factor. If so, however, the calculated total
requirements treat imports as though they are free goods. For example, in
the computation of total labor input, some part of productivity of foreign
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workers would be ascribed to domestic labor. On the other hand, exports
are included in final demand. Of course, one could assume that the econ-
omy produces just enough exports to compensate for its imports.”® Wolff
operated under a somewhat similar assumption. He assumed that non-
competitive imports are equal to the “exogenous exports.” The estimated
endogenous export was netted out from the total exports, leaving
“exogenous exports” as part of final demand. Endogenous exports were
included inside the I-O table.

Wolff’s paper was a considerable advance toward demonstrating the simi-
larities between neoclassical and I-O productivity measurement. One criti-
cism of Wolff’s productivity measure is the output measure, which is a final
demand (represented by equation V-6). However, it has already been
shown (by Watanabe) that such measures of TFP are an underestimation.
The full measure of output should include total sector’s output (which is
represented by equation V-11). This is an important point in TFP mea-
surement within the I-O model. Nevertheless, Wolff should not be criti-
cized too harshly for this shortcoming, because his purpose was to compare
the I-O approach with the neoclassical approach. Since the neoclassical
approach uses final demand as an output, Wolff was required to do the
same.

There have been a number of attempts to satisfy the managers’ analytical
needs by conceptualizing an I-O approach at the firm level.*> But for the
most part, there have been very few actual applications of the I-O approach
at the firm level. The reason for the lack of interest is not clear. One ex-
planation that has been offered is that...“perhaps the key stumbling block
to input-output use in corporate planning is that the assumptions and de-
finitions concerning technological change, structural change, pricing and
demand sensitivity, on which the input-output coefficient changes are
based, are of very great interest to the planner and of perhaps least interest
to the input-output analyst; in fact, most input-output analysts tend to
sweep these assumptions under the rug, because they interfere with the
mathematical elegancies of the input-output model or the simplicity of the
analysis task.”*

The latest developments in the application of I-O models for productivity
measurement at the macroeconomic level, however, should be directly ap-
plicable at the micro level of the firm, once the techniques are refined for
application with I-O tables of actual firms. The I-O model of the firm de-
scribes inputs of different materials and primary resources necessary to
produce the multiproducts of a firm. It can, therefore, be a useful tool for
managers to analyze productivity of each resource that enters the firm’s
particular production process. Utilizing Wolff’s approach to productivity
analysis, resources can be analyzed from the point of view of each output.
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This could prove to be a major breakthrough for the I-O analysis of the
firm.

VI) Conclusion: Comparative Strengths and Weaknesses

The production function was originally developed by economists as a
purely economic concept to simplify the analysis of the behavior of mar-
kets. Production functions were never intended to be used to explain the
behavior of real firms or industries, which is their primary value—if they
are to have any at all—to managers. Managers are concerned about actual
physical relationships among inputs in their own particular and complex
production processes. From the managers’ perspective, these relationships
are predetermined for each of their products on the basis of engineering and
production decisions relating to such factors as product design, material
input specification, mix of labor skills, equipment characteristics, pro-
duction schedules, quality standards, and maintenance requirements— none
of which entered the above discussion of production functions and, indeed,
have never been modelled successfully by empirical production functions.
Nevertheless, TFP analysis is increasingly being used at all levels of the
economy. Integrating productivity analysis into the decision-making pro-
cesses of managers under these limitations is successful only with a com-
prehensive understanding of the relative strengths and weakness of the
alternative approaches available to them.

To begin with, managers are likely to be most comfortable with the net-
work approach, because of their training and their detailed understanding
of the engineering design of their own firm’s plant and technology. Access
to confidential company data, plus a first-hand knowledge of each stage
of the production process allows what might be termed “micro-micro”
analysis of the firm’s productivity performance and its relationship to the
firm’s overall profitability.

From a conceptual perspective, the basic strengths of the network approach
are: 1) its ability to allow the managers to identify the sources of a tech-
nological impact and trace their impact through the economic structure of
the firm; 2) because of its independence from an empirical production
function, its ability to analyze productivity without the restrictive assump-
tions of the economists’ production functions that managers tend to be
critical of; and 3) its ability to utilize analytical tools, such as economic and
financial ratios, with which managers are typically familiar. But, these
strengths are not costless.

The primary weakness of the network approach, relative to neoclassical or
I-O approaches, is its dependence on a substantial number of economic
ratios without knowing what the equilibrium values would be, except by

FRB CHICAGO Working Paper 39

Digitized for FRASER
http://fraser.stlouisfed.org/
Federal Reserve Bank of St. Louis



using engineering knowledge or the industry performance as a norm. While
the firm may be reassured to know that labor or investment productivity
actually did increase as a result of a particular innovation, it may also be
difficult to make relative comparisons of different innovations introduced
at different plants or to compare different innovations introduced at the
same time in a single plant. Nor does tracking the ratios simplify the
analysis of scale effects, regulatory effects, or total productivity. Moreover,
the requirement of detailed knowledge of the production process to extract
the full benefit from the approach limits its usefulness to less experienced
managers or outside analysts. In some sense, the network approach is like
a Rubic’s cube, without any guide as to how to condense all the informa-
tion contained in the complete network of ratios. ‘

In stark contrast, the neoclassical approach condenses much of the same
information used in the network approach into a single, quantifiable
measure of productivity performance that can easily be compared to pro-
ductivity performance at any level of aggregation. Certainly, some know-
ledge of the firm, region, or industry is necessary to derive the full benefit
from the approach. The analysis is standardized, however, so that con-
tributions to productivity growth can be easily evaluated. Moreover,
interplant and interindustry comparisons are greatly simplified. That sim-
plification is achieved by a willingness to use an empirical production
function as a tool to obtain quantifiable results, which is not a step lightly
taken without a full understanding of its implications on productivity
analysis. Obviously, the manager should not expect to be able to remove
all the sources of error or bias in the TFP measure. If the major sources
are addressed, however, the growth rate of the residual may reasonably be
assumed to be proportional to the actual productivity growth of the firm.

Conceptually, the neoclassical approach is only as good as the underlying
assumptions. In recent years, most of the more restrictive assumptions of
the original Cobb-Douglas production function have been loosened or
removed— some, such as the handling of idle capacity, are still open to de-
bate. Nor have all the limitations in the neoclassical approach, relative to
the network approach, been removed. Perhaps the most important re-
striction of the TFP approach relative to the network approach from the
standpoint of managers is the link to profit performance. In its simplest
form, the neoclassical approach assumes that every product line receives a
normal profit, which in the long run is zero (i.e., total revenue equals total
cost). Thus, all the managers need be concerned about is efficient allo-
cation of inputs. Without a measure of the direct impact of technological
changes on the firm’s profitability, managers lose a valuable tool in for-
mulating policies designed to improve profit performance through inno-
vations.
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Finally, in Leontieff’s original formulation, the I-O approach had essen-
tially only one advantage over the other approaches in its ability to analyze
a complete set of intermediate (or, materials) input productivities, including
direct and indirect effects of each input. Neither the network or neoclassic
approach captured indirect effects and, until recently, the neoclassical ap-
proach included only primary inputs. With the modification of the I-O
approach to include primary inputs, the I-O approach can be extended to
incorporate many of the elements of the neoclassical approach, but still
retain the unique perspective provided by its matrix. Moreover, even
though the I-O approach lacks the financial ratios found in the network
approach, it does extend the physical ratios of the firm in comparable detail
across the whole set of production processes. In a sense, these ratios create
a seamless web of interlocking relationships between the firm’s performance
and the regional or national economy that is unattainable in the networking
approach. Among the strengths of the enhanced I-O approach then are
that: 1) it allows greater differentiation between sources of productivity
growth (particularly, the I-O approach can differentiate between changes
in the composition of final demand and the change in the transactions be-
tween industries); 2) it goes beyond both neoclassical and network ap-
proaches to capture indirect effects of changing production processes on
productivity growth; 3) it considers capital as a means of production, which
is reproducible within the firm or industry, while the neoclassical approach
treats capital essentially as exogenous (in other words, investment is
endogenous and the productivity growth of the firm can be analyzed in a
truly dynamic model), and 4) its ability to differentiate inputs of each in-
dustry into a single output makes the I-O approach ideally suited for ana-
lyzing the effects of sectoral shift on a plant’s productivity.

The article of faith in the I-O approach is the validity of the matrix
coefficients——whether at the national or firm level. Without confidence that
the coefficients are reasonably accurate, the productivity measure is mean-
ingless. Moreover, filling the matrix and updating it over time is a difficult
and timely task that can limit its usefulness to managers. Finally, the labor
and capital inputs are given only one price over all production processes,
while both the neoclassical and network approaches allow differential wage
rates and cost of capital. For these reasons, the neoclassical approach has
several advantages over the [-O approach to productivity analysis: 1) the
neoclassical approach utilizes a more flexible production function, allowing
estimation of many important economic factors such as returns to scale and
factor-augmenting technological bias; 2) it differentiates labor and capital
into components (16 labor categories, in one case) and estimates the indi-
vidual effect of each on productivity, compared to only one row of labor
and capital coefficients in the I-O approach; and 3) with its flexibility, it
potentially can provide a dynamic approach to the effects of capital ad-
justment and capital accumulation on productivity growth. (Although a
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number of dynamic models have been constructed for I-O models, none
have yet been applied successfully to productivity analysis).

After years of research and controversy, productivity analysis is finally
coming of age. Interest in detailed analysis at all levels of the economy has
never been greater, nor the tools more sophisticated and flexible. In re-
sponse to the challenge to go beyond the popular but simplistic techniques
based on labor productivity, more realistic models of complex production
processes and the interrelationship of factors of production with produc-
tivity have been developed with the explicit needs of microeconomic anal-
ysis in mind. While much research remains, managers have at ieast three
major alternatives to partial productivity analysis, which are all soundly
based in economic theory. None is clearly superior, but each has relative
strengths and weaknesses that make them more or less valuable to the
manager, depending on the types of questions that need to be answered at
any given time. The objective of productivity research should be directed
towards bridging these three approaches. As this research continues, these
tools can only improve the economic content of managers’ decision making.

! Labor productivity derives its popularity both from its ease of measurement and
from questions of relative welfare gains to society over time associated with labor
productivity growth. See Fabricant, 1984, p. 4-8.

2 Abramovitz and others were working on TFP measures in the 1950s and earlier,
but Solow in his 1957 article is generally credited for the theoretical breakthroughs
that led to more sophisticated measures of TFP. See Nelson, 1981.

3 See Bela Gold, et al., 1984, p. 79.
4 See Denny and Fuss, 1977, for a discussion of the separability issue.

3 Because the second-order cross-partial derivatives are unknown, the rate of
change is actually indeterminant, but is typically assumed to be negative in order
to allow the isoquant to be strictly convex to the origin. See Hadar, 1971, p. 27.

% See Kendrick, 1973, p. 32.

7 Implicit assumptions are constant returns to scale and producer equilibrium.
For details, see Robert M. Solow, 1957, p. 313.

8 The formal proof that TFP is the distance O*M/q, is as follows:
LO* = NP. and
NP = (9q/0k)Ak, where Ak =k, —k,
O*M = q,,, — q, — (0q/0k)k = Aq — (8q/dk)Ak.
Since TFP = O*M/q, ,

TFP = Aqlq, — (6q/0k)kJq)(Ak[k) = ¢ — vg(k) .
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Q.ED.

® For a standard discussion of the properties of linearly homogeneous functions,
see Chiang, 1967, p. 371-376.

19 For a more detailed discussion, see Sato, 1981.

! See Nadiri, 1970, p. 1142.

12 See Nadiri, ibid. p. 1143.

13 See Saiter, 1969

" For a description of the Farrell index, see Baird. 1977.
> See Ames, 1969.

' For a detailed critique of these approaches, see Samuel Eilon and Judith Soesan,
1976, p. 7-13.

'7 See Gold, 1974, p. 79.

'8 A rearrangement of the variables would produce the relevant equations for in-
vestment and materials productivity. See Gold, 1955, pp. 88-91, for an example
of how investment productivity can be related to labor productivity in the fol-
lowing way:

Productive capacity Man-Hours
Fixed Investment ~ Material Volume -
Materials Volume . Physical Output
Output =~  Man-Hours

Fixed Investment x —————
Capacity

1 See Gold, 1974, p. 66.
2 See Gold, 1979.

' For an example of an actual application of the networking approach at the firm
level see, Eilon, et al., 1976.

22 See Jorgenson and Griliches, 1967.
3 For a more detailed discussion, see Gollop and Jorgenson, 1980.

* Denison, 1972. and Norsworthy, et al., 1979, have stressed the diversity of
factors that might be captured in the residual, using their accounting approach to
TFP analysis. The emphasis in this discussion, however, is in analyzing the shift
in the production function, which was the focus of Solow’s original article.

2 For the exact derivation of the equation, see Gollop. 1985, p. 181-184. The
price of value added is a composite price of factors contributing to value added,
such as wages, cost of capital, taxes, and imports. Since many of these prices are
difficult to measure, the value-added price is derived by a double-deflation process
(i.e., first, physical value added is derived by taking the difference between phys-
ical total output and physical material inputs, and then nominal value added is
divided by physical value added to compute a price).

% See Gollop and Roberts, 1984. Sato, 1981, has an alternative approach using
Lie-Group Theory.
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27 For a formal proof, see Denny, Fuss, and Waverman, 1981.
2 For a detailed discussion, see Gollop and Roberts, 1984.

® For example, see Atkinson and Haverman, 1984. For another discussion of
the issue, see Denny, Fuss, and Waverman, 1981.

% See Morrison and Brendt, 1981.

3! See Shankerman and Nadiri, 1984.
32 See A. Erdilek, 1977, p. 45.

3 See Leontieff, 1955, p.18.

* See Leontieff, 1941, p. 46. Elsewhere, it has been argued that there are three
cases in which technological change can occur: 1)a change in one or more coeffi-
cients, 2)a change in the given lower limits of the primary inputs, and 3)a change
in the function of the primary inputs that is to be minimized. See Herbert Simons,
1951, p. 260.

3 See Domar, 1961,

36 The calculation of this type of labor productivity was presented in Beeson and
Schlutter, 1981. The article, as well, represents an example of how labor pro-
ductivity along with material productivity can be measured with the I-O model.

7 For a more detailed discussion at the industry level, see Watanabe, 1971.

® See Wolff, 1985. Wolff’s research follows the works of Rymes, 1971, and
Peterson, 1979.

¥ For a discussion of the limitations of this assumption, see Beeson and Schlutter,
1981.

“ See A. Erdilek, 1977.
4 See Gols, 1985, p. 27.

*2 For a discussion of the shortcomings of empirical production functions in
measuring productivity, see Baird, 1977.

* From a measurement perspective, there are also advantages related to the
ability of the network approach to adjust for idle capacity and thus avoid the need
to estimate capital stock altogether.
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