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Perturbation Methods
for Markov-Switching DSGE Models

1 Introduction

In this paper we show how to use perturbation methods as described in Judd (1998) and
Schmitt-Grohe and Uribe (2004) to solve Markov-switching dynamic stochastic general equi-
librium (MSDSGE) models. Our contribution advances the current literature in two significant
respects. First, we develop a general methodology for approximating the solution of a larger
class of Markov-switching models than currently possible and, second, we show the feasibility
and practicality of implementing our methodology when we consider high-order approximations
to the model solution. Current methods only allow for first-order approximations.

The literature on Markov-switching linear rational expectations (MSLRE) models has been
an active field in empirical macroeconomics (Leeper and Zha (2003), Blake and Zampolli (2006),
Svensson and Williams (2007), Davig and Leeper (2007), and Farmer et al. (2009)). Building
on standard linear rational expectations models, the MSLRE approach allows model parame-
ters to change over time according to discrete Markov chain processes. This nonlinearity has
proven to be important in explaining changes in monetary policy and macroeconomic time se-
ries (Schorfheide (2005), Davig and Doh (2008), Liu et al. (2011), and Bianchi (2010)) and in
modeling the expected effects of future fiscal policy changes (Davig et al. (2010), Davig et al.
(2011), Bi and Traum (2012)). In particular, Markov-switching models provide a tractable way
to study how agents form expectations over possible discrete changes in the economy, such as
those in technology and policy.

There are, however, two main shortcomings with the MSLRE approach. First, that approach
begins with a system of standard linear rational expectations equations that have been obtained
from linearizing equilibrium conditions as though the parameters were constant over time. Dis-
crete Markov chain processes are then annexed to certain parameters. As a consequence, the

resultant MSLRE model may be incompatible with the optimizing behavior of agents in an



original economic model with Markov-switching parameters. Second, because it builds on linear
rational expectations models, the MSLRE approach does not take into account higher-order
coefficients in the approximation. Higher-order approximations improve the approximation ac-
curacy and may be potentially important for certain economic questions.

This paper develops a general perturbation methodology for constructing first-order and
second-order approximations to the solutions of MSDSGE models in which certain parameters
vary according to discrete Markov chain processes. Our method can be easily expanded to
higher-order approximations. The key is to find the approximations using the equilibrium con-
ditions implied by the original economic model when Markov-switching parameters are present.
Thus, our method overcomes the aforementioned shortcomings. By working with the original
MSDSGE model directly rather than taking a system of linear rational expectations equations
with constant parameters as a short-cut, we maintain congruity between the original economic
model with Markov-switching parameters and the resultant approximations to the model so-
lution. Such congruity is necessary for researchers to derive both first-order and second-order
approximations.

Unlike the case with a standard model with constant parameters, one conceptual difficulty
while working with MSDSGE models is that certain Markov-switching parameters, such as the
mean growth rate of technology, complicate the steady-state definition. The definition of the
steady-state for MSDSGE models should be independent of the realization of the discrete Markov
chain process for any changing parameter. To this end, we introduce a new concept of steady-
state. We partition the parameter space such that the subset of Markov-switching parameters
that would influence the steady-state in the constant parameter case is now a function of the
perturbation parameter, while the complementary subset is not. This new concept renders a
key to deriving first-order and second-order approximations.

Several important results are as follows. First, we find that first-order approximations to
the solutions of MSDSGE models are, in general, not certainty equivalent when a subset of
Markov-switching parameters needs to be perturbed. Second, we identify the task of finding all

the solutions to a system of quadratic equations as the only bottleneck in obtaining first-order



and second-order approximations to the solutions of MSDSGE models.

Third, we propose to remove the bottleneck by applying Grobner bases, a key insight of
our approach. Grobner bases have not only a sound mathematical theory but also many com-
putational applications. For example, Grobner bases have been successfully applied by Kubler
and Schmedders (2010a) and Kubler and Schmedders (2010b) to find multiple equilibria in gen-
eral equilibrium models; Datta (2010) uses such bases to find all the Nash equilibria. For our
purpose, Grobner bases provide a computationally feasible way to obtain all the solutions to a
system of polynomial equations. Once the bottleneck of solving a system of quadratic equations
is resolved, the remaining task to obtain first-order and second-order approximations involves
solving only systems of linear equations even for higher-order approximations.

Fourth, one may use a numerical algorithm to search for a solution to the quadratic system,
but there is no guarantee that such an algorithm is capable of finding all solutions. By employing
Grobner bases to solve the quadratic system, we can first obtain all its solutions and then
determine how many approximations are stable, where the stability concept follows the earlier
work of Costa et al. (2005), Farmer et al. (2009), Farmer et al. (2011), and Cho (2011). This
procedure enables researchers to ascertain both the existence and the uniqueness of a stable
approximation.

The rest of the paper is organized as follows. Section 2 presents a general class of MSDSGE
models, outlines our methodology, and introduces a new concept of steady-state. Section 3
derives first-order approximations and discusses the feature of no certainty equivalence. Section
4 shows how to reduce the problem of finding first-order approximations to that of finding all
the solutions to a system of quadratic equations. Grobner bases are proposed to tackle this
problem and the concept of stability is introduced in this section. Section 5 derives a second-
order approximation and shows that it involves solving only linear systems once a first-order
approximation is obtained. Section 6 illustrates how to apply our methodology to three different

MSDSGE models. Concluding remarks are offered in Section 7.



2 The General Framework

Our general framework is laid out as follows. In Section 2.1 we discuss a general class of
MSDSGE models with a simple example to guide the reader through our new notation. In
Section 2.2 we introduce a new concept of steady-state and discuss a new idea of partitioning
the Markov-switching parameter space. In Section 2.3 we present the general form of model

solutions and state the goal of this paper.

2.1 The Model

We study a general class of MSDSGE models in which some of the parameters follow a discrete
Markov chain process indexed by s; with the transition matrix P = (ps ). The element p; o
represents the probability that s,y = §' given s, = s for s, € {1,...,ns}, where ng is the
number of regimes. When s; = s, the model is said to be in regime s at time ¢. We denote the
vector of all Markov-switching parameters by 6;, which has dimension ny x 1.

Given (zy_1,¢&4,04), the equilibrium conditions for MSDSGE models have the general form

E.f (ym,yt,xt,xm,X8t+1,8t,9t+1,9t) = Onz+nya (1)

where E; denotes the mathematical expectation operator conditional on information available
at time t, Oy, 1y, 18 an (ny + ny) x 1 vector of zeros, z; is an n, x 1 vector of (endogenous
and exogenous) predetermined variables, y; is an n, x 1 vector of non-predetermined (control)
variables, €; is an n. X 1 vector of i.i.d. innovations to the exogenous predetermined variables
with E;_1e; = 0,,., and x € R is the perturbation parameter. Since the total number of equations
in (1) is n, + ng, the function f maps R2(wtnatnetno) jngo Rrv+ne,

Finding first-order and second-order approximations to the solutions of MSDSGE models
using perturbation methods requires us to introduce new notation and lengthy algebraic work.
To aid the reader through our new notation and derivations in the paper, we use a simple real

business cycle (RBC) model as a clear demonstration of how our proposed methodology works.

INote that the vector 6; does not include other parameters that are constant over time. We call those

parameters “constant parameters.”



The RBC model is an economy with the representative household whose preferences over a

stochastic sequence of consumption goods, ¢, are represented by the utility function
o0
max [Eg Z Bt log ¢
t=0
where [ denotes the discount factor. The resource constraint is
Ct + k:t = Ztkz(f)il + (1 — 5) k:t—ly

where k; is a stock of physical capital and z; represents a technological change that is a random

walk in log with a Markov-switching drift as
log z; = p, +1og zi—1 + o¢y,

where the drift u, takes two discrete values dictated by the Markov chain process represented
by s; € {1,2}, and ¢, ~ N (0, 1).
The three equations characterizing the equilibrium are

1 1
— = BE—— (azp k{1 -0),
Ct Ci+1

Ct + kt = Ztkfil + (1 — 5) ktfh

and log z; = p, +log 21 + oy

Because log z; has a unit root, the economy is non-stationary. To derive a stationary equi-
1

—x

. . ~ 7 ki ~
librium, define w; = 27" and let & = <, k. = ==
Wt

, 2t = == The transformed (re-scaled)
wt Zt—1

equilibrium conditions become

1

1 gtoﬁ1 = Ta—1
— = fE;i= <Oézt+1]€t +1-— 5) )
Ct Ct4+1

1

6,5 + %tgtl—a — 2,5]%?_1 + (]_ - 5) i{}t—la

and log z; = p, + oey.

Substituting out Z; leads to the following two equilibrium conditions

1 1 + o€ > o
= (Mt 1t) (anp (Nt+1+05t+1) ki 1+1_5> )

5



-7 +o¢ ~ ~
and ct + kt exp <%) = exXp (,ut -+ O'&'t) k?fl + (1 — 5) ktfl.

Using the notation in this section, we have n, = 1, n, = 1, n. = 1, ng = 1, y, = ¢,

Ti_q = ki1, and 0, = ;. The equilibrium condition (1) can be specifically expressed as

E, f (yt+1aymﬂ?t,56’t—17X5t+175t,‘9t+1,9t) =

5—1t — B exp (K2 (a exp (Hyp1 + XOE41) ket 41— 5)

Ct+1

E . - -
G+ kpexp (BEZ0) — exp (py + 0vee) bty — (1 — 6) ks

2.2 Steady-State and Partition of Markov-Switching Parameters

The definition of the steady-state for MSDSGE models is more complicated than that for stan-
dard DSGE models with constant parameters. To be consistent with the definition of the
steady-state in standard DSGE models with constant parameters, the definition of the steady-
state for MSDSGE models should be independent of the realization of the discrete Markov chain
process.

To achieve this objective, our key idea is to partition the vector 6, of Markov-switching
parameters into two subvectors. The first part concerns a subvector of parameters that would
influence the steady-state in the constant parameter case and thus is a function of the pertur-
bation parameter y. The second part contains the subvector of all remaining parameters that
would not affect the steady-state in the constant parameter case. We denote the first subvector

by 61; and the second subvector by ,;. Rewrite the vector 6, as
0: =0 (x,s), (3)
where § maps R x {1,...,n,} into R"™. We have
0, = [ 07, 03, T = [ 01(x,80)" 02 (x, )" ]T, (4)

where T indicates transpose. The vector 1, and 0y have the dimensions ng, x 1 and ng, x 1

respectively, and functional forms

01 (X, s¢) = 01 + x01 (s1) , (5)
and 0y (x, s¢) = 02 (s4) (6)



for all s,.

The specific functional form (5) is chosen for tractable derivations in the rest of the paper.?
We will discuss, below, how to choose the value of #;. We apply the same partition to the vector
0:.1, where we simply replace the subscript ¢ with ¢ + 1.

Two important features stand out from (5) and (6). First, 8; (s;) is a deviation of 6y, from
A, in regime s,. Second, 6y is not a function of the perturbation parameter y. Thus, the
perturbation parameter, yx, affects only a subset of Markov-switching parameters, 61;. Since
the steady-state depends on 6, only, a natural choice for this point is the mean of the ergodic
distribution across 6y;.

Now we are ready to define the steady-state of the MSDSGE model.
Definition 1 The n, x 1 vector x45 and the n, x 1 vector yss are the steady-state variables if

f <yssa Ysss Lssy Lsss Ong? On57517 02 (St—i—l) 7517 92 (St)) = Onx—f—ny

holds for all s;11 and s;.

In principle, more than one partition of Markov-switching parameters can satisfy the con-
dition, as stated in Definition 1, such that neither 05 (0, s:41) = 0, (S¢+1) nor 05 (0,s;) = 0, (s¢)
enters in the calculation of the steady-state for any s;.; or s;. We recommend choosing 6,; as
the smallest set of Markov-switching parameters such that 6; influences the steady-state.

In our simple RBC model, there is no 6y, but 6, = p, takes the functional form

pe = (X, 50) =1+ X[t (5e) -

We set both e, = 0 and x = 0. Thus, y; = p;,; = 1 and the steady-state of the RBC model

consists of ¢, and l;:ss such that

C——B L exp (=£5) (ozexp( )ka 1+1—5)

Css

1
Cos + kg5 €XP (%) —exp (o —(1-=9) k..

2Any other functional form, so long as 6; (0,8¢) = 61 holds for all s¢, will be valid.



which produces the steady-state values

1

- 1 1 ot
o = (e G 7))

and ¢y, = exp (i) k% + (1 — 6) ks — kys exp ( a ) :

11—«

2.3 Model Solution and Approximation

Once the concept of steady-state and the partition of Markov-switching parameters are clearly
defined, we can now proceed to approximate the solution of a MSDSGE model. Consider model

solutions of the form3

Yr = g (Te-1,€6, X, 5t) (7)

Yer1 = g (Te, XEe11, X, St41) (8)

and xy = h (41, &4, X, t) (9)

where g maps Rt 5 £1 . n,} into R™ and h maps Rt x {1 ... n,} into R". In

the RBC model, we have
615 =4g (i%t—la s Xs 5t> ’

6t-|-1 =4 (l%ta XEt+1, X $t+1) 5
and ift =h <];t7175t7X7 St) .

In general, we do not know the explicit functional forms of g and h; thus, we need to
approximate them by Taylor expansions around the steady-state.* In this paper, we present
the results up to second-order Taylor expansions, but our procedure can be easily expanded
to higher orders. For the rest of the paper, first-order Taylor expansions are referred to as

first-order approximations and second-order Taylor expansions as second-order approximations.

3In theory, one could allow g and h to depend on the entire history of the regimes. In practice, this is not
tractable. The assumption that ¢ and i depend only on the current regime corresponds to the notion of a

minimal state variable (MSV) solution in Farmer et al. (2011).
4We assume that the solutions g and h are unique.



Given the steady-state defined in Definition 1, we have
Yss = g (xsm Onga 07 St) and Tss = h («Tssa Onga 07 32&)

for all s; and

Yss = g (:Essa 077/57 07 St-‘rl) and Lgs = h (xssa Onga 07 St—l—l)
for all s;41.
Using Equations (1), (7), (8), and (9), we write the function f as

g (h (xt—la €t X St) y XEt+15 X St-i-l) » g (xt—la s X St) )
F (@41, XEt415 €4, X5 St41,5t) = f

h (SUtfl’ €ty X» St) s 1, XEt+1, Et, 0 <X7 St+1) .0 (X7 St)

for all x;,_1, €441, €, Se41, and s;. The function F maps R 2=t 1 n} x {1,...,n,} into
R™*"  With the assumption that innovations to the exogenous predetermined variables, &;,

are independent of the discrete Markov chain process, s;, we write (1) as

E.f (yt+1, Yt Tty To—1, XEt415 Et, e, et) = (10)

Ns

G (xtflu €ty X St) - Zpst,s’ /‘F ('rtflu XE/, €ty X 8/7 St) % (‘gl) dgl = Ony+nz

s'=1
for all x;_1,¢;, and s;, where p is the density function of the innovations. The function G maps
Rretnetl s {1,...,ne} into R ne,

This paper has two goals. First, we show how to derive first-order and second-order approxi-
mations to the functions g and h around the steady-state. Second, we show that obtaining these
approximations requires solving a quadratic system. We propose a new methodology to find all
the solutions to such a system. Each of the solutions to the system corresponds to a different set
of first-order and second-order approximations. Finding all the solutions is a difficult task but
is crucial to determine how many approximations are stable.’ Sections 3-5, below, are devoted

to accomplishing these two objectives.

5The stability definition is discussed in Section 4.2.3.



3 First-Order Approximations

This section gives a detailed description of how to derive first-order approximations to the model
solution represented by (7), (8), and (9). We proceed in several steps. We first lay out the
notation in Section 3.1 and then provide detailed derivations needed to find the approximations
in Section 3.2. With the notation and derivations in hand, we show in Section 3.3 how to obtain
first-order approximations to the model solution. In a final subsection, Section 3.4, we discuss
one of the most important features of MSDSGE models: the result of no certainty equivalence

of first-order approximations.

3.1 Notation
3.1.1 Partial Derivatives of f

We begin with the notation for the derivatives of

f(yt+17ytaxtaxtflaX5t+175t7‘9t+179t>

evaluated at the steady-state. Let

Dfss (3t+17 St) =

|:Djfl (y887 Yss; Lssy Lss Ong7 On57517/9\2 (St+1) 7517/9\2 (St))]

1<i<ny+nz,1<j<2(ny+nz+ne+ng)

denote the (n, + n,) % (2 (n, + n, + ne + ng)) matrix of first partial derivatives of f with respect

to all its variables evaluated at

(y887 Yssy Lssy Lss, Ong’ Ongagla 02 (St-‘rl) 7517 02 (St)>

for all s;41 and s;. To simplify notation, define

Dn,mfss (5t+17 St) - [anss ($t+17 St) T Dmfss (St+17 St)]

for all s, and s, and 1 <n <m < 2(ny, + ng, + n. +ny).°

When n =m, Dy nfss (St+1,5t) = Dpfss (St41, s¢) for all s;11 and sq.

10



Appendix A shows that our derivations depend on the following matrices:
Dl,nyfss <5t+17 St) 7Dny+1,2ny fss <5t+17 St) )
DQny—l—l,Qny-l—nx fss (5t+17 St) 7D2ny+nz+1,2(ny+nz)fss (St-l—la St) )

ID2(ny+ngE)+1,2(ny+ngg)+nE fss (St+17 St) 7D2(ny+nz)+n5+1,2(ny+nz+n5)fss <5t+17 St) )

DQ(ny—l—nx+n5)+172(ny+nx+ng)+ngfss (St—i—h St) ’ and DZ(ny-l—nx—l—ng)+ng+1,2(ny+nx+n5+n9)fss (5t+17 St)
for all s;y1 and s;.
Given the importance of these derivatives, we return to the RBC example for concrete

illustration. It follows from (2) that

e _ 1
D11 fss (Str1,5t) = s . Daofss (St41,5) = 1635 )
- a—2
(1—a)afexp (2£) k= 0
D3,3fss (St+17 St) - ,( 1) * Dy 4fss (St+17 St) exp(;) )
exp (;£7) g
B - a—1 g
—aff exp a—“ kzs (1—a)ces
D55 fss (St41,5) = ( . De6fss (5141, 5:) = exp( s s N
I —ia — — €Xp (1) ks ) o
B - a—1
—afexp (£2) it kS
D?sts (3t+1, St) = ( 1) ° , and D8,8fss (5t+175t) = ~ . °
_ 0 exp () s — exp () kS,

for all s;41 and s;.

3.1.2 Partial Derivatives of G

We now introduce the notation for the derivatives of G (z;_1, &, X, $¢). Let

DG (21-1,81, X, 8t) = [D;G' (21-1, 81, X, 50)] 1<i<ny+ng,1<j<ng+ne+1

refer to the (n, +n,) X (n, + n. + 1) matrix of first partial derivatives of G with respect to
(x4_1,€¢, x) for all z;_1,e4, x, and s;. Note that there are no derivatives with respect to s; since

it is a discrete variable. Similarly, we let

DG (xssa Ong) 0, St) - [DJGZ (xssa Ong) 0, St)j|

1§i§ny+nx71§j§nac+ns+1

11



refer to the (n, +n,) X (ny +n. + 1) matrix of first partial derivatives of G with respect to
(41,4, x) evaluated at (x4, 0,_,0,s;) for all s;.

To simplify notation, we define
DGss (s¢) = DG (245, 0,,,0, 8¢) and DjGis (s¢) = Dj((}i (s, 0n., 0, 5¢)
for all s; and 1 <7 <mn,+n, and 1 <j <n, +n.+ 1. Thus,

DGSS (st) = I:D]GZS (St)]

1<i<ny+ng,1<j<nz+nc+1
for all s,. Let D;Gg (s;) denote the j™ column vector of DGy (s;) for all s, and 1 < j <

n, + n. + 1. It follows that the first partial derivatives of G with respect to x;_; evaluated at

(Zss,0,., 0, 8) for all s; can be expressed as
[Dles (St) te Dnsts (525)] )

the first partial derivatives of G with respect to ¢, evaluated at (z,0,_,0, s;) for all s, can be

expressed as
[Dro+1Gss (5t) *+* Dpyn. Giss (51)]

and the first partial derivative of G with respect to x evaluated at (xg,0,,_,0,s;) for all s, is

Dnz+n5+1Gss (515) :

In contrast to one single first derivative in the constant parameter case, there are ng first deriva-
tives of G, one for each possible value of s;.

To simply notation further, we define
Dn,mGss (St) - [DnGss (325) T DmGss (525)]

for all s; and 1 < n < m < n, +n. + 1.7 Therefore, Dy, G, (s;) represents the first partial
derivatives of G with respect to x;_; evaluated at (zss,0,,.,0,s;) for all s, Dy, i1.n,4n.Gss (St)
represents the first partial derivatives of G with respect to ¢, evaluated at (xg,0,_,0,s;) for
all s;, and D, 1. +1Gss (s¢) is the first partial derivative of G with respect to x evaluated at

(2ss,0,., 0, 8;) for all s;.

"When n = m, then D, ,Gss (st) = DGy (s¢) for all s;.

12



3.1.3 Partial Derivatives of g and h

We are now ready to introduce the notation for the derivatives of g and h evaluated at the

steady-state. Denote

Dg ('Z‘SS7 077/57 0’ St) = [ngl ('Z‘SS7 0"’5’ O’ St)] 1§Z§ny71§j§nx+77/5+1

as the n, x (n, +n.+ 1) matrix of first partial derivatives of g with respect to (x,_1,¢&, X)

evaluated at (zg,0,_,0,s;) for all s, and

Dh («Tssa Ongv 07 St) = [Djhl (xsm Ongv 07 32&)}

1<i<ng 1<j<ng+ne+1

as the n, X (n, +n. + 1) matrix of first partial derivatives of h with respect to (z;_1,¢&s, X)
evaluated at (z4,0,.,0,s;) for all s;.

Simplifying the notation further, we define
Dyss (51) = Dg (255,05, 0, 5¢) and Djgy, (se) = D;g' (wss, 0., 0, 5¢)

forall s, 1 <i1<n,, 1<j<ng+n.+1, and
Dhys (s¢) = Dh (4,0,_,0,s;) and D;h’, (s;) = D;h" (245,00, 0, 5¢)

forall s;, 1 <7 <n,,and 1 <j <n,+n.+ 1. Thus,

Dgss (St) = [ng;s (St)] 1<i<ny,1<j <ng+ne+1

and Dhyg (s) = [D»hi

il (51)] 1<i<ng 1< <ng+net1

for all s;. Let D;gss (s¢) be the j% column vector of Dy (s;) and Djh, (s;) be the j7 column
vector of Dhy; (s;) for all s; and 1 < j < n, + n. + 1. We then define

Dn,mgss (325) - [Dngss (St) t Dmgss (525)] and Dn,mhss (St> - [Dnhss (St> tr Dmhss (St)]

forall s;and 1 <n<m<n,+n.+18

8When n = m, then Dy, ,gss (5¢t) = Dngss (st) and Dy, hss (8¢) = Dphss (s¢) for all s;.

13



As will be discussed in Section 3.3, the following matrices of first partial derivatives are our

ultimate computational objects to obtain first-order approximations to the model solution

{Dl,nxgss (St) 7D1,nx hss (St)}ztszl ) {an—l—l,nx—i—nggss (st) 7an+1,nx+n5hss (St)}:tszl )

s

and {an-l—ng—f—lgss (St) 7an+n5+1h58 (St)}Stzl )

where D ,,, gss (S¢) represents the first partial derivatives of g with respect to z;_; evaluated
at (Tss,0n.,0,8:) for all s;, Dy, hes (s¢) represents the first partial derivatives of h with re-
spect to x;_; evaluated at (z4s,0,_,0,s;) for all s, Dy, 1.0, 4n.ss (St) represents the first partial
derivatives of g with respect to ¢, evaluated at (z4,0,_,0,s;) for all s, Dy, 115,40 Pss (S¢) TED-
resents the first partial derivatives of h with respect to &, evaluated at (s, 0,,,0, s;) for all s,
Di,tn.+19ss (S¢) is the first partial derivative of g with respect to x evaluated at (z4s,0,._,0, s;)
for all s;, and D,,, 1. +1hss (s¢) is the first partial derivative of h with respect to x evaluated at
(2ss,0,., 0, 8;) for all s;.

Note that
D1y, Gss (s1) € C™w " Dy, hes(s) € C="=
DiyiingtneGss (5t) € C™" Dyiimyinhss (5¢) € C™7,
Dopinet19ss (s)) € C™*' and Dy, g1hgs (s0) € C
for all s;. The symbol C™ *™2 denotes an m; X mo matrix over the complex space. These com-
putational objects can be found by solving systems of equations obtained through the chain rule

using the first partial derivatives of G (z;_1, &, X, $¢). The next subsection shows the derivations

needed to obtain such systems of equations.

3.2 Derivations

We now show how to use the chain rule using the first partial derivatives of G (z;_1, &4, X, S¢) to

obtain systems of equations that are needed to solve for the matrices

{D1n.Gss (5t) , Drny s (525)}?::1 s ADnat1no4n9ss (), Dot ntnciss (525)}:::1 )

Ns

and {Dnz+ng+lgss (525) s Dngtnet1hss (‘St)}st:l .

14



Denote an m; X my matrix of zeros by 0,,,xm,. Since

G (z¢-1,€, X, 5t) = Ony 4y

for all x;_1, &4, x, and sy, it follows that

DG (xt—la Ety Xs St) - O(ny+nz)><(nz+n5+1)

for all x;_1, &, x, and s;. In particular,

DGSS (St> = O(ny+nz)><(nz+n5+1)

for all s; so that

Dl,nszs (st) = O(ny—l—nx)xnxa (11)
Dnz+1,nz+nEGss (325) = O(ny—l—nx)xngu

and Dy, 1n.+1Gss (51) = Ony+n,

for all s;. Note that in contrast to one single derivative in the constant parameter case, there
are n, first partial derivatives of G, one for each possible value of s;.
The three expressions in (11) imply three systems of equations that will be used to find the

needed matrices

{Dl,nxgss (St) apl,nx hss (St)}ztszl ) {an—l—l,nx—i—nggss (st) 7an+1,nx+n5hss (St)}:tszl )
and {Dnz+n5+lgss (525) 7Dnz+ns+1hss (St>}Z::1
respectively. In what follows, we describe how to use these three systems of equations in (11)

to obtain the needed matrices. We use the following steps to highlight the dependence between

these systems.
Step 1 The condition
Dl,nsts (325) - O(ny-l—nx)xnx

implies a system of quadratic equations that determines

{Dl,nzgss (St> 7D1,nzhss (St)}gtszl .
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Step 2 The conditions

,DananernsGSS (St) = O(ny+nz)xns and Dy, 4n. 116Gy (St> = Onernz

imply two linear systems of equations that determine

Ns

{Dnz+1,nz+nsgss (525) s Dngt1,np4n: s (St>}st:1

and
{an-i-ns—i—lgss (St) s Dngines1lss (St)}zt8:1

as functions of {D1 ., gss (8¢) , D1n, hss (s¢)}°

st=1"

Appendix A provides a detailed description of the derivations in Steps 1 and 2. In particular,
it derives the first partial derivatives of G needed to build the three systems. It shows that

{D1.1,9ss (t) s D1nyhss (s¢)}o°_, can be determined by solving ng systems of quadratic equations

St=1
of the form ) )
I,
Dl,nxgss (1) Inx
A(sy) . D1, hss (5¢t) = B (st) (12)
Dl,nzgss (325)
L Dl,nzgss (ns> ]

for all s;, where [,,, denotes the identity matrix of size m x m, and A (s;) and B (s;) are functions

of the first partial derivatives of f evaluated at the steady-state as

A (St> = |: ngzl pst,s’DQny—i—l,Qny-‘rnxfss (Sla St) pst,lpl,nyfss (17 St) e pst,nspl,nyfss (TLS, St) }

and
B (st) = - Zpst,s’ [ DZny+nx+1,2(ny+nx)fss (8/7 St) Dny+1,2nyfss (S/7 St) }
=1

for all s,.

Ns
St=1

The fact that we need to solve a quadratic system to determine {D ,,, gss (5¢) , D1, Fss (5¢) }
is one of the key discoveries in the paper. The quadratic system has, in general, many solutions.

Each solution corresponds to a different first-order approximation. Finding all the solutions to
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this quadratic system is a difficult task but is crucial to ascertain how many of them imply
stable approximations. In Section 4 we propose a new method to solve this quadratic system
for all its solutions.

Appendix A shows how, after finding a solution to (12), Step 2 implies that

Ns

{DananernsgSS (St) s Drgt1,np4n:Nss (525)}25:1 and {Danrnnglgss (St) s Dry et ihss (St>}st:1 can be

obtained by simply solving the following two systems of linear equations

D, 11,n041:9ss <1>

Drytnet19ss <1>

an—l—ng-l—lgss (ns)

Danrnnglhss <1>

Dy 1,n541.9ss (né‘)

-1
= [@6 @6} ¥, and
Danrl,anrnahss (1)

- e, cbx}_l\lfx,

i Dyt 1,np+nPss (ns) | Dy, not1hss (ns)

(13)
where
ne pl,s’Dny+1,2nyfss (3/7 1) O(anrny)Xny
0: =3 5 5 7
s'=1
O(nx—i—ny)xny T pns,s’Dny-l—l,Znyfss (517 ns)
ne pl,s’Dl,ny fss (517 1) Dl,nxgss (S/) O(anrny)an
03 |
s'=1
O(nx—l—ny)xnx pns,s’Dl,nyfss (3,7 ns) Dl,nzgss (S/)
e pl,s’,D2ny+1,2ny+nz fss (Sla 1) O(nx—i—ny)xnx
+ : ,
s'=1

O(nz+ny) XN

pns,s’DZny—i—l,Qny—l—nx fss (3/7 ns)

/
e pl,s’D2(ny+nz)+n5+1,2(ny+nz+n5)fss (S ; 1)
1115 - - E )
s'=1

/
pns,S’DZ(ny—f—nx)+n5+1,2(ny+nx+ng)fss (5 ,TLS)
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pl,s’Dny+1,2nyfss (Sla 1) o O(nac+ny)><ny

0, = >
- Omatminy 0 DoowDayirn, fus (5':110)
P11Din, fos (1,1) -+ p1n,Dig, fss (N, 1)
. : . : ’
P Diny fos (1,ns) o+ P Dim, fss (s, ns)
| oD s (5. ) D () - Oty e
@X _ Z . .
Oty <+ DD, fos (51 Di, s ()
- pl,sfpzny+1,2ny+nz fss (SI, 1) s 0(n,+ny)mz
+> : :
- 0o +ny) xns o DngsDony1,2ny4n, fss (8,15)
Pro D2(ny+nz+ns)+1,2(ny+nz+ns)+n9 fss (Sla 1) Do, (51) +...
. Doy +no+ne)+no+1,2(ny +no+ne+no) fss (8, 1) Dbss (1)
and U, = — Z : ;
- . Doy tnatne)+12(ny+natne)+ng fss (87, 15) Dlss (8) + ...
i 7 D2(ny+nz+n5)+n9+1,2(ny+nz+ns+n9)fss (s',n5) DOy (ns) i

where D0, (s;) denotes the derivative of 0 (x, s;) with respect to y evaluated at x = 0 for all s,.
That is,
D@ss (815) = D0 (0, St) = [DJGZ (O, St)]

1<i<ng,j=1
for all s,.

Since @, and @, depend on {Din,Gss (5t), Din,hes (1)}, we must solve (12) prior to
solving (13). Since (13) is just a linear problem, we have that, first, there is a different solution to
(13) for each solution to (12) and, second, the bottleneck to finding first-order approximations is
obtaining {D1 n, gss (5t) ; D1n,hss (5¢) }or_y by solving the quadratic system (12). The bottleneck

will be fully discussed in Section 4.
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3.3 Approximations

Given a solution to (12) and (13), it is straightforward to build a first-order approximation to
the solutions of the MSDSGE model represented by Equation (1). Let a ¢t and Afirst be

first-order approximations to g and h around the point (x4, 0,,_,0, s;). It follows that

first (

g Ti—1,€ X» St) — Yss = [Dlgss (St) T angss (St)] (:Et—l - xss)

+ [an-i-lgss (5¢) - - DpytneIss (St)] €t + Dpytnet19ss (51) X

and

hﬁrSt (xtfh Ety X St) — Tgs = [Dlhss (St> e ,Dnzh'ss (St>] (.ﬁL’t,1 - xss)

+ [Dnz+1hss (525) “+* Dppinc s (St)] €t + Dnyinot1hss (St> X

for all z;_1, ¢4, and s;. Hence, first-order approximations can be rewritten as

first (

g Ti—1,E€5 X» St) — Yss = Dl,nxgss (st) (xt—l - xss) + an—l—l,nx—l—nggss (st) &t + an—f—ng—l—lgss (St) X

and

hﬁrSt (xt—la €ty X St) — Tgs = Dl,nxhss (st) (xt—l - xss) + an-l—l,nx-‘rnghss (st) &t + an—l—ng—i—lhss (St) X

for all x;_1, &4, and s;. To express them in compact form, we have

first (

g Ti1,Et, X5 St) — Yss = Dyss (S¢) St,

)
where S, = | (21 —2.)7 ¢ y | and

hﬁrSt (xtflv €ty X St) — Tss = Dhss (315) St

for all x;_1, ¢4, X, and s;.

We summarize what we have developed and what our next task is. For first-order approx-
imations, Section 3.2 lays out a procedure for obtaining the matrices Dy s (s;) and Dhgs (s¢)
for all s;. The bottleneck is to obtain {Di,,9ss (5¢), D1, hss (81)},°_; by solving the quadratic

system (12). Once the bottleneck is removed, the task of obtaining first-order approximations
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only involves solving linear systems. As mentioned, the quadratic system has, in general, many
solutions. Each solution corresponds to a different first-order approximation. Finding all the
solutions to a quadratic system is central to ascertaining how many approximations are stable.
Section 4 is devoted to dealing with this bottleneck by finding all the solutions to the quadratic
system (12).

3.4 Feature of No Certainty Equivalence

As pointed out by Schmitt-Grohe and Uribe (2004), the certainty equivalence of first-order
approximations is a main result for a constant parameter model. This result implies that first-
order approximations to constant parameter models are inadequate for analyzing interesting
behavior such as economic agents’ responses to risk. For example, van Binsbergen et al. (2008)
and Rudebusch and Swanson (2008) argue that, when using constant parameter models, at least
second-order approximations are needed to analyze the effects of volatility on agents’ decisions.

While second-order approximations nullify the result of certainty equivalence, they result in a
substantially higher degree of computational difficulty in performing likelihood-based estimation,
as documented by Ferndndez-Villaverde and Rubio-Ramirez (2007). We show in this section,
however, that first-order approximations to the solutions of MSDSGE models are not necessarily
certainty equivalent. This salient feature opens the door to analyzing risk-related behaviors using
first-order approximations.

To see how certainty equivalence arises in first-order approximations in constant parameter
models, consider Equation (13) with only one regime so that ny = 1. In this degenerate case,

we have

Dn Ne S8 ]-
[@X (I)X} s+net19ss (1) _ (14)
DanrnEJrlhss (1)

where

o o ]=

[ Dny+1,2nyfss (17 1) + Dl,nyfss (17 1) Dl,nyfss (17 1) Dl,nzgss (1) + D2ny+1,2ny+nzfss (17 1) ]
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and \I/x _ DZ(ny—an+n5)+1,2(ny+nx+ng)+nefss (17 1) Dess (1) Tt
DQ(ny-l—nx-l—ng)+n9+1,2(ny+nx+n5+ng)fss (17 ]-) Dess (]-)

Because 6 (y, 1) = 6 in any constant parameter model, we have D0 (1) = 0,,,, implying that
U, = Opn,4n,- Therefore the linear system (14) is homogeneous. If a unique solution exists, it is
given by
Dppinet19ss (1) = Op, and Dy, n. 115 (1) = On,. (15)

For the constant parameter case, first-order approximations to policy rules are

first (

g Tt—1,Et, X 1) — Yss = Dl,nxgss (]-) (xt—l - xss) + an—l—l,nx—l—nggss (1) &t + an—f—ng-l—lgss (1) X

and

hﬁrSt (xtflu €ty X 1) — Tgs = Dl,nzhss (1) (xtfl - xss) + Dnz+1,nz+nghss (1) &t + ,DanrnEJrlhss (1) X

for all x;_; and ;. Using (15) and these policy rules evaluated at x; | = x4 and g, = 0,,_, we

have

gﬁrSt (:Essa 077/5’ ]-7 1) — Yss = Onya

hﬁrSt (xssa Onga 17 1) — Tss = Onz

That is, first-order approximations to the solutions of the constant parameter model are certainty
equivalent.

With this insight we turn to the MSDSGE case. It is clear from Equation (13) that a
necessary condition for first-order approximations not to display certainty equivalence is W, #
Ony(no+ny)- Let us analyze the circumstance under which the condition Wy # 0y, (n,+n,) is true.

For visual convenience, we rewrite the expression for ¥,

P D2(ny+nz+n5)+1,2(ny+nz+n5)+n9fss (Sla ]-) Dess (SI) + ...
1,8’
e D2(ny+nz+ng)+n9+1,2(ny+nz+na+ne)fss (S/a 1) Dess (1)
S
s'=1
P D2(ny+nz+ng)+1,2(ny+nz+ng)+n9fss (3/7 ns) Dess (3/) + ...
| D2(ny+nz+ng)+n9+1,2(ny+nz+n5+ne)fss (s',n5) DOy (ns) i
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Clearly, if DO, (s¢) = 0y, for all s;, then U, = 0, (n,4+n,). Thus, a necessary condition for
Wy # On.(ny+n,) to hold is Dl (s;) # O, for some s,. Given the partition of 6, described in (5)
and (6), we have

D (s0) = | B ()7 07, | -

It follows that DO (s;) # 0, for some s; if and only if @1 (s¢) # Oy, for some s;. In sum, a
necessary condition for W, # 0, (n,+n,) to hold is o, (st) # 0y, for some s;.
The condition /9\1 (s¢) # One1 for some s;, however, is insufficient for ¥, # 0, (s, 4n,) to be

true. A sufficient condition is

e D2(ny+nz+ng)+1,2(ny+nz+ng)+n9fss (3,7 St) Dess (3,) +
Zpstv ! , # Onac“l‘ny
s'=1 DQ(ny+nx+n5)+n9+1,2(ny+nx+n5+n9)fss (S ; St) Dess (325)

for some s;. This additional condition holds if 8;; does not enter the equilibrium conditions
multiplicatively with a variable to which the first partial derivative of f is zero when evaluated

at the steady-state. The following proposition summarizes our findings.

Proposition 2 First-order approximations to the solution of an MSDSGE model are not cer-

tainty equivalent if and only if both 0, (st) # 0py, and

o D2(ny+nz+ns)+172(ny+nz+ns)+n9fss (8,7 St) Dess (8,) _'_
Zpsty ! # Onac“l‘ny
=1

DQ(ny-l—nx—l—ng)+n9+1,2(ny+nx+n5+n9)fss (5/7 St) Dess (St)

for some s;.

Proof. The “if” part of the proof has been provided in the analysis prior to the stated propo-
sition.

For the “only if” part, we prove it by contradiction. Note that the only way for
D”z+”s+1g38 (St> = Ony and Danrnnglhss (325) = Onz
is for W\ = 0y, (ny4n,). Suppose @1 (s¢) = 0y, for all s;. Then Wy = 0, (n,4n,) and

D”z+”s+1g38 (St> = Ony and Danrnnglhss (325) = Onz
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for all s;. It follows that first-order approximations are certainty equivalent.

Now suppose 51 (s1) # 0y, for some s; but

Ns / /

DQ(ny+nx+ns)+172(ny+nx+ns)+n0fss (8 ) St) D935 (8 ) _'_
E Ps¢,s' = Onytn,
=1

D2(ny+nz+n5)+n9+1,2(ny+nz+n5+n9)fss (5/7 St) Dess (St)

for all s;. In this case, it is straightforward to see that W, = 0,,(,4n,) and

an—l—ng—klgss (St) - Ony and an+n5+1h58 (St) = Onx

for all s;. It follows that first-order approximations are certainty equivalent.
These contradictions establish the proof of the “only if” portion. m
Proposition 2 implies that if first-order approximations are not certainty equivalent, approx-

imated policy rules evaluated at x;_y = x5 and ¢, = 0,,_ are either

first (

g Tgs, Onga 17 St) - yss = Dnz+n5+1gss (St) # Ony

or
hﬁrSt (:Essa 077/57 ]-7 St) — Tss = an—l—ng—i—lhss (St) 7& Onx

for some s;.

4 Generalized Quadratic System and New Solution Method

One main discovery in this paper is that we identify solving a system of quadratic equations as
the sole bottleneck in obtaining first-order approximations to the solutions of MSDSGE models.
Once this bottleneck is removed, we need solve only two systems of linear equations to obtain
first-order approximations. In this section we show how to find all the solutions to this quadratic
system by introducing a new method. Finding all the solutions is essential to determining how
many first-order approximations are stable. Section 4.1 characterizes the quadratic system.
Section 4.2 proposes a new solution method by applying the theory of Grébner bases. We show
that the number of solutions to the quadratic system is finite in most cases and define both
the concept and the condition of stability to be used in the paper. Section 4.3 uses our RBC

example to demonstrate how to apply our methodology.
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4.1 Generalized Quadratic System

To understand the difficulty of solving a system of quadratic equations represented by (12), we
begin with the constant parameter case in which ny = 1. In this case, it is well understood that
one can map this special system of quadratic equations to the generalized Schur decomposition
problem related to the matrices A(1) and B(1). Thus, solving this special system of quadratic
equations is equivalent to using the standard matrix algebra procedure to find all the solutions.

In the Markov-switching case when n, > 1, there are ng systems of quadratic equations

represented by (12). Stacking these systems all together expands to a generalized system

Ns

* . Because
s=1

of (ny, + ny)ngn, quadratic equations with unknowns {D1,,, Gss (S) , D1, hss ()}
{D1,n,9ss (s)}.2, appear in every system of the n, systems, the generalized quadratic system
can no longer be mapped to the generalized Schur decomposition problem.”

The quadratic system represented by (12) has multiple solutions in general.'® Each solution
implies a different first-order approximation. It is crucial that we find all the solutions and then

determine how many imply stable approximations. For this purpose we develop, in the next

section, a new method by applying Grobner bases to our problem.

4.2 New Solution Method
4.2.1 Grobner Bases

The quadratic system discussed in Section 4.1 is simply a system of quadratic polynomials.
Grobner bases provide a computationally practical means to obtain all the solutions to a system
of polynomial equations. A more detailed description of Grobner bases is provided in Appendix
B. In this section we provide an intuitive explanation of how to apply Grobner bases to solving
a system of multivariate polynomials.

Suppose one wishes to find all the solutions to a system of n polynomial equations in n

9The intuition is that the generalized Schur decomposition cannot deal with the 2ns matrices A(1),..., A(ns)

and B(1),...,B(ns) when ng > 1.
0For the remainder of the paper, we refer to the generalized quadratic system (12) as the quadratic system.
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unknowns
f1<.§l,’1,...,33‘n) = 0,...,fn(371,...,37n) = O

There exist a number of computationally efficient routines that can transform the original system
of n polynomial equations to an alternative system of n polynomial equations with the same
set of solutions. The following proposition, known as the Shape Lemma, describes a useful

transformation into a reduced Grobner basis.

Proposition 3 Let
filze, .o xn) =0, fulzr, ..., x,) =0

be a system of n polynomials in n unknowns. Under certain reqularity conditions, there exists

the following set of n polynomials in n unknowns with the same set of roots:

1 —q () =0,..., %01 — @1 (zn) = 0,q, (z,) =0,
where each q;(x,) is a univariate polynomial.

Proof. See Appendix B for details. m

There are several important aspects to Proposition 3. First, the alternative set of polynomials
in Proposition 3 is known as a Shape basis, a special kind of reduced Grobner basis. Second, the
regularity conditions, referred to in Proposition 3 and detailed in Appendix B, are satisfied by
the quadratic system in most economic problems. Third, the roots of the univariate polynomial
¢n (z,) can be found by any standard root finding algorithm. Fourth, once a root of ¢, (z,) is
found, one can easily compute ¢;(z,) to obtain zy, ...z, 1.

A large strand of the literature deals with the computation of reduced Grébner bases. Buch-
berger (1998)’s algorithm is the original technique. Subsequently, many more efficient variants
have been proposed. We refer the interested reader to Cox et al. (1997). In this paper we use
Mathematica to find a Shape basis.

To illustrate how powerful Proposition 3 is, consider the following example featuring a system
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of quadratic polynomials in four unknown variables x1, ..., z4:

1Ty +x304+2 = 0,
T1To + o3 +3 = 0,
123 + Taxq + x40 + 6 = O,

r1T3 + 2.1’1.1’2 +3 = 0.
A Shape basis is

1
(925 + 627 — 1524) = 0,

Try — 2_8
1
Tg — %(—9:53 — 625 +9914) = 0,
1
T3 (=325 — 923 — 224) = 0,

14
325 + 927 — 1922 —49 = 0.

The last polynomial is univariate of degree six in x4. The six roots of this polynomial are
{1.55461, —1.55461, 1.395924, —1.395924, 1.862327, —1.86232i} .

Each of these roots can be substituted into the first three equations to obtain the following six

solutions:

{z1 = 2.89104, x5 = 1.7728, x5 = —4.58328, x4 = 1.55461},

{1 = —2.89104, 25 = —1.7728, x3 = 4.58328, x, = —1.55461},
{zqy = 0.372997i, xo = 3.81477i, x3 = 0.41342i, x4 = 1.39592i},
{z1 = —0.3729971, x5 = —3.81477i, x5 = —0.41342i, x4, = —1.39592i},
{z1 = 4.81861i, x5 = 0.768342i, x5 = —0.914097i, x4 = 1.86232i},

{xry == —4.81861i, x5 = —0.768342i, x5 = 0.914097i, x4, = —1.86232i}.

It is straightforward to show that these roots solve the original system of quadratic equations.
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4.2.2 A Finite Number of Solutions

One of the regularity conditions for finding reduced Grobner bases is that the quadratic system
has finitely many solutions. This condition is met in most economic problems. To see why this
result is true, let us first consider the constant parameter case when ng = 1. If the solution of
the model has a unique stable first-order approximation, the usual practice, as in Schmitt-Grohe
and Uribe (2004), involves constructing this stable approximation by ordering the generalized
eigenvalues of the two matrices A (1) and B (1) in a particular way. In general, however,
the quadratic system has multiple solutions. Each solution implies a different first-order ap-
proximation. Some of these solutions may imply unstable approximations. For most economic
problems, the full set of approximations (stable and unstable) can be found by changing the
order of generalized eigenvalues. Hence, the number of approximations is related to the number
of possible orderings of eigenvalues. Therefore, the number of solutions to the quadratic system,
and therefore the number of approximations (stable and unstable), is bounded by
rank (A (1)) — Nego (rank (A (1)) — nego)!

" (Na — Newo)! (rank (A (1)) — ng)!’ (16)

Ng — Nexo

where n.,, is the number of exogenous predetermined variables so that 0 < n.., < ng,, rank (A (1))
stands for the rank of the matrix A (1).!' This result is familiar to most readers.

Now consider the Markov-switching case when ng > 1. We have the quadratic system or
ns quadratic systems of the form (12). If s, were fixed for all ¢, the number of solutions to the
quadratic system, and therefore the number of approximations (stable and unstable), would be

bounded as in (16). Since we have ng regimes, the total number of solutions to the quadratic

UNote that the matrix A (1) may not be of full rank when there are redundant variables that are linearly
dependent upon others and consequently can be eliminated from the quadratic system. A simple example is a
leisureless RBC model with three variables (capital, consumption, and output) and three equations (the Euler
condition, the resource constraint, and the output definition). If we eliminate the output definition equation and

the output variable, the newly formed matrix A(1) will be of full rank.
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system for most parameter configurations is bounded by

Ns

rank (A (sy)) — Neo ((n (rank (A (51)) = Nexo)! )n

e =\ (e — Ttewg)! (rank (A (50)) — na)!

Ny — Nexo

where rank (A (s;)) stands for the rank of the matrix A (s;) for all s;.'2

Once we know that the number of solutions to the quadratic system is finite, we can use
Mathematica to obtain reduced Grobner bases for finding all solutions to the quadratic system
and, hence, all first-order approximations. The next question is whether any of the approxima-

tions are stable and if so, how many. We address this question in the following section.

4.2.3 Mean Square Stability

In the constant parameter case, whether a first-order approximation is stable or not can be
determined by verifying whether its largest absolute generalized eigenvalue is greater than or
equal to one, a condition that holds for most concepts of stability. In the Markov-switching case,
the problem is subtle and complicated, and there are alternative concepts of stability. Given a
first-order approximation, we use the concept of mean square stability (MSS) as defined in Costa
et al. (2005). Farmer et al. (2009) discuss several advantages of using the MSS concept over
alternative ones such as the bounded stability. First, under MSS, even if the largest generalized
eigenvalues associated with one particular regime is greater than one, the system, as a whole, can
nonetheless be stable. Second, MSS permits applications in which the system has unbounded
errors and hence unbounded state variables. This unbounded feature holds in our RBC example
with the normally distributed shocks to TFP. Third, in the case of Markov-switching, necessary

and sufficient conditions for the MSS are easily verifiable, whereas other stability concepts do

12For rare configurations of parameters, there may exist infinitely many solutions or the algorithm used
by Mathematica to find reduced Grobner bases ceases to converge. In such a case, numerical procedures
can be used to solve the generalized quadratic system (12) to find one or possibly more solutions, although
none of those proecdures is guaranteed to find all solutions. Appendix C describes one such numerical pro-
cedure. Alternative numerical methods, such as Newton’s algorithm used in the RISE toolbox of Maih (2013)
(https://github.com/jmaih /RISE_toolbox), may be used to find solutions, but again with no guarantee of finding

all solutions.
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not have such conditions. Specifically, the MSS requires verifying whether the following matrix

has all its eigenvalues inside the unit circle

T=(PT@lLs)T, (17)
where ) )
Dy, hss (1) @ Dy yyhss (1) - -+ On2 xn2
. 02 . Ot
I On2 xn2 ++ Din,hss (ns) @ Dy, hs (1) |

In the Markov-switching case, after we use a reduced Grobner basis to obtain all the solutions
for {D1,n,gss (81) , Dim,has (1)}, we verify, for each solution, whether the matrix T has all
its eigenvalues less than one. If only one solution satisfies the MSS criterion, the model has
a unique stable first-order approximation. If there is more than one solution that satisfies the
MSS criterion, the model has multiple stable first-order approximations. If none of the solutions
satisfies the MSS criterion or if there is no solution to the reduced Grobner basis, the model
does not have any stable first-order approximations. At this point, it is worth emphasizing
that the stability of a second-order approximation (to be defined below) depends only on the
stability of its first-order approximation component. In other words, stability depends only on

the eigenvalues of the matrix Y. The same is true for higher-order approximations.

4.3 The RBC model

At this junction we view it as instructive to use the previous RBC example to illustrate our

methodology developed thus far. Consider the following parameterization:

a B 0 a iz ﬁ(l) ﬁ(Q) P11 P22
0.3300 0.9976 0.0250 0.0002 0.00333 0.00167 -—0.00163 0.90 0.90

The growth rates 1471 (1) and i+ i (2) correspond to regimes where annual output growth rates
are 3 percent and 1 percent respectively, 5 corresponds to a risk free annual rate of 3 percent

in the steady-state, and o is set to match the total volatility of TFP growth as estimated in
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Ferndndez-Villaverde and Rubio-Ramirez (2007). The standard calibration of v implies a capital
share of one third, and the value of § implies an annual depreciation rate of approximately 10
percent, both in the steady-state. Note that regimes are symmetric in the sense that p;; = pa 2.

Given this parameterization, the steady-state values of capital and consumption are ks, =
32.0986 and cs, = 2.18946. We compute the first partial derivatives of f with respect to all the

variables evaluated at the steady-state:

0.20861 —0.2086 0.00031
DLlfss (3t+1, St) = ) D272fss (3t+1, St) = ) D373fss (5t+1, St) =
0 1 1.00499
0 0 0.00014
D4,4fss <5t+17 St) = ) D5,5fss (St+17 St) = ) D6,6fss (St+17 St) =
—1.0074 0 0.00900
—0.0147 0.68169
D7,7fss (St+17 St) = , and D&sts (St+17 St) =
0 44.9953

for all s;,1 and s;.
Using these results, one can build the quadratic system as in (12) and solve for
{D1.1Gss (8t) s D11hss <3t)}zt3:1- Remember that in this example, n, = 1, n, = 1, and n, = 2.

The new method leads to the following four solutions

Dl,lhss (1) Dl,lgss (1) Dl,lhss (2) Dl,lgss (2)

1
2

(1) || 0.96364 0.03896 0.96364 0.03896

(2) || 1.04023 —0.0380 1.04023 —0.0380

(3) || 1.11326 + 0.116871¢ | —0.1114 — 0.117457 | 1.11326 + 0.11687¢ | —0.1114 — 0.11745i
(4)

4) | 1.11326 — 0.1168717 | —0.1114 + 0.11745¢ | 1.11326 — 0.116877 | —0.1114 + 0.11745¢

Mathematica finds the four solutions in less than a hundredth of a second. Using the results
in Section 4.2.3, one can verify that only solution (1) implies a stable first-order approximation
under the MSS criterion. Normally, when you have a unique stable first-order approximation,

you call it the first-order approximation. Thus, if we let ¢, = ¢; — cqs, /%t,l = k;_1 — kg, and
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T
S=1| k.1 & x| thefirst-order approximation to the solution of the model is

Ct 0.03896 0.00028 0.00972
N = t
ky 0.96364 —0.0092 —0.0843

if s, =1, and
Ct 0.03896 0.00028 —0.00972
N = t
ky 0.96364 —0.0092  0.0843

if s; = 2, where the rest of the derivatives used to form the first-order approximation can be
obtained by solving the linear system defined in (13).
The approximation highlights Proposition 2. First-order approximations are, in general, not

certainty equivalent. Since 71 (s;) # 0 for all s; and

> pes (Drafes (550 Dy (8') + D s fus (5, 5¢) Dbs (1)) # 03

s'=1
for all s;, first partial derivatives of g and h with respect to x will be nonzero. That is,

D3gss (¢) # 0 and Dshgg (s¢) # 0.

5 Second-Order Approximations

Having shown how to construct first-order approximations to the solutions of the MSDSGE
model, we now show how to construct second-order approximations. In Section 5.1, we introduce
additional notation. In Section 5.2, we use the notation to derive second-order approximations to
the model solution. We show that given first-order approximations, second-order approximations
can be obtained by simply solving linear systems. This fact emphasizes that the bottleneck to
find both first-order and second-order approximations is solving the quadratic system defined

by (12). Section 5.3 returns to the RBC model for illustration.
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5.1 Additional Notation
5.1.1 Second Partial Derivatives of f

We begin with additional notation in regard to second partial derivatives of f*. Denote

Hfés (St41,5¢) =
|:D]€Djfz <y857 Yss; Lssy Lss, 077/57 On57517 52 (St—i—l) 751752 (St)):|

1§j7k§2(ny+nx+ns+ne)
for all s;41 and s; as the 2 (n, + n, + ne +ng) x 2 (n, + ny, + ne + ng) matrix of second partial

derivatives of fifor 1 <i < n, + n, with respect to all its variables evaluated at

(y357 Yssy Tssy Lss) Onga 0n57§17/9\2 (StJrl) 7517§2 (St)> .

To conserve space, we do not represent the second partial derivatives of f for our RBC example

(they are available upon request).

5.1.2 Second Partial Derivatives of G

Let
HG' (Te-1,86, X, 8¢) = [DijGi (Te—1, €0, X, St)]

1<j,k<ng+ne+1
be the (n, +n. + 1) x (n, + n. + 1) matrix of second partial derivatives of G* with respect to

(1-1,¢€¢,x) for all z;_1,¢,, and s, and 1 <1i < n, + n,. It follows that

HGZ (l‘ssa 077/57 07 St) - [DijGZ (xssa Ong) 07 St):|

1<j,k<nz+ne+1

is the (ng +n. +1) X (ng + n. + 1) matrix of second partial derivatives of G* with respect to
(w4-1, €1, x) evaluated at (x44,0,,,0,s;) for all s, and 1 <i < n, + n,.
To simplify notation we define
HG, (s;) = HG" (245,0,.,0,8;) and DyD;G, (s;) = Dy D;G' (74, 0,_, 0, 5¢)
for all s, and 1 <7 <mn,+n, and 1 <j k <n, +n.+ 1. Thus,
HG, (5¢) = [DijG;s (St)] 1<), k<ng+net1

for all s, and 1 <@ < ny + n,.
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5.1.3 Second Partial Derivatives of g and A

We now introduce the second partial derivatives of g and h. Let

Hg' (211,60, X, 81) = [kajgi (Te-15 €6, X Stﬂ 1<) k<netne+1

be the (n, +n. + 1) x (n, +n. + 1) matrix of second partial derivatives of g* with respect to

(41,64, x) for all x,_q,e;, and s, and 1 <14 < n,,. It follows that

ng (xssa Onga 07 St) = [kajgz (xsm Onga 07 St)]

1<j,k<nz+n+1

is the (n, +n.+1) x (n, +n. + 1) matrix of second partial derivatives of g* with respect to
(-1, €4, x) evaluated at (x44,0,,_,0,s;) for all s, and 1 <i < n,,.

To put in compact notation we define
%g;s (St) - Hgés (l‘ssa 077/57 07 St) and Dk‘ng;s (St) - Dk:ngl (x887 077/57 07 St)
for all s, and 1 <¢<nyand 1 <j,k <n, +n.+ 1. Hence,

Hgis (st) = [kajgi (%55, On., 0, St)} 1<, k<ng+ne+1

for all s, and 1 <7 < n,,.
Let
th (xt—la €ty Xs St) = [Dijhl ("L‘t—la €ty X st)]

1<j,k<nz+ne+1
be the (n, +n. + 1) X (n, +n. + 1) matrix of second partial derivatives of h? with respect to

(41,4, x) for all 2,1, &4, and s, and 1 < i < n,. It follows that

th (l‘ssa 077/57 07 St) - [kajhz (l‘ssa 077/57 07 St):|

1<j,k<ng+nc+1

is the (ng +mn. +1) X (ny +n. + 1) matrix of second partial derivatives of h* with respect to
(41,4, x) evaluated at (xg,0,,_,0,s;) for all s, and 1 <7 < n,.

If we define

Hh’;s (815) = Hh’;s <x537 0”57 07 St) and ,Dk,D]h’lss (St> = ,DkDJhl <x887 On57 07 815)
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for all s;, 1 <7< n,,and 1 < j,k <n,+n.+ 1, then we have

Hh, (s;) = [Dijhi (ss, 0, 0, st)}

1<j,k<ngs+ne+1

for all s; and 1 < i < n,.
With these definitions, the second partial derivatives of g and h evaluated at the steady-state

can be expressed as

vee (gl ()" |
Hss (st) = '
vec (Hggsy (st))T
and :
vec (Hhl, (s¢))"
Hhss (s1) = '
vec (HhZz (s¢))7
for all s;. )

5.2 Approximations

Let gsecond and psecond he a second-order approximation to g and h around the point (2, 0,,_, 0, s;).

With the additional notation introduced in Section 5.1, we have

1
gsecond (xtfla Ety X, 525) — Yss = Dgss (St> St + 57'[933 (325) (St ® 815) )

.
where S, = | (z_y —x4)7 €] x | isan (ng +mn. + 1) x 1 vector. Similarly, we have

1
hsecond (xtfla 6 X, St) — Tgs = Dhss (325) St + 57‘”7,35 (825) (St ® St) .

Similar to our analysis in Section 3.2, given the first-order approximations, the remaining

task is to derive the matrices

{{Has, (s} {HR (s} (18)

st=1

for all s;, where Hg', (s;) € CratnetUxmatntl) for all 5, and 1 < i < n, and Hhi, (s;) €

Cnatnet)x(netne+1) for a]] g, and and 1 < i < n,.
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As in the case of first-order approximations, we use the chain rule and the second partial

derivatives of G (x4_1, &, X, S¢) to obtain the systems of equations that can be used to solve for

the Hessian matrices expressed in (18). Since
G (T1-1,80, X, 8t) = Onytna
for all x;_1, &4, x, and s, it must be the case that
HG' (Tt-1,€6, X5 8t) = O(ngtmet1)x (natnet1)
for all y_1,¢&¢, %, s¢ and 1 <4 < n, + n,, and in particular
HGis (8¢) = Ofngtnet 1)x (naetnet1)

for all s, and 1 <4 < n, + n,.'* It follows that

7 i
Hlvnz§17nsts (St) = Onz XNz ) Hlynz;nz+17nz+nsGss (St> = Onz XMNe )
i _ i _
Hlvnz;nz“rns‘f’lGSS (St) - O"z? an+1ynz+ns§nz+1ynz+n£GSS <St) - O”E><”E7
7 i
Hpt 100 tnematne+1Gys (51) = Oney and Hypinet1im, +0.41G, (5¢) = 0

for all s, and 1 <7 <n, + n,, where we have used the following definition

Dn1 Dml Gés (St> s Dnl ,Dm2Gis (St>
Hn17n2;m17M2Gis (St) - : . :
,DmDﬂnGis (St) s 'DmanGis (St)

for all s;, 1 <ny,mq <ng,ma <ng+n.+1,and 1 <i<n,+n,."

(19)

By Young’s Theorem, all the Hessian matrices in (18) and {HG, (st)}:l::rny for all s; are symmetric. In

the following, we exploit this fact whenever it is applicable and focus on only the relevant portion of the Hessian

matrices.
14When m; = my we have
Dnl Dml G;s (St)

Hnl,m;mlGis (s¢) =
DnIDmIGis (St)
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All the equations in the systems represented in (19) depend on

{Dl,nxgss (St) 7D1,nx hss (St)}ztszl ) {an—l—l,nx—i—nggss (st) 7an+1,nx+n5hss (St)}:tszl )

s

and {Dnz+ng+lgss (525) s Dngtnet1hss (‘St)}st:l .

Thus, one must obtain first-order approximations prior to obtaining second-order approxima-
tions. The following steps describe how to use the systems in (19) to obtain the Hessian matrices

expressed in (18) and highlight the dependence between these systems.

Step 1 The condition 7-[17%;1,%@28 (st) = Op,xn, for 1 < i < mn, + n, implies a linear system of
Na Ns

equations that determines the solution for {{H1,,;1.n, 9% (56) 1) s {Hamastna Bls (50}

Step 2 Given the solution from Step 1, the condition Hj ., ., +1m.t+n.Gls (8¢) = Opysn. for 1 <@ <

n, + n, implies a linear system of equations that determines the solution for

Ns

{{Hl,nz;ananernsgis <8t)}?:yl Y {Hlynz§nz+1,nz+ns h':lSS (St>}:/:xl si=1"

Step 3 Given the solution from Step 2, the condition H1 .., +n. 111G, (1) = 0, for 1 < i < ny+n,

implies a linear system of equations that determines the solution for

{{Hlynz;nz‘f’ns‘i’lgis (St> 7:1/1 ’ {Hlynz;nz‘f’ns‘i’lhis (815)}?:961

Ns

St=1 :

Step 4 Given the solution from Step 1, the condition Hy, 11, tnomet 1.0, tn.Ghy (5¢1) = Opxn. for

1 <@ < ny + n, implies a linear system of equations that determines the solution for

Ng Ns

{{an+1,nx+ns;nx+1,nx+nsgés (St)}?:y1 ) {%nx+1,nx+ns;nx+1,nx+nshfss (St)}i:1 si=1"

Step 5 Given the solutions from Steps 1 and 3, the condition H,,, 1.0, 0. nytnemsin.+1Gh (8¢) =

0y, for 1 <4 <n, + n, implies a linear system of equations that determines the solution

ne ) Ms

for {{an-i-l,nx—l—ns;nx-i-ns—klgés (St)}?:y1 ) {an—I—Lnx-I—ns;nx—i—ns-i—lhis (St)}i:1

si=1"

for all s¢, 1 <ny,m; <ng <ngz +ne+1,and 1 <i <ny +n,. When ny = ng we have
Hoyima,ma Gl (1) = [ Dy D, Gi, (51) ... Dy D, G (1) }
for all s¢, 1 <ny,m; <mg <nz+n.+1,and 1 <i <n,+n,. When m; =my and n; = ny we have
Hy;mi Gls (56) = Dy D, G, (1)

for all s¢, 1 <ni,my <ngz+n.+1,and 1 <i <ny, +n,.
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Step 6 Given the solutions from Steps 1, 3 and 4, the condition Hnﬁnsﬂ,nﬁnsﬂ(@is (s¢) =0 for
1 < i < ny + n, implies a linear system of equations that determines the solution for

Ny ) Ms

{{an+ns+1,nx+ns+19§s (St)}?:yl ) {an+ns+1,nx+ng+1his (St)}izl

si=1"
In the steps described above, we have used the following definitions:

Dy Dy Gas (5t) -+ Dy Dy g (1)
Hony mzians s G (51) = ; ' :
I Dy, Dinygly (s0) - DuyDpygt, (st)
for all s, 1 <ny,my <ng,me <ny+n.+1,and 1 <i < ny;

Dn1Dm1 hgs (St) s Dnleths (St>

Hm,nz;ml,mz his (St> =

Dn1Dm1 h;s (St) s Dn2Dm2his (St>

for all s, 1 <ny,my <ng,me <ng+n.+1,and 1 <i <n,.t?

IWhen mq = mo, we have

Dnlpmlgés (St)
H’nlqn%mlgi’s (St) =
L Dnlpmlgés (St)

for all s¢, 1 <ny,m; <ng <ny+n.+1,and 1 <i<ny;

[ Dy, Dy i, (52)

mi1'Yss

Moy naima h’is (s¢) =

L Dn1D hz (St)

mi1'¥ss

for all s, 1 <ny,my <no <ng+n.+1,and 1 <i <n,. When ny = ns, we have
Hosomymaha (52) = | Do Dinsgly (50) - DoyDiaty (1) |
for all s¢, 1 <ni,mp <mg <ng +ne+1,and 1 <i <ny;
Hosmamahis (50) = | Doy Diahiy (s0) .. DuyDuahi (s1) |
for all s, 1 <ni,my <mo <ng+n.+1,and 1 <i <n,. When m; = msy and n; = ny, we have

/H’M;mlgis (St) = Dnlpﬂhgis (St)
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Appendix D provides a detailed description of the derivations for Steps 1 to 6. In particular,
it derives the second partial derivatives of G needed to construct the six systems. It shows
that once we obtain first-order approximations to the model solution, each of the equations in
Steps 1 to 6 becomes linear. As a result, for each first-order approximation, a second-order
approximation can be easily derived from the set of linear systems described above.

In addition, Appendix D shows that if first-order approximations are certainty equivalent,
the systems of equations represented by Hj ., m.+n.+1G (s1) (cross partial derivatives between
ze 1 and x) and H, 10, tnemgs 1 in. Gl (8¢) (cross partial derivatives between e, and x) for

all s; and 1 <4 < n, + n, are homogeneous in the unknown variables
Hlvnx;nx+ng+1gis (s), Hl,nx;nx+ng+1hgs (st),
an-i—l,nx-i-ns;nx—f—ns-i-lgis (s¢), and an+1,nx+ns;nx+ns+1hgs (s¢)
for all s;,, 1 < i < mn,, and 1 < j < n,. This property is formally stated in the following
proposition.

Proposition 4 If first-order approximations are certainty equivalent, then the systems of equa-

tions
7 7
Hinginatnet+1Gls (5¢) = Op, and Hop 1,10 +nematne+1Gls (5¢) = On,

for all s, and 1 <i < n, + n, are homogeneous in their unknown variables and hence
i — J _
Hlynzszrnerlgss (St) - O”z? Hl,nz;nz+n5+1hss (St) - Onz7
i _ j _
an+17nz+n5§nz+ns+1gss <St) - Ons and anJanerns;nzﬂLnerlhss <St) - OnE
forall s;, 1 <i<mny, and1 < j <n,.

Proof. If first-order approximations are certainty equivalent, one can see from Proposition 2

that

an—l—ng—klgss (St) - Ony and an+n5+1h58 (St) = Onx

for all s¢, 1 <ny,m; <ngp+n.+1,and 1 <i <ny;
Hnl;”nlhis (St) = Dnlpmlhis (St)

for all s, 1 <niy,my <ng+n:.+1,and 1 <i < ng.

38



for all s;. The proof follows directly from the above results. =

In the constant parameter case, the cross partial derivatives with respect to x and other state
variables are always zero because 51 (1) = Opy, - In the Markov-switching case, Proposition 4
implies that if 8, (s;) # On, for some s, then it may be the case that Hi ., 1n. 11955 (5t) 7 On,,
Himpimetne 1105 () 7 Ongy Hopttmatnematne 41955 (56) 7 One O Hup1imy 4meing tne bl (80) 7 On,
for some s;, some 1 < i < n,, and some 1 < j < n,. These non-trivial extra terms may result

in more accurate second-order approximations.

5.3 Returning to the RBC Model

Let us now return to the RBC example. As shown above, given our parameterization, there is
only one stable first-order approximation. Thus, there is only one stable second-order approx-
imation. When that is the case, we call it the second-order approximation. We can find the
second-order approximation by solving a set of linear systems described in Steps 1 to 6. We

have

Ct o 0.03896  0.00028  0.00972
Ky o 0.96364 —0.0092 —0.0843 ¢

+—
—0.0002 —0.0003 —0.0025 —0.0003 2.7 x107% 2x107° —0.0025 0.00002  0.00057

1| —0.0004 4x10-¢ 000016 4x10"6 4x10~®% 1x10=¢ 0.00016 1x10~6 —0.0003
9 (S ® Sh)

if s, =1 or

Ct . 0.03896  0.00028  —0.00972 S
ky 0.96364 —0.0092 0.0843 ¢

+

1] —0.0004 4x10°% —0.0002 4x10°6 4x10~8 —1x10"% —0.0002 —1x10"5 —0.0003
2 | —0.0002 —0.0002 0.00251 —0.0003 3x10=% —2x10=% 0.00251 —2x10~5 0.00057

] (St ®8)

lf St = 2.
Since the first-order approximation is not certainty equivalent in this example, the second-
order approximation highlights the result in Proposition 4. The cross derivatives of g and h

with respect to xy and other state variables evaluated at the steady-state are

Hi,i’)gss (st) - H?),igss (st) 7& 07 Hi,?)hss (St) - H?),ihss (St) 7& 0
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for all s;, = 1,2 and 1 <1 < 2. Moreover, since regimes are symmetric, the following terms are

symmetric across regimes

DBgss (1) - _D3gss (2) 5 D3hss (1) - DBhss (2) )
Hi,Bgss (1) - _Hi,Bgss (2) ) Hz’,?;gss (1) - _Hi,Bgss (2) )
Hi,3hss (]-) = _Hi,?)hss (2) 5 and Hi,?)hss (]-) = _Hi,3hss (2)

for 1 <q7<2.

6 Applications

Since our theoretical results are new, the purpose of this section is to guide the reader by illus-
trating how to apply our methodology in practice. For this purpose we first continue the previ-
ous RBC model with new parameterization and then study two versions of the New-Keynesian

model.

6.1 Continuing the RBC Model

Stochastic neoclassical growth models, such as the one discussed in previous sections, are the
foundation of modern macroeconomics. Understanding how to solve MSDSGE models of this
prototype would enable us to work on richer models such as those commonly used for policy
analysis. For pedagogical reasons we consider the shock standard deviation, o, to be constant
across regimes in all the examples studied in the paper. But our approach can be easily extended,
without much computational burden, to cases allowing for Markov-switching volatilities.

The previous RBC example restricts regimes to be symmetric such that p;; = pes. As a
result, the cross partial derivatives of g and h evaluated at the steady-state are symmetric across
regimes. In this section, we consider an asymmetric-regime case in which p;; # pao. As will
be shown, the cross partial derivatives of g and h evaluated at the steady-state are asymmetric

across regimes in this case.
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Consider the same parameter configuration as in Section 4.3, except p;; = 0.5, i = 0.00222,
w (1) =0.00278, and p (2) = 0.00052. In this case, Regime 1 has a shorter expected duration, and
Regime 2 occurs more frequently in the ergodic distribution. With this alternative parameter
configuration, the steady-state is represented by kgs = 34.6774, and c,s = 2.24769 and the first
partial derivatives of f evaluated at this steady-state are different from those in the symmetric-
regime case.'® Using these results we can solve the quadratic system (12).

There are four solutions to the quadratic system under this alternative parameter configu-

ration
Dl,lhss (1) Dl,lgss (1) Dl,lhss (2) Dl,lgss (2)
1) || 0.96545 0.0370821 0.96545 0.0370821
2) || 1.03828 —0.035996 1.03828 —0.035996

3
4

(1)
(2)
(3)
(4)

2.00373 — 0.70421¢
2.00373 + 0.7042:

—1.00465 + 0.706544
—1.00465 — 0.70654¢

1.11318 + 0.391221¢
1.11318 — 0.39122¢

—0.111145 — 0.39252¢
—0.111145 + 0.39252:

As before, Mathematica finds the four solutions in less than a hundredth of a second. Solution
(1) is the only one associated with a stable first-order approximation. Remember that the rest
of the coefficients necessary to construct the second-order approximation can be obtained by
solving linear systems and that, given that the first-order approximation is stable, the second-

order approximation is also stable. The second-order approximation to the model solution is

ér | | 0.03708 0.00029  0.00637 g
B | | 096545 —0.0100 —0.1412 t
—0. X - . X - X - X - . X - —o X -
+1 0.0004 4x10=% 0.00009 4x10=% 5x107% 1x10~% 0.00009 1x 106 5x 10~ (S®S)
2 | —0.0002 —0.0003 —0.0040 —0.0003 3x10-% 0.00004 —0.0040 0.00004 0.00065 t t
if s, =1 and
ér | | 0.03708 0.00029 —0.0013 S
B | | 096545 —0.0100 0.02823 t
1| —00004 4x1076 —1x1075 4x107% 5x107® —2x10"7 —1x107% —2x10~7 —6x10~°
+5 -6 —6 —6 <St ® 8t>
2 | —0.0002 —0.0003 0.00080 —0.0003 3 x 10 —8x 10 0.00080 —8x 10 0.00009
lf St = 2

16Tn the interest of space, we omit many matrices from this section. They are available upon request.
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Clearly, the first-order approximation can be constructed by only considering the first matrix
of the right hand side the above expressions.

As in the symmetric regime case, the first-order approximation is not certainty equivalent
and the cross derivatives of g and h with respect to x and other state variables evaluated at
the steady-state are non-zero. These results follow directly from Propositions 2 and 4. Because
i (s) # 0 for all s;, we have that

D Darst (Drafus (8',50) DOy (') + D fis (5, 51) Dbys (50)) # 03

s'=1

for all s;. Consequently, D3gss (s;) # 0, Dshgs (s¢) # 0, and

Hi,?;gss (St) - H?;,igss (St> 7£ 07 7—[i,fih'ss (325) - HB,ihss (325) 7£ 0

forall s, =1,2and 1 <i < 2.

The results show that 71 (s;) plays a crucial role in determining whether the first-order ap-
proximations are certainty equivalent and whether the cross partial derivatives of g and h with
respect to x and other state variables evaluated at the steady-state are zero. Unlike the sym-
metric regime case, however, the cross partial derivatives of g and f at the steady-state are not

the same across regimes. Specifically,

DBgss (1) # _D3gss (2) ) D3hss (1) 7£ DBhss (2) )
Hi,Bgss (1) # _Hi,Bgss (2) ) H?),igss (1) 7£ _HB,igss (2) )
Hi,3hss (]-) 7& _Hi,?)hss (2) ) and HB,ihss (]-) 7& _HS,ihss (2)

for 1 <1¢<3.
Given the first-order and second-order approximations, we can compute and compare their
accuracy using Euler equation errors as suggested in Judd (1998) and Aruoba et al. (2006). The

Euler equation error at point (l;:t_l, €4 st> for the approximation order € {first, second} is

ERerder (l;tflagtv L St) =

507‘d€7‘(];;t,1,€t,1§5t> H(st)+05t>

2 507‘de7‘(];0rder<];t7176t71;5t)7€l;1) eXp ( a—1
1— B Zpst,s/ - - a—1
=1 X (a exp (p (") + o€’) korder <kt_1, e, 1 st> +1- 5)

p(e) de’
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~order

where ¢ (l;:t_l, g, 1; st> and korder (l%t_l, g, 1; st) are the appropriate approximations to the

policy functions. The unconditional absolute Euler equation error is

EE”* =) / }EEd (l%t_l,et, 1§3t>

Morder (ift—la et, 1 St) d]%t—ldgt

order ig the unconditional distribution of the variables k& and .

where p

To approximate this integral numerically, we simulate a long path for the economy, saving k.
gy, and s; along the path. The simulation length is 10,000 periods, with the first 1,000 periods
discarded as a burn-in. Then, for each state (l;;t,l, ¢, st>, we draw 10,000 normally distributed
gi41's to compute the expectation over .41, and use the transition values p,, ;,., to compute
the expectation over s;,1. This entire process takes approximately an hour.

The following table shows the base-10 logarithms of absolute values of Euler equation errors
for the first-order and second-order approximations in both symmetric and asymmetric cases.
Both the first-order and second-order approximations produce a high degree of accuracy: a value

of —5 implies an error of $1 for each $100,000 of consumption. As can be seen, the second-order

approximation achieves an even higher degree of accuracy.

Unconditional Absolute Euler Equation Errors (log;)

pi,1 = 0.9 pia = 0.5
E Efirst —4.6099 —5.3929
EEsecond | 54158 —6.1983

6.2 A New-Keynesian Model

New-Keynesian models, such as those in Woodford (2003) and Christiano et al. (2005), are often
used in policy analysis. This section discusses a version of the New-Keynesian model, illustrates
how to partition the vector of Markov-switching parameters #;, and discusses the conditions

under which multiple stable approximations exist.
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6.2.1 The Model

We consider a New-Keynesian model with quadratic price adjustment costs. The monetary
authority follows a Taylor Rule. There are two Markov-switching parameters: the technology
drift parameter and the coefficient on inflation in the Taylor rule. Davig and Leeper (2007),
Farmer et al. (2011), and Bianchi (2010), among others, argue that Markov-switching in the
Taylor rule coefficient on inflation captures a switch in U.S. policy regime since the mid 1980s.

The model features the representative consumer maximizing the expected lifetime utility

over consumption C; and hours worked H;

o B (logCy — Hy)

t=0

subject to the budget constraint

B B,
Cy+ =t = W,H, + Ry_1—= + T, + Dy,
P, P,

where B; is nominal bonds, W, is the real wage, R;_; is the nominal return on bonds, 7T; is

lump-sum transfers, and D; is profits from firms. The first-order conditions are

Ct Rt

1=p0E
b tCtJrl Il

and Ct == Wt-

The competitive final goods producer combines a continuum of intermediate goods Y}, into

a final good Y; according to the constant elasticity of substitution (CES) aggregation technology

L1\ et
Y, = ( / Y, dj ) :
0
Intermediate goods are produced by firms taking the wage and the demand function
P\
Y., = ( 22 Y,
7 ( B ) '
as given. The price P;; is set and hours H;,; are demanded according to
}/},t = AtHj,tu
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where A; is a technology shock following the law of motion
log Ay = py +1og Ay1,

where, similar to the RBC model, the drift ;, takes two discrete values dictated by the Markov
chain process represented by s, € {1,2}.
These intermediate-goods firms face quadratic price adjustment costs according to

K P; 2
AC:, = — 1)y,
7 2<13J‘¢—1 ) '

The firms maximize the expected discounted profits subject to the demand function, the pro-
duction function, and adjustment costs. In the symmetric equilibrium, P;; = B, Y, = Y}, and

H;, = H, for all j, and the optimality conditions are

Wt = Mcy At

Cy Y,
and £ (Il — 1) I, = (1 — n) + nme, + BRE (I — 1)Ht+1—ti1,
Ciy1 Vi

where mc,; is the marginal cost faced by the firms.

The monetary authority sets the interest rate R; by the following Taylor rule

p
}ft N (21) 17" exp (o))

where the coefficient on inflation, v,, takes two discrete values dictated by the same Markov
chain process represented by s;.

The market clearing condition is
K 2

Substituting out mc;, Wy, and C} leads to the equilibrium conditions

(1-50L-1% Y R,
(1 — % (Ht+1 — 1)2) }/t—l—l Ht-}—l’

1:/8Et

(15— 1))
1

R 2 Y:
,{(Ht_l)Ht:(1—77)+77<1——(Ht—1) ) —+5Et/€(Ht+1—1)Ht+1( —%(Ht+1—1)2)’

2 Ay

45



and

Ry (R
Rss Rss

Since the technology shock has a unit root, the model is non-stationary. To obtain a sta-

p
) HS*”W exp (o¢et) .

tionary equilibrium, we define V; =Y, /A, which leads to the stationary equilibrium conditions

as

(-5@-1)% 1 &
(1 -5 (Meyr — 1)2) }N/;erl eXp (Ntﬂ) ISy
(15— 1))
(15 (Mes — 1)7)

p
) H,ﬁl‘wt exp (oet) .

1:/8Et

K ~
k(I — DIL = (1—5) +7 (1 -5 (1 - 1)2) Y, + BEk (I — 1),

and

RSS RSS
We partition 6, into 6y, = u, and 0y = ¢»,. We have

R (Rtl

e = (X, 8e) = I+ X ()

and ¢, = ¥ (x, 50) = ¥ (1)
Hence, the drift parameter p, depends on the perturbation parameter y, while the Taylor-rule
coeflicient on inflation 1, does not. We choose this partition because 1, would enter the definition
of steady-state in a constant parameter model, while v, would not.
Using the notation in Section 2, y;, = [Ht, YQT and x;_1 = R, 1, we express the stationary

equilibrium condition as

f (yt+17 Yty Tty Tt—15 XEt+15 ¢ty 9t+17 915) —
1-8 (1-5(L-1))¥; R
(1*g(Ht+1*1)2)Yt+1 exp(ut_H) T

(I=m)+n(1-5(—1)°) Y+ 5K((1%(Ht1)2) (M1 — 1) Mgy — m (I — 1) I

1-£(Mep1-1)%)
p —
() ) —

Rss Rss

The model solution takes the form of
T
[ Ht Y; ] :g<Rt7178t7X73t)7

~ T
|: Ht.l,_l Y;H-l ] =g (Rt7 XEt+15 X St+1) )

and Ry = h (Ri—1,€4, X, St) -
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6.2.2 Solving the Model

The following subsections show the sequential steps of obtaining approximations to the solution
of the model. First, we find the steady-state. Second, we derive the first partial derivatives of
f with respect to all its variables evaluated at steady-state. Third, we construct second-order
approximations to the solution. We present the results for two parameter configurations to show
how to use reduced Grobner bases to obtain approximations and the MSS criterion to ascertain

whether we have a unique stable approximation.

Steady-State To obtain the steady-state, we set x = 0 and ; = 0, so that II; = II;; = I,
17} = Y/}H = f/ss, R, = Ry = R, and .y = py = . Thus the equilibrium conditions in the

steady-state become

1— 6(1‘5(%‘”2)&3 1 R
(1—§(Hss—1)2)§7ss exp(f1) s

. ~ 1—5(Tss—1)° —
(1=) 7 (1= 5 (g = 1) Voo 4 S 0D (I = T = AT = DI | = O

p
Rss 1—p)y Rss
(R_) I — e

Assuming II,, = 1, we have the steady-state values as

0 - 1
Rss - =P (N)’ ss — 77—

B n

This result confirms our partition such that g affects the steady-state, while 1), does not. In

principle, we could let 0y, = (u,,%,) so that perturbation would apply to v, as well. To obtain
a numerical solution that is as accurate as possible, however, one should keep the number
of perturbed parameters at the minimum. The converse is not true. That is, one cannot
let O, = (p;,7,) because the steady-state in the constant parameter case would depend on

technology drift.
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Partial Derivatives of f In this example, n, = 2, n, =1, n. = 1, and ny = 2. Thus, the

first partial derivatives of f with respect to all its variables evaluated at the steady-state are

=g = 0
Diofss (Se41,5) = 0 Bk | Dsafss (5e41,5:) = n —K
0 0 0 (1—=p)(s)
—fe H 0 0
D5 5 fss (St1, 5t) = 0 Do 6fss (St41,51) = 0 . Drrfss (Se41.50) = | 0 |,
—pe* pBe" 0
0 10 00
Dgsfss (si41,5)) = | 0 | s Doaofss (Se41.80) = | 0 0 |, and Diy1afss (Se+1,5) = | 0 0 |,
o 00 00

for all s;y; and s;. Note that zA/J (s¢) enters the matrices because we do not perturb ;.

Unique Stable Approximation Consider the following parameterization

Bk m p o pooop@) @) (1) D@2 pua pae
0.9976 161 10 0.8 0.0025 0.005 0.0025 —0.0025 3.1 0.9 090 0.90

The growth rates g+ (1) and @+ fi (2) correspond to regimes where the annual growth rate
are 3 percent and 1 percent respectively, [ corresponds to an annual risk-free rate of 3 percent,
7 has the steady-state markup of 11 percent, and p and o match the estimates in Fernandez-
Villaverde et al. (2009). The two monetary policy parameters o (1) and Y (2) are such that
¥ (1) would imply a unique stable approximation if ¢, = % (1) for all ¢ and ¥ (2) would lead to
multiple stable approximations if ¢, = QZ (2) for all ¢.

Given this parameter configuration, we can calculate the steady-state values of the nominal

rate and output as Ry, = 1.0074 and ffss = 0.90. The resulting first partial derivatives of f with

respect to all its variables evaluated at the steady-state are

1.11111 1 —1.11111 0
Diafss (St41,8:) = 0 160.614 | , D34 fss (St41,5¢) = 10 —161. ,
0 0 0 0.2 (s;)
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—0.9926 0 0
Ds 5 fos (St41,5¢) = 0 s De g fos (St41,5¢) = 0 Drifss (5e41,50) = | 0 |,
—0.9926 0.77941 0
0 10 0 0
Dsgfss (St41,5) = 0 Do 10 fss (St41,80) = | 0 0 |, and Diy1ofes (Se41,5) = | 0 0
0.0025 0 0 00
for all s;,1 and s;.
In this example, we obtain the following nine solutions for {D; 1gss (St) , D1.1hss (st)}:tszl
Dl,lhss (1) Dl,lgss (1)T Dl,lhss (2) ‘ Dl,lgss (2)T
1) 0.59517 —1.92815 —0.327932 0.699414 —2.9541 —0.554689
2) 0.77508 —3.64018 —0.0398952 1.3018 —7.43725 2.76721
3) 0.79559 —1.82393 —0.00706061 1.05423 1.21892 1.40196

(
(
(
(4) 1.0939 — 0.4363¢
(5) 1.0939 + 0.43631
( 1.0952 — 0.21052
( 1.0952 + 0.2105¢
( 1.2360 — 0.2511¢
( 1.2360 + 0.25114

—0.8264 + 4.26414
—0.8264 — 4.26411
—0.9833 + 1.959514
—0.9833 — 1.9595:
0.7554 4 3.08211
0.7554 — 3.08214

0.4706 — 0.69861
0.4706 + 0.69867
0.4727 — 0.33701¢
0.4727 4 0.3370¢
0.6980 — 0.40201
0.6980 + 0.4020¢

1.3311 + 0.05744
1.3311 — 0.05741
1.0240 — 0.02007
1.0240 + 0.02001
0.7507 + 0.0047¢
0.7507 — 0.00473

—10.008 — 1.9739:
—10.008 + 1.9739:
0.8689 + 0.78331¢
0.8689 — 0.78331
—2.2696 + 0.63457
—2.2696 — 0.63451

2.9287 + 0.3165¢
2.9287 — 0.31654¢
1.2351 — 0.11032
1.2351 + 0.11034
—0.2718 + 0.0260¢
—0.2718 — 0.0260¢

Mathematica finds the nine solutions in less than three hundredths of a second. The only
solution that produces a stable first-order approximation is (1) and hence there is a unique stable
approximation. Given solution (1), we can solve the linear systems that allow us to obtain the

second-order approximation. Let Y; = Y, — Yi., I, = II, — I, R, = R, — R, and define

A T . . .
St=| Ri_1 & X ] . The second-order approximation is

Y. —1.9282 —0.0062 0.00481
I, | = | -03219 —0.0011 0.00014 | S;
Ry 0.59517  0.00191  0.00008

21.3771  0.06247 —0.0188 0.06247 0.00020  —0.0001  —0.0188  0.00020 —0.0004

+§ 0.49793  0.00056 —0.0008 0.00056 2x 106 —2x10=6 —0.0008 2x 106 —0.0003 | (S; ® &)
—0.1986 0.00124 —0.0004 0.00124 4x107% —1x10"% —0.0004 4x10~% —0.0002
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if s, =1 and

Y, —2.9541  —0.0090 —0.0094
M, | = | -05547 —0.0017 —-0.0026 | S;
R: 0.69941  0.00214  —0.0006

1 56.9733  0.16487 0.23174 0.16487  0.00050 0.00071  0.23174  0.00050 —0.0016
+§ 0.99333  0.00136  0.00033 0.00136 4x107% 1x1076  0.00033 4x10~% —0.0010 (St X St)
—0.1842 0.00160 —0.0005 0.00160 5x 1076 —2x10=% —0.0005 5x 10~ —0.0002

if s, = 2.

Again, the first-order approximation is easily obtained from the above expressions. As in the
RBC model, there is no certainty equivalence and the cross derivatives of g and h with respect
to x and other state variables evaluated at the steady-state are non-zero. Note that the first
partial derivatives of g and h with respect to R;_; and &, are different across regimes. This result
occurs because v, affects the first derivatives of f. Perturbing v, would make these derivatives

equal and the approximation less accurate.

Accuracy: Euler Equation Errors The Euler equation error at the point (R;_1,&:; ;) is

that for order € {first, second},

2
EEOTder (Rt—la Eta 17 St) - ]- - 6 / Zp8t78/x
s'=1

15 (1074 (R e 5s0) 1)
1-£ (Ho'rde'r (R‘"der(Rtfl75t71§5t)75t+171?5t+1)_1>
?order(Rt71’€t71;8t) x IU/ <€/> dgl
f/order(Rorder(Rt_l,gt,l;st),€t+1,1§st+1)
1 Rorder(Rt_l7€t71;st)
exp(u’) Trorder (R‘”d”(Rt7176t71;8t),€t+171;8t+1)

5 X

where Y% (R, _y ¢, 1;s;), TI%" (R,_y, ;. 1;5,), and R”%" (R,_y,¢,,1;5;) are the approxima-

tions to the policy functions. The unconditional absolute Euler equation error is

EEOT‘deT = Z / }EEOT‘der (Rt—la Et, 17 St)‘ MOT’dET‘ (Rt—la Et, 17 St) th—ldgt

where p°7%" is the unconditional distribution of the variables R and .
Numerical approximation of this integral simulates a 10, 000-period path, with the first 1, 000

periods discarded as a burn-in. For each state (R;_1,&;, s;) along the simulated path, we draw
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10,000 normally distributed €,,1’s to compute the expectation over £,,1, and use the transition
values py, 5., to compute the expectation over s;;. This entire process takes about an hour.
The following table shows the base-10 logarithms of absolute Fuler equation errors for the
first-order and second-order approximations. Both the first-order and the second-order approx-
imations produce a high degree of accuracy: a value of —4 implies an error of $1 for each $10,000

of consumption.

Unconditional Absolute Euler Equation Errors (log;)

E Efirst —3.7395
E [second —4.7485

Multiple Stable Approximations As an alternative parameter configuration, we consider
the same parameters as in the previous section except ’(//; (2) = 0.7. That is, the second regime
now has a slightly lower response by the monetary authority to inflation. In this case, the
steady-state is still the same. As before, Regime 1 would imply a unique stable approximation
if considered in isolation, whereas Regime 2 would imply multiple stable approximations.

The first partial derivatives of f with respect to all its variables evaluated at the steady-state

are the same as those in the previous section except

—1.11111 0
Dsafss (St41,58¢) = 10 —161.
0 0.2¢ (s¢)

for all s;1; and s;, which depends on ;/J\ (s¢). Using these results, we obtain the following 9
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solutions for {Dy 19ss (8¢), D11hss (s¢)}

s¢=1"

Diihe(1) | D11gss ()T Diihss (2) Diigss (2)7

(1) 0.59067 —1.9452 —0.3351 0.71244 —3.2185 —0.6209

(2) 0.79733 —4.7813 —0.0043 1.32443 —11.313 3.71833

(3) 0.85231 —1.7727 0.08374 1.01525 2.03718 1.52618

(4) 1.0444 — 0.4989: | —0.7000 + 4.6327¢  0.3912 — 0.7987¢ | 1.3523 + 0.0442¢ | —14.210 — 1.87331 3.9161 + 0.31321
(5) 1.0444 +0.4989: | —0.7000 — 4.6327¢  0.3912 4 0.7987¢ | 1.3523 — 0.0442¢ | —14.210 + 1.8733% 3.9161 — 0.31321
(6) 1.0670 — 0.18947 | —1.28454 1.5032¢ 0.4274 — 0.3033¢ | 0.9995 — 0.0089: 1.6635 + 0.57037 1.4141 — 0.0629¢
(7) 1.0670 + 0.18947 | —1.2845 — 1.5032¢  0.4274 4 0.3033¢ | 0.9995 4+ 0.0089: 1.6635 — 0.57037 1.4141 + 0.0629:
(8) 1.2374 — 0.25277 0.8018 + 3.09801 0.7004 — 0.40467 | 0.7582 + 0.00457 | —2.3764 + 0.66997  —0.2963 + 0.03177
9) 1.2374 + 0.2527¢ 0.8018 — 3.09801 0.7004 + 0.4046¢ | 0.7582 — 0.0045¢ | —2.3764 — 0.6699: —0.2963 — 0.0317:¢

Now we have two solutions — (1) and (3) — that produce stable approximations. Thus the solution
to the model has multiple stable approximations. This example illustrates how we can use

reduced Grobner bases and the MSS criterion to determine the number of stable approximations.

6.3 A New-Keynesian Model with Habit

Now consider a slight variant of the previously discussed New-Keynesian model, but with the
representative household having habit formation. We consider this application because deriving
first-order and second-order approximations is more involved when habit formation is present
and the reader would be interested in knowing how to accomplish this task. The household in

this economy maximizes
Eo Y B (log (C, — ¢Cyy) — Hy)
=0

where ¢ denotes habit persistence. Letting \; denote the Lagrange multiplier on the budget

constraint, the first-order conditions are

1 ©
N=—-"T" —E,————,
! Cy — oCy4 & tCtJrl — oCy

R
)\t = 6Et>\t+1fj_1,
and 1 = )\tWt-

Final good and intermediate goods producers face problems identical to the previous example
and

log Ay = py +log Ay
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Thus, the firm’s optimality conditions are

Wt = Mcy At

Aty1 Y
and r (ITy = 1) Iy = (1 —n) + nmee + By (g — 1) iy ;\+1 ;/J'rl.
t Y

The resource constraint is

K
yt:cﬁg(nt—nm.

For clarity we assume that the monetary authority does not smooth interest rates and follows
the rule

R, = RSSHQZ“ exp (ogy) .

With habits, consumption appears at different dates, as C;_1, Cy, and Cyy 1, in the equilibrium

conditions. Substituting out mc;, Wy, Y;, and R, we have the equilibrium conditions as

1 ¥
)\ = —_ — E77
" C—¢Ci ’ "Cia — ¢C
Rsust
)\t:/BEtAt-Fl Ht+1t bl
2
n A1 Cri 1_g(Ht_1)
and (I, = 1)1, = (1 —n) + + BRE (I — 11T .
(e = M= (=) A e = ey ey 1

The economy is nonstationary because of the presence of the unit root. If we define A, = M\ A,

and C, = C, /A, we have the stationary equilibrium conditions as

~ 1
M= = —— — OE, = ‘ -,
Cy — pexp (=) Cra Ciy1exp (Mt+1) — oCy

5\t+1 RSSHQZ“ exp (o&;)
exp (,Ut+1) Iy ’

Y 5 2

Ui A1 Crr 1 — % (I, = 1)
and K,(Ht—]_) Ht: (1—7])+~—+6/‘€]Et (Ht+1 _1)Ht+1 = = .
A A Cp 1—5 (M —1)°

A = O,

To solve the model, we define the two auxiliary variables X, = C’t, and )E'Hl = ét+1- Using

~ ~ T ~
the notation in Section 2, we have y, = | II, X, )\t] , T = Cy_q, O = 1, and the
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equilibrium conditions are

f (?/t+1jyt,$t,9€t—1>X5t+1,€t,9t+1,9t) =

1

Cr—pexp(—py)Ce—1
Nit1

_ »
6 Xit1 eXp(HHl)*lPCt
Rss H:f}t exp(oey)

—\

JIFEE]

—\

(1)
Newq1 Xoaq 1-E(11—1)2
(L =m) + 57+ Bk (Mepr — Ty 5T27ES 1—ginti1—1)2

X; — G,

—K(Ht—l)Ht

6.3.1 Solving the Model

Similar to the previous examples, the following subsections show how to solve the model: find the
steady-state, define the matrices of first partial derivatives of f with respect to all its variables
evaluated at the steady-state, and find the second-order approximation to the policy functions.
As in the basic New-Keynesian model, we consider two parameter configurations to show how
to use reduced Grobner bases to find all the approximations and how to use the MSS criterion

to determine how many of them are stable.

Steady-State Calculating the steady-state involves setting y = 0 and ¢; = 0. Therefore, we

have II; = I, = Il X, = )~(t+1 = Xy, Cp = C_1 = Uy, and p,y = i, = ji. The equilibrium

conditions in the steady-state are

1 _ R ¥ _
C‘ss*@eXp(*ﬂ)éss BXZJS eXp(i)*‘PCss )\SS
Ass  RaTIEE 3
/Bexp(ﬂ) Ilss )\ss 5 — O4><1
N % 1—5 (-1 :
(1=n) + £ + Bk (I — 1) H;—g—ﬁ — k(I — 1) 10,
Xss - éss
Assuming Il,, = 1, the steady-state satisfies
p_ ()
SS /8 Y
~ _ ’]7
SS n _ 17
and €. = X — exp (1) — Bon —1
T exp() - 7



Partial Derivatives of f In this example, n, = 3, n, =

1, n. = 1, and ny = 2. Thus, the

first partial derivatives of f with respect to all its variables evaluated at the steady-state are

@B exp(f1) -1
0 C2(exp()—)” 0 0
_>\ss 0 1 )\331/1 (325) 0 -1
Dl,sfss <5t+17 St) = ) D4,6fss <5t+17 St) =
Bk 0 —K 0 —;2’
0 0 0 1 0
[ _expm)+8e® ] ey
C2, (exp(i)—p)” C2, (exp(i)—p)”
0 0
D?sts (3t+1, St) = ) D8,8fss (5t+1, St) = 7D9,9fss (5t+1, St) =
0 0
—1 0
[ i [ exp(R) By i
0 Cis (exp()—p)* 0
)\sso- _)\ss O
Dlo,lofss (5t+1, St) = 7D11,12fss ($t+1, St) = )
0 0 0
0 0 0

for all s;y1 and s;.

and D13,14fss =

exp(fi)p

0
0
0

 Cas(exp(i)—¢)?

o o o O

Unique Stable Approximation Consider the first parameter configuration

B ko0

(2 o

poo (1)

f(2)

QA/J(l) QA/J(Q) P11

D22

0.9976 161

10 0.7 0.0025 0.005 0.0025

—0.0025

3.1

0.9

0.90 0.90

All parameters other than ¢ (the degree of habit formation) are similar to those in the previous

New-Keynesian example. The steady-state values are XSS = (s = 0.904957 and 5\53 = 1.11111.
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Consequently the numerical values of the matrices of first partial derivatives of f with respect

to all its variables evaluated at the steady-state are

0 9.21159 0 0 0 -1
—1.1111 0 1 1111119 (st) 0 -1
Dl,sfss (St+17 St) = ) D4,6fss (St+17 St) = )
160.614 0 0 —161. 0 —-8.1
0 0 0 0 1 0
—19.6731 9.23375 0
0 0 0
D7,7fss <5t+17 St) = ) D8,8fss (St+17 St) = 7D9,9fss <5t+17 St) = )
0 0 0
—1 0 0
0 8.33609 O
0.00277778 —1.11111 0O
DlO,lOfss <5t+17 St) = 7D11,12fss (St+17 St) = )
0 0 0
0 0 0
—8.35615 0
0 0
and Dig 14 fss (i1, 5t) =
0 0
0 0

for all s;41 and s;.

Ns

Using these matrices, we can solve the quadratic system for {D;19ss (st), D11hss (s¢)}, ;-
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In this example there are a total of 16 solutions. To conserve space, we report Dy 1hg; (s¢) only:

Dy 1hgs (1) Dy 1hgs (2)

(1) 0.69651 0.69651

(2) 1.43919 1.43919

(3) X0.79309 1.5799

(4) 1.5799 0.79309

(5) || 0.7613 — 0.0895i | 1.1350 — 0.1129i
(6) || 0.7613 +0.0895i | 1.1350 + 0.1129i
(7) || 1.0207 — 0.5488i | 1.0926 — 0.0218i
(8) || 1.0207 4 0.5488i | 1.0926 + 0.0218;
(9) | 1.1188 —0.4326i | 1.0051 + 0.0997
(10) | 1.1188 4 0.4326i | 1.0051 — 0.0997
(11) || 1.5474 — 0.04355¢ | 1.1735 — 0.1404i
(12) || 1.5474 + 0.04355: | 1.1735 + 0.1404i
(13) || 1.1021 +0.3496i | 0.8230 + 0.0927i
(14) | 1.1021 — 0.3496: | 0.8230 — 0.0927i
(15) || 1.1786 4 0.3971i | 1.6102 — 0.0786i
(16) || 1.1786 — 0.3971 | 1.6102 + 0.0786i

Mathematica finds 16 solutions in approximately 5 seconds. The only solution that produces
a stable approximation is (1). Given Solution (1), we calculate the rest of the matrices needed

to obtain the second-order approximation through solving systems of linear equations. Let C; =

Cp— Cug, T, =TI, — Ty, Xy = X; — XKoo Ay = Ay — Ao, and define S, = [ Cot 2 x| The
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second-order approximation is

—0.0020
0.00020
—0.0020
0.00143

o o o O
o o o O

for s; = 1 and

0.00151
0.00165
0.00151
0.00156

o o o O
o o o O

0
0
0
0

&1 [ 069651 —0.0002 0.00045
1;L _ 0.  —0.0001 0.00021 S
X, 0.69651 —0.0002 0.00045
%] | o 000239 —0.0069
—2x1077 —1x107% —0.0020 —1x 1070 5x 1077
2x 107" —4x1077 0.00020 —4x 1077 —6x 107°
—2x 1077 —1x10% —0.0020 —1x10% 5x10°°
6x107% —1x107% 0.00143 —1x10~° —0.0003
&, ] [ 069651 —0.0002 —0.0005 |
1;L _ 0 —0.0001 —0.0033 S
X, 0.69651 —0.0002 —0.0005
] M ] L o 0.00261  0.00707 |
—2% 1077 1x10°% 0.00151 1x10-6 —6 x 10~ |
3x1077 6x107% 0.00165 6 x 1075  —0.0002
—2x 1077 1x10°% 0.00151 1x107% —6x 1075
7x107% 2x107° 0.00156 2x107°  0.00036

(S ® &)

(S ®S8).

for s; = 2. Again, the first-order approximation can be easily obtained from the above expres-

sions.

Accuracy: Euler Equation Errors

As in the previous examples, we compare the accu-

racies of the first-order and second-order approximations. The Euler equation error at point
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(é’t_l, €¢; st> for an approximation order € {first,second} is

2
EEorder (ét—la €ty 1? St) =1- 6/Zpst,s’x
s'=1

order (Corder

1,8t,158¢ X6t+1,1'8t+1)

).
1,€t,175t) X5t+17175t+1) / /
RSSHorder C 1,€t,1,8t)w exp(o’et) 'LL (5 ) d€

order
(Ct 175t7175t)

Cy—
Cy—

(
KgIIorder((jorder(
(

exp(u(s/) X

~ ~ ~ ~order [ =
where Corder (Ct,l,&tt, X; st>, []order (Ct,l,&tt, X; 5t> and A (Ct,l, €ty X3 st) are the approxi-

mations to the policy functions. The unconditional absolute Euler equation error is

EEorder _ / ’EEorder (ét—la £, X 3t>

,uorder (ét—la €ty X5 3t> dét—ldgtdst

where ,uorder

is the unconditional distribution of the variables implied by the approximated
solution.

Numerical approximation of this integral simulates a 10, 000-period path, with the first 1, 000
periods discarded as a burn-in. For each state (C’t_l, ¢, st> along the simulated path, we draw
10,000 normally distributed £4,1’s to compute the expectation over €,,1, and use the transition
values py, .., to compute the expectation over s, ;. The entire process takes approximately an
hour.

The table below reports the base-10 logarithms of absolute Euler equation errors for the
first-order and the second-order approximations. Both the first-order and the second-order

approximations produce a high degree of accuracy: a value of —3 implies an error of $1 for each

$1,000.
Unconditional Absolute Euler Equation Errors (logy,)

E Efirst —2.9261
E [ysecond —2.9527

Multiple Stable Approximations As an alternative parameterization, consider the same
parameters as above except that 1@(2) = 0.6. The second regime now has a slightly lower

response by the monetary authority to inflation. The numerical values of the matrices of
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partial derivatives of f with respect to all its variables evaluated at steady-state are unchanged

except ) )
0 0 -1
111111y (s;) 0 —1
D4,6fss (St+17 St) =
—161. 0 —8.1
0 1 0

for all s;,1 and s;, which depends on zA/J (s¢). Using this new matrix as well as the other matrices,

we solve the quadratic system for {Di19ss (s¢), D1,1hss (5¢)},°_,. There are 16 solutions to the

n
St

quadratic system, and to conserve space we present Dj jhgs (s;) only:

Dy 1hgs (1) D1 1hgs (2)
(1) 0.69651 0.69651
(2) 1.43919 1.43919
(3) 0.79309 1.57990
(4) 1.57990 0.79309
(5) 0.65550 1.03904
(6) 1.67928 1.10504
(7) || 0.8703 — 0.1497i | 1.1985 -+ 0.0323i
(8) | 0.8703 + 0.1497i | 1.1985 — 0.0323i
(9) | 1.1236 — 0.4088i | 0.9377 -+ 0.1268i
(10) || 1.1236 + 0.4088i | 0.9377 — 0.1268;
(11) || 1.4751 — 0.1292; | 1.2161 — 0.0448;
(12) || 1.4751 4 0.1292i | 1.2161 + 0.0448;
(13) || 1.1062 + 0.3393i | 0.7984 + 0.1078;
(14) || 1.1062 — 0.3393¢ | 0.7984 — 0.1078;
(15) || 1.1817 + 0.3950i | 1.6177 — 0.0855i
(16) || 1.1817 — 0.3950i | 1.6177 -+ 0.0855i

There are two solutions — (1) and (5) — that produce stable approximations. The examples

in the previous New-Keynesian model and the current variant with habit might suggest that the
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only parameter affecting the uniqueness of a stable approximation is 121 (s), which governs the
monetary authority’s response to inflation. This conclusion is incorrect.

Consider a higher degree of habit persistence, ¢ = 0.9, while keeping 121(1) = 3.1 and
12} (2) = 0.6. Given these parameter values, the steady-state is C’SS = XSS = 0.918512. There are

16 solutions to the quadratic system. The following table presents D; 1hss (s¢) only:

Dy 1hgs (1) D1 1hgs (2)
(1) 0.89551 0.895511
(2) 1.11937 1.11937
(3) 0.82810 1.05334
(4) 1.47489 1.16828
(5) || 1.1194 — 0.00173 | 1.1194 + 0.0017i
(6) || 1.1194 +0.0017; | 1.1194 — 0.0017i
(7) || 1.1104 + 0.3027: | 0.9173 + 0.1984i
(8) || 1.1104 — 0.3027: | 0.9173 — 0.1984i
(9) || 1.1445 — 0.3980i | 0.9790 + 0.1850i
(10) || 1.1445 + 0.3980i | 0.9790 — 0.1850i
(11) || 1.0486 — 0.0839i | 1.1523 + 0.0536i
(12) || 1.0486 + 0.0839; | 1.1523 — 0.0536i
(13) || 1.1767 + 0.0742i | 1.1435 — 0.0715i
(14) || 1.1767 — 0.0742i | 1.1435 + 0.0715i
(15) || 1.1584 + 0.4344; | 1.4032 — 0.1185i
(16) || 1.1584 — 0.43444 | 1.4032 + 0.1185i

There is only one solution, which is (1), that produces stable approximations. Remember that

there are two stable approximations when we set ¢ = 0.7 as in the previous example.
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7 Conclusion

Markov switching has been introduced as an essential ingredient to a large class of models usable
for analyses of structural breaks and regime changes in policy, ranging from backward-looking
models (Hamilton (1989) and Sims and Zha (2006)) to forward-looking rational expectations
models (Clarida et al. (2000), Lubik and Schorfheide (2004), Davig and Leeper (2007), Farmer
et al. (2011)). This paper expands this literature by developing a general methodology for
constructing first-order and second-order approximations to the solutions of MSDSGE models.
We resolve conceptual issues related to the steady-state and certainty equivalence of first-order
approximations; we reduce the potentially very complicated problem to a task of solving a
system of quadratic equations; we propose using Grébner bases to solve such a system; and we
apply the MSS criterion to verify the existence and uniqueness of a stable approximation to the
solution.

The contribution of this paper is not only theoretical but also practical. We show that after
the quadratic system is successfully dealt with, obtaining up to second-order approximations
is straightforward, as the remaining task involves finding a solution to only a system of linear
equations. Our application to three MSDSGE models illustrates the practical value of our
methodology. It is our hope that the advance made in this paper enables applied researchers to

estimate MSDSGE models by focusing on improving the efficiency of our methods.
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8 Appendix A:

This appendix derives, in detail, the two steps described in Section 3.2.
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8.1 Step 1: Obtaining the derivatives of z;

Taking first partial derivatives of G with respect to z;_; in (10) produces the expression for

Dl,nx Gss (St)

Dl,nyfss (3/7 St) Dl,nxgss (5/) Dl,nxhss (st)

- +Dn +1,2n fss (3,7 St) Dl,nzgss (St>
D Gus (30) = Y [ e 0 (&) de’
'=1 +,D2ny+1,2ny+nz fss (S ) 525) Dl,nz hss (325)

+D2ny+nz+1,2(ny+nz) fss (5/7 St)

for all s;. Taking [y (') de’ =1 into account, one can simplify the above expression to

Dl,nyfss (3,, St) IDangss (S/) Dl,nzhss (St)
+Dny+172nyf58 (8/7 St) Dl,nxgss (st)
+D2ny+172ny+nx fSS (5/7 St) Dl,nx hsg (St)

+D2ny+nz+1,2(ny+nz) fss (Slu St)

Dl,nsts (325) = Zpst,s/
=1

for all s;. Rearranging the above expression for each s; leads to

Dl,nszs (st) = (20)

ip (Dl,nyfss (3/7 St) Dl,nxgss (5/) + D2ny+172ny+nxfss (5/7 St)) Dl,nxhss (St)
st,s’
/=1 +Dny+1,2ny fss (3,7 St) Dl,nzgss (St> + D2ny+nz+1,2(ny+nz)fss (Slu St)

Putting together the ng versions of (20), one for each value of s;, and equating them to zero as
implied by (11) yields a quadratic system of (n, + n,) nyn, equations. The number of equations
is exactly the same as the number of unknowns {Dj ., gss (St) , D1y, s (st)}:::l. Writing (20)

in matrix form leads to a system of quadratic equations expressed in (12).
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8.2 Step 2: Obtaining the derivatives of ¢; and y
8.2.1 Obtaining the derivatives of ¢,

By taking first partial derivatives with respect to €; in (10) we obtain the expression for

Danrl,anrngGss (525)

,Danrl,anrnEGss (St) -
Dl,nyfss (3,7 St) Dl,nzgss (S/) Dnz+1,nz+n5hss (325) +
- Dn Ny J ss 3/7 S an ne+neJss (S +
ZPSt, // y 1,20y s ( /t) g+ s (St) (&) de’
=1 D2ny+172ny+nxfss (5 ) St) an—i—l,nx-‘rnghss (St) +

/
D2(ny+nz)+ns+1,2(ny+nz+na)fss (S ) St)

for all s;. With [y (') de’ =1, this expression simplifies to

an—l—l,nx-i-ngGss (St) -

e (DLny fss (8',50) D1ny Gss (8) + Danys1,2ny4ny fss (5 St)) Dyyt1mg4nelvss (5¢)
ZPSt,s’ Dny+1,2ny Jss (3/, St) D1, +n. Jss (St) (21)
- Dz(ny+nz)+ng+1,2(ny+nz+ns)fss (s', 1)
for all s;.
Putting together the n, versions of (21), one for each value of s;, and equating them to zero

as implied by (11) yields a system of (n, + n,)n.n, equations. The number of equations is the

same as that of unknowns {Dy, 11, 1n.gss (5¢) s Pnotimginliss (5¢)}or;. The system is linear
and can be written in matrix form as
Dy, t1,n0+n.9ss (1)
D n
[ 0. o. ] nx+17nx+nsg88( s) s (22)

Danrl,anrng hss <1>

L an—i—l,nx-‘rng hss (ns)

The solution to this system is given in (13).
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8.2.2 Obtaining the derivatives of x

We obtain the expression for D,, 1,.+1Gss (s¢) by taking first partial derivatives with respect to

X in (10)

Dnz+n5+1Gss (515) =

D1n,Gss (5l> Diyinetihss (525)
Dl,nyfss (3/7 St) +
+Dnpt1ng4ngss (8) € + Dnyinet19ss (87)
ne Dny—i—l,Qnyfss (S/, St) an—l—ng—i—lgss (St) +
Zpst,s’ / D2ny+1,2ny+nz fss (3,7 St) Dnz+n5+1hss (St) + H (8/) dé‘/
'=1

! /
D2ny+nz+1,2ny+nz+n5fss (3 9 St) e+

DQ(ny+nx+n5)+172(ny+nx+ng)+ngfss (3/7 St) Dess (SI) +

D2(ny+nz+n5)+n9+1,2(ny+nz+ng+n9)fss (Sla St) Dess (St)

for all s;. Note that Dy, (s;) is the derivative of 0 (x, s;) with respect to y evaluated at xy = 0.
That is,
Db, (s:) = DO (0,5,) = [D;0" (0, 5,)]

1<i<ng,j=1
for all s,.
Using the two equalities [ p(e')de’ =1 and [&'p(¢") de’ = 0, one can simplify the expression

for D, 1n.11Gss (5¢) as

an—i—ng-‘rles (St) - (23)

Dl,nyfss (3,7 St) {Dl,nzgss (S/) Dnz+ng+1hss (St> + Dnz+n5+1gss (S/>} +
ip Dny+1,2ny fss (5/7 St) an—f—ng-l—lgss (st) + DZny—l—l,Qny-l—nx fss (5/7 St) an—i—ng-l—lhss (St)
=1 7 +D2(ny+nz+ns)+172(ny+nz+ns)+n9fss (8/7 St) Dess (S/) +

DZ(ny+nx+n5)+ng+1,2(ny+nx+n5+n9)fss (3,7 St) Dess (325)

for all s,.
Putting together the ng versions of (23), one for each value of s;, and equating them to
zero as implied by (11), yields a system of linear (n, + n,)ns equations. The number of these

"s  The linear

equations is the same as that of unknowns {D,, 1n.+19ss (5¢) , Dnygnet1ss (S¢) }orey
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system can be written in matrix form as

Diytnet19ss <1>

an Ne ss \Ts
e, o, | e A (24)
an-i-ns—i—lhss (1)

Dnz+ng+1 hss <n8>

The solution to (24) is given in (13).

9 Appendix B: Grobner bases

In this appendix we give an overview of Grobner bases and describe how they can be applied to
our problem. See Becker et al. (1998) for a more detailed description and other applications.
We wish to find all the solutions of a system of n polynomials in n variables. Let the

polynomial system under study be

fl(l‘l, e ,l‘n) = O,

folz1, ... x,) = 0.
Each equation in this system defines a manifold of dimension (n — 1) in R™ and the set of
solutions of the system is the intersection of these manifolds.

When all the f;’s are linear, the solution set consists of a linear subspace of R™. It is well
known that there are three possible outcomes: a unique solution, no solutions, or infinitely
many solutions. More importantly, the set of linear systems with no solution or infinitely many
solutions is of measure zero in the set of all linear systems. When there is a unique solution, it
can be easily found.

When the f;’s are higher-order polynomials, the solution set is more complicated, but the
intuition from the linear case still holds. For almost all polynomial systems of n equations in n

variables, there are only finitely many solutions and these solutions can be easily found.
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To describe how solutions are computed for polynomial systems, we need to develop the
concept of an ideal and its Grobner basis. Given a set of polynomials in n variables, {f1,..., f},

the ideal generated by {fi,..., fm} is the set of all polynomials of the form

gi(xy, o xn) fi(xn, o xn) ot g, ) fr (T, X)) (25)

where g1, ..., g, vary over all polynomials in n variables. We denote this ideal by (fi,..., fim)-
For our purpose we focus on one important feature of an ideal. The point (ay,...,a,) € R" is
a zero of the polynomials f1,..., f,, if and only if it is a zero of every polynomial in the ideal
(fi,---, fm). This feature implies that if two different sets of polynomials generate the same
ideal, then they have the same zeros. The goal is to find a generating set for which it is easy to
compute zeros.

Before giving the definition of a Grobner basis, we must first define what we mean by

the leading term of a polynomial. A polynomial in xi,...,x, is a sum of terms of the form
catahr .. -z¥n where k; is a non-negative integer and c is a non-zero real number. The product
ahr k2 gk s called a monomial in xy - - - ,,. The degree of a term is the sum of its exponents,

ki 4+ ---+ k,. For polynomials in a single variable, the leading term is defined to be the one
of highest degree. For polynomials of several variables, there may be many terms of the same
degree. Thus, one defines the leading term relative to a monomial ordering. For instance, the
lexicographical ordering of monomials implies that :E’fl oexhn < .o p™n if and only if there

n

is an ¢ such that k; < m; and k; = m; for j <. In general, a monomial order must satisty

1. The monomial 2929 - - - 2% = 1 is the smallest monomial.

2. If X, Y, and Z are monomials with X <Y, then XZ <Y Z.

The leading term of a polynomial is the largest term with respect to the monomial ordering.
With these notions in hand, we are ready to define a Grobner basis. The set {hy,..., ht} is a

Grébner basis for the ideal (fy,..., f,) if
Lo (frsos fm)=(ha, s )
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2. The leading term of any polynomial in (fi,..., f,,) is divisible by the leading term of h;

for some 1.
Consider the following example. Consider the ideal generated by
{22129 — 21, 79 — 13,75 — 1}.

Note that the first term of each polynomial is the leading term with respect to the lexicographical
order. Is this generating set a Grobner basis? The answer is negative because the leading term
in %(21’11’2 — 1) — x1(x9 — 3) = 11203 — %xl is not divisible by any of the leading terms in the
generating set.

As an illustration, we show how to use Buchberger’s Algorithm to construct a Grobner basis.
There are many other algorithms, most of which are based on Buchberger’s Algorithm, that can
also be used to construct Grobner bases. The algorithm begins with constructing S-polynomials.

The polynomial %(2:101:102 —11) —x1(T0 —3) = T3 — %:pl is called the S-polynomial of 2zx9 — 21

1

5 and 1 were chosen so that the leading terms would cancel. After

and 9 — x3 because factors
the S-polynomial has been formed, it must be reduced using the elements of the generating set.
The reduction step is illustrated by the following example.

Consider the S-polynomial of 22,25 —z; and 5 — 1, which is %x%(Z:ple —x1)—T3a(2i—1) =

T1Xy — %xlxg This polynomial is reduced by using the leading terms in the generating set to

eliminate terms in the S-polynomial. In this case the reduction proceeds as follows:

1 1 1

1 1
L1tz = 5551373 = (2173 — 5551373) - 5(2131372 — 1) = —55611’3 + ot
1 1 1 1
—ézplx% + §x1 = (—§!E1$;2>, + 51‘1) + §!E1($;2», —1)=0

So the reduction of the S-polynomial of 2xz9 —x1 and a3 — 1 gives the zero polynomial. Readers
should convince themselves that the S-polynomial of 2z,25 — 1 and x5 — x3 given above cannot
be reduced further and that the S-polynomial of x5 — x3 and 23 — 1 can be reduced to zero.
Note that the reduction is in general not unique. It can depend on the order in which the terms
are eliminated and on particular elements of the generating set that are used to eliminate the

terms. One can always devise an algorithm to reduce any polynomial in finite steps.
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Buchberger’s Algorithm proceeds as follows. Successively form the S-polynomials from pairs
of polynomials in the generating set and reduce them. If a reduced non-zero S-polynomial is
obtained, add it to the generating set. Continue until all S-polynomials formed from pairs of
the enlarged generating set can be reduced to zero. This algorithm is guaranteed to terminate
in a Grobner basis. See Buchberger (1998) or Becker et al. (1998) for details.

Continuing with our example, the reduced S-polynomial of 2z129—x1 and xo—x3 is x123— %xl.

We add it to our generating set to obtain

2
{22129 — 11,29 — w3, 25 — 1, 21203 — 53:1}

As discussed above, the S-polynomials of both the pair 2z;25 — 21 and 22 —1 and the pair zo — 3
and x?,, —1 are zero. Note also that the S-polynomial of 2xy2x5—2x1 and 23— %:pl reduces to zero,
but the S-polynomial of x5 — x5 and x 23 — %xl is v123(xe — 23) — X0 (w1203 — %xl) = %xle -z 23

and reduces to

1 1 1 1

g t1t2 = Ty = (5‘”1@ —1173) — Z(2$1$2 —x1) = —my75 + 14
1 1 3

—1 25 + R (—125 + le) +ay (3 —1) = vt

We add this non-zero polynomial to our generating set to obtain
9 3
{20129 — 21, 29 — w3, 25 — 1, 201203 — 1, —le}.

The reader should verify that all S-polynomials of pairs from this generating set will reduce to
zero. Thus we have obtained a Grobner basis.

Grobner bases are not unique, because adding any element from the ideal generated by a
Grobner basis will result in another Grobner basis. To obtain uniqueness, with respect to the
monomial ordering, we work with a reduced Grobner basis. A Grobner basis is said to be reduced

if
1. The coefficient of the leading term of each polynomial in the basis is one.

2. Each polynomial in the basis cannot be further reduced with respect to the other polyno-

mials in the basis.
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Any Grobner basis can be easily transformed to a reduced Grébner basis by first reducing
each polynomial in the basis with respect to the other polynomials in the basis and then dividing
the resultant leading term by the leading coefficient. For instance, the Grobner basis obtained
above is not reduced because both 2z;29 — x; and 2xy23 — 1 can be reduced to zero. Thus

these polynomials must be eliminated to obtain the reduced Grobner basis
{x1, 19 — 23,235 — 1}.
The reduced basis above is called a Shape basis because it is of the form

{xl - Q1($n)> sy p—1 Qn—1($N)> Qn($N)}>

where ¢, ..., q, are polynomials in a single variable with the degree of ¢; strictly less than the
degree of g, for 1 <7 < n — 1. Shape bases are particularly useful because it is straightforward
to find all the zeros from this representation. One first finds the values of z,, that are zeros of
¢n(x,) and then substitutes each of these values into ¢; through ¢, ; to obtain the values of x;
through x,,_;.

Not all reduced Grobner bases are Shape bases. The Shape lemma, below, gives the condi-

tions under which the reduced Grobner basis is a Shape basis.

Lemma 5 Let fi,..., f, be polynomials in zy,...,x,. The reduced Grobner basis with respect
to the lexicographical ordering of the ideal {f1, ..., fn) is a Shape basis if and only if the following

conditions hold.
1. The system f1,..., fn has only finitely many zeros.
2. If (a1, ...,a,) and (by,...,b,) are two distinct zeros, then a, # b,.
3. Each zero is either a simple point or a multiple point of local dimension one.

4. If a zero is a multiple point, then the tangent line at the zero does not contain the hyperplane

z, = 0.
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The meaning of Conditions 1 and 2 is clear, but Conditions 3 and 4 need further explana-
tion. The point (ai,...,a,) € R™ is a zero of the polynomial system fi,..., f, if and only if

(fiy- s o) S (z1 —ay,...,x, — ay,). If there exists an i such that

(Frooo o o) Clay —ay, ..., (1 — @), .. 2y — ay) C{x1 —ay, ..., T, — ay),

then we say the zero is a multiple point; otherwise, the zero is simple. One can verify that the
zero (aq, . .., a,) is a multiple point if and only if there exists an ¢ such that 0f;/0x;|(a,,...ap) = 0

for all 1 < j < n. The tangent space at the zero (ay,...,a,) is the set of all (zy,...,z,) € R"

such that
o L. on
e [CT ol (@1,man) | |1
—0.
dfn dfn
sl T 5 l@nan) | | T

Note that this matrix of partial derivatives is the Jacobian. If the zero is simple, then this
definition of the tangent space corresponds to our usual geometric notion of a tangent space,
but the correspondence breaks down if the zero is a multiple point. The local dimension of a
zero is the dimension of the tangent space. Note that the local dimension is zero if and only if
the Jacobian is of full rank. Thus, if the Jacobian is of full rank, then the zero will be simple.
The converse, however, is not necessarily true.

One can verify that if the reduced Grobner basis is a Shape basis, then Conditions 1-4 will
hold. The converse is also true, but the verification requires much more work. See Becker et al.
(1993) for details. If the Jacobian at each zero is of full rank, then each zero is isolated and
there can only be finitely many zeros. Thus, Conditions 1-4 hold in this case. Since the set
of polynomial systems of n equations in n unknowns whose Jacobian is not of full rank is of
measure zero in the set of all such systems, Conditions 1-4 hold almost surely.

In summary, for almost all polynomial systems, there are only finitely many zeros and Buch-
berger’s Algorithm can be used to find them. While Buchberger’s Algorithm is instructive, it
can be inefficient for certain problems. Active research continues to develop variants of this

algorithm that improve efficiency.
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10 Appendix C: Iterative algorithm

This section describes an iterative procedure to find solutions of the quadratic system (12).
In general, this method will not provide us with all the solutions to the system. Recall the

quadratic system to be solved is

I,

D nzYss 1 [nz
bl ()| () = B(sy)

Dl,nxgss (St)

L Dl,nxgss (ns)

for all s;, where

A (St) - |: Z:/szl pst,s’DZny+1,2ny+nzfss (Sla 525) pst,lDl,nyfss (17 525) e pst,nle,nyfss (nsu St) }

and
B (St> - - Zpsmsl [ DZny-l—nx—l—l,Z(ny—f—nx)fss (5/7 St) Dny—l—l,Qnyfss (5/7 St) :|
=1

for all s;.
The idea of the algorithm is to guess a set of policy functions and solve for each regime’s policy
functions as in the constant parameter model case using the generalized Schur decomposition.

When the solutions are close to the guesses, then a solution has been found.
Algorithm 6 Let {Dlmgg) (s¢) ,thﬁi) (st)} denote solution at iteration j.

1. Set j =1 and initialize Dlnggg) (5t) = Opyxn, and Dl,nzhgg) (s¢) = O0p s, -
2. For each s;, construct the transformed system

I,

()

Dy, h) (s1) (26)
Dl,nzgss (St)

A (St7 {,Dl,nzggjs‘il) (8/)}:;1,3’7&3,5)

I,

= B (St) .
D19 (1)
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where

A (St7 {Dl,nzgg) (5/)}:/521,3’7&3) -

Z:/szl pst7s’ID2ny+1,2ny+nz fss (8/7 8t>

n , (0) , pst,stpl,ny fss (5t7 St)
+ ZS'SZLS/;éSt pst,s’Dl,ny fss (5 3 St) Dl,nxgss (S )

3. The set of systems (26) is identical to a constant parameter model case.  When find-
ng Dl,nzhgi) (s¢), use the "most stable” generalized eigenvalues, those with the smallest

modulus.

)

4. Check max { HDanhgi) (s¢) — Dl,nzhg;l) (s¢) )Dl,nzgg) (s¢) — Dlnggfl) (s¢) } < crit.

If yes, then stop and check for MSS. If no, then set j = j + 1 and return to step 2.

11 Appendix D: Second partial derivatives

This appendix derives, in detail, the six steps described in Section 5.2. Let us first define
kajfsis (St41,5t) =
DijfZ (y587 Yssy Tssy Lss, 077/57 Ong7§17§2 (St-‘rl) 751752 (St)>
for all 541 and s, and 1 <¢ <mn, +n, and 1 < j, k <2 (n, +n, +n. +ng) and

Dn1DM1 sis <5t+17 815) ce Dn1Dm2 sis <5t+17 515)
Hn17n2;m1,m2 sis (5t+17 St) - : ’ :

Dy, Dy ;s (5t41,5¢) . DpyDm, ;s (5t41,5¢)

for all s¢41 and s, and 1 < ny,my < ng,mg < 2(ny +n, +n. +ny) and 1 <i < ny, + n,.
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11.1 Step 1: Obtaining the derivatives of z; | twice

The first equation is the derivative with respect to x;_; twice.

Ns
7
Hi 1.0, Gl (5¢) = E Dsy,s X
s'=1

Hl,ny;l,nyf;'g (S/, St) Dl,nwgss (3/)
+2H1,ny;2ny+1,2ny+nz f;s (3/7 St)

+2H1,ny;ny+1,2nyfsis (Slu 825) Dl,nzgss (815)

Dl,nz hss (325)
(Dl,nxgss (3,) Dl,nx hss (St))T

F2H 1 ny2my tn 1,20y 4n0) fas (85 51)
Hoy1,2n0im, 41,20, frs (55 5¢) D1, gss (St)

+D1 1, Gss (s)7 +2Hny+1,2ny;2ny+1,2ny+nzfsis (8", 5t) D1nyhss (5¢)
F2H 41,2020 400 +1.2(ny 100 fos (85 51)

7 /
HZny—l—LQny—}—nx;2ny+172ny+nx fss (5 ) St)

Do) |\ 4Du (s g ) Dol
Lnglbss \ ot + l,nyfss (Svst)Hl,nz;l,n1933<5)

1

+2H2ny+1,2ny+nx;Zny+nx+1,2(ny+nw)fss (Slu 825)
Din, fis (8',5¢) D1, gss (5)
+D2ny+1,2ny+nw fgzs (5/7 St)

+Dny+1,2ny f;s (Slu St) Hl,nz;l,nzgss (325)

Hl,nz;l,nz hss (St)

7 /
_'_HZny—i—nx+1,2(ny+nx);2ny+nx+172(ny+nx)fss (8 ’ St)

The condition H .11, G, (1) = Op,xn, for 1 < i < mn, +n, implies a linear system of equa-

tions that determines the solution for

{{Hl,nz;lngi‘s (St)}?;/l ) {Hlynz§1ynz hés (815)}?21 :::1'
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11.2 Step 2: Obtaining the derivatives of z; | and ¢

The second equation is the derivative with respect to z;_; and &;.

Ns
Hlvnx§nx+17nx+nsGss (St) - p8t78/ X
=1

Hl,ny;l,nyfgg (5/7 St) Dl,nxgss (3/)

) , ,Danrl,anrnE hss (325)
F2H 1 ny 20y +1,2ny +na f os (s, 5¢)

(Dl,nxgss (s") Dy, hss (St))T A
+H17ny;ny+172nyf;s (5,7 St) Dnz+1,nz+nggss (515)

7 !
+H1,ny;2(”y+nx)+ng+1,2(n;c+ny+n5)fSS (S ) St)

Hoy 1,201, It (s’ St)Dl, Gss (")
" e ’ e Danrl,anrnahss (515)

+H 172 ;2 1,2 fl 8/ St
+D1,nxgss(3t)-r ny+1,2ny;2ny +1,2ny +ne ss( ) )

+Hny+1,2ny;ny+1,2ny fsls (Slv St) Danrl,anrnggss (515)
+Hny+172ny;2(ny+nac)+ns+1,2(nx+ny+ns)f;s (3/7 St)
Hzny+1,2ny+nz;ny+1,2ny fsis (3/7 St) Danrl,anrnsgss (St)
+H2ny+172ny+nx;2(ny+nx)+ng+1,2(nx+ny+ng)fis (Slv St)

+D1,nx hss (St)T

3 /
HZny—i—l,Qny—f—nx;Zny+172ny+nx fszs (8 ) St)
+ Dnz+17nz+n£hss <St)

+D17n1/f;8 (8/7 St) Hlynﬁhlvnxgss (8/)
H2n +nz+1,2(ne+ny);1,n fl (S/ St) Dl,nzg&; (S/)
Yy y yJ 8s ’ A , an-i—l,nx—f—nehss (St)
_'_HZny+nx+1,2(ny+nx);2ny+1,2ny+nxfszs (3 ) 325)
D1y fis (5, 5t) Dinass (57)
Mty ’ ‘nx fs Hl,nz;anrl,anrnahss (515)
+Dany 41,20y +n, f55 (85 5t)
FHony +n,+1,20ny+10)my+1,2n, f;s (8", 5t) Dnyt1natn.gss (5t)

+Dny+172ny fSZS (S/’ St) Hlvnx§nx+1,nx+nggss (St)

% !
+H2ny+nz+1,2(nz+ny);2(nz+ny)+n5+1,2(nz+ny+ng)fsg (S ’ St)

Conditional on the solution from Step 1, the condition M1, ., +1m.40.Gl (5t) = Opysen.

for 1 < i < n, + n, implies a linear system of equations that determines the solution

Ns

{{Hl,nx;nx—l—l,nx—l—neggs (St)}?:yl 3 {%1,nx;nx+1,nx+ns h;s (St)}?:zl s¢=1"
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11.3 Step 3: Obtaining the derivatives of z; | and y

The third equation is the derivative with respect to x;_; and .
Hingine+ne+1G5, (s¢) = Z Dsy,sr X
s'=1
DnIJrnEJrlgss (S/)
+D1,nmgss (SI) Dnm-l—ns-l—lhss (St)

+H1,ny;ny+1,2ny fszé (S/a St) Dnm-l—ns-i—lgss (St)

Hl,ny;l,nyf;s (Sla St)

(D1,n.9ss (8") D1,n, hss (St))T )
+H1,ny;2ny+1,2ny+n3: f;s (S/; St) Dn1+n€+1hss (St)

+H1,ny;2(nz+ny+n€)+1,2(nz+ny+ng)+ne f;s (Sla St) Doss (Sl)

+H1,ny;2(%+ny+na+ne)+1,2(nz+ny+na+ne)f§s (s',51) DOss (st)
. DnIJrn +1Yss (S/)
,H2ny+172ny+na:;lvnyf515 (5/7 St) , -
+D1,nxgss (5 )Dn1+n€+lhss (St)
+H2ny+1,2ny+nm;2ny+1,2ny+nmf;s (Sla St) Diytnet1hss (St)
+Hon, 11,2 ny+1,0n, fis (8, 81) D 19ss (St
Dy hs (1) ot annsinyan fis (850 Drotncs (s ,
+%2ny+172ny+nm;2(n17+ny+n£)+112(nm+ny+n5)+n9szS (s',5¢) DOss ()
+H2ny+1,2ny+nm;Q(nm+ny+n5)+n9+1,2(nm+ny+n5+ne)fsl,:s (Slv St) DO (St)
Mg ing+n.+19ss (5/)

+H1,nz;1,nxgss (S/) DnIJrnEJrlhss (St)

D1, [l (s 5t)

Dn1+n€+1gss (S/)
+D1,nmgss (S/) Dnm—i-ns—i-lhss (St)

+Hny+1,2ny;ny+1,2ny f;s (Sla St) Dnm-l-ng-i-lgss (St)

Hny+1,2ny;1,nyf;5 (5/; St)

+D1,nzgss (St)T .
+Hny+1,2ny:2n, +1,20, +n, fos (5' 8t) Dnyptn.+1hss (5t)

3 ! !
+Hny+172ny;2(%+ny+n5)+1,2(nm+ny+n5)+nef;s (5 ) St) DOss (5 )

i /
+/Hny+172ny;Q(nz+ny+na+ne)+1,2(nz+ny+ng+ne)f;s (s, 5¢) DOss (51)
/

i D, tn.+19ss (8)

+%2ny+nm+1,2(nm+ny);1,ny fss (S 5 St) ,

+D1,nxgss (5 )DnIJrnEJrlhss (St)

] ’
+H2ny+nz+1,2(ny+nz);ny+1,2ny fsls (S ast) Dnm+n5+1gss (St)
i /
+H2ny+nz+l,2(ny+nI);2ny+1,2ny+nI f;s (S ’ St) Dnm+n5+1h88 (St)

7 / /

+H2ny+nm+172(nm+ny);2(77/.1:+ny+n£)+1a2(nm+ny+ns)+n9fSS (s',5¢) DOss ()
7 /

+H2ny+nm+1,2(nm+ny);2(nm+ny+n5)+n9+1,2(nm+ny+ns+ne)fss (S ) St) 9)( (S)

Dl,ny f;s (Sla St) D1.n,Yss (SI)

i , 17"m;nm+ng+1hss (St)
+D2ny+1,2ny+nmfss (S s St)

+Dny+1,2ny f;s (S/; St) Hl,nz;nIJrnaJrlgss (5t>
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Given the solution from Step 2, the condition H,, 1n, tnemein.1Gh (s)) = 0y,
for 1 < i < n, + n, implies a linear system of equations that determines the solution
{{an‘f'lvnx‘i‘ns;nx‘f'ns‘i‘lgés (st)}?:yl ) {an“l‘l,nac“l‘ns;nx‘i‘ns‘f'lhi‘s (St)}nz ™

1=1 St:1 °

11.4 Step 4: Obtaining the derivatives of ¢; | twice

The fourth equation is the derivative with respect to £;_1 twice.

Ns
7 _
an+1,nz+ng;nz+1,nz+ngGSS (St) = Z Psy,s’' X

s'=1

H17ny;1,77/yf§'8 (8/7 St) Dl,nxgss (S/)

D heo(s
' T +2H 1,520, +1,20, 410 fos (87, 5¢) nat LR (51)
(D10, 9ss (5") Dry+1,mp4n.fss (5¢)]

+2H1,ny;ny+1,2n fszs (8/7 St) an—l—l,nx-l—nggss (St)
v y

% /
L +2H1,ny;Z(ny+nx)+n5+1,2(nx+ny+ng)fss (S 5 St)
i /
7'[2ny+1,2ny+nz;2ny+1,2ny+nzf;s (5 s St)

T ) Dy t1,n0+n.Piss (s¢)
+Dhyt1,np+nPss (5¢) +D1n, [ (', 5¢) HingilnaYss ()

% /
+2H2ny+1,2ny+nx;Z(nx+ny)+n5+1,2(nx+ny+ng)fss (S ) St)
i /
%ny+1,2ny;ny+1,2nyf§s (5 s St) Danrl,anrnggss (St)
T 3 /
+Dnz+1,nz+nggss (St) +2Hny+1,2ny;2ny+1,2ny+nz f;s (5 5 St) Danrl,anrnEhss (St)

+2H7Ly+1,2ny;2(”y+nx)+n5+172(n;c+n:l/+n5)fSZS (8/7 St)
D1y fl (s', 1) D10, Gss (s")
v . Hnat1no+neine+1,n0-+ne s (s¢)
‘|‘D2ny+1,2ny+nzfsls (5 ast)

+Dn +1,2ny fszs (3/7 st) an—i—l,nx—l—ng;nx-‘rl,nw-‘,—nggss (St)
y {

1 /
+H2(ny+nx)+ns+172(nx+ny+ns);2(ny+nac)+n5+1,2(nx+ny+ns)fSS (S Y St)

Given the solution from Step 1, the condition Hi,,41m, n.mattmein.Ghs (86) = On_sn.
for 1 < ¢ < n, + n, implies a linear system of equations that determines the solution

{{anJrl,anrng;anrl,anrnsgés <5t)}?:y1 ) {an+1,nz+ng;nz+1,nz+nahis (St)}?:x1 :::1 :
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11.5 Step 5: Obtaining the derivatives of ¢; | and y

The fifth equation is the derivative with respect to £;_; and x.

+Dn,41,n04n Pss (St)T

(Dl,nzgss (s) Dy +1,mp4nMss (St))T

+Dnz+1,nz+nggss (St)T

7 /
+H2(nz+ny)+n5+1,2(nm+ny+n5);1,ny fss (S 5 St)

ns
Moot 1, netnematn.+1G5, (8¢) = E Psy,s' X
=1

Dn1+n€+1gss (5/)
+D17nmgss (S/) Dnm—i-ng—i-lhss (St)

+H1,ny;ny+1,2ny f;s (S/a St) Dnm-l-ng-i-lgss (St)

Hl,ny;l,nyf;ls (S/a St)

FH1ny20, +1,2ny 41, Fas (5'56) Dngne1hss (st)

+H1,ny;2(nz+ny+n€)+1,2(nz+ny+ng)+ne f;s (S/a St) Do (S/)

+H1,ny;2(nz+ny+ng+ne)+1,2(nz+ny+ng+ne)f;:s (Sla St) Do (St)
Hon,+1.2n, 4010, fis (57, 5) Dretnet16s5 ()
+D1,n.9ss () Dnptnot+1hss (st)
+Han, 11,20, +naim,+1.2n, fos (8, 5t) Dnytno+10ss (5t)
+H2ny+1,2ny+nm;2ny+1,2ny+nm f;s (Sla St) Dytno+1hss (St)

Jr/H2ny+1,2m,+mc;2(%Jrnyer)+1,2(ngnJrnernE)Jrne f;s (s, 81) DOss ()

FHan, 41,2, t10:2(natnytne)ne+1,2(ns +ny tnetng) fas (85 56) Dlss (5t)
Dy, fszs (s', 5¢) Hinging+n.+19ss (')
+H1m,i1,m,9ss (8") Dyt +1hss (st)
Dn:+n€+1gss (S/)

+D1 0, gss (5/) Diysnet1hss (St)

+Hny+1,2ny;ny+1,2ny f;s (S/a St) Dnm-l-ng-i-lgss (St)

Hny—i-l,Qny;l,ny fsls (S/a St)

+Hny+1,2ny;2ny+1,2ny+n1 fszé (5/7 St) DnIJrnnglhss (St)

) ! !
+Hny+172ny;2(nz+ny+ns)+172(nm+ny+ns)+n9 fss (5 vst) Db (5 )

i

!
+Hny+172ny;2(nz+ny+na+ne)+1,2(nz+ny+na+n9)fss (s, 5¢) DOss (51)
!
Diytne+19ss (5 )

+D1,nxgss (S/) DnIJrnEJrlhss (St)

FHo(ny+ny)+ne+1,2(ne+ny+nc)ing +1,2n, fis (8',8t) Dnyine+19ss (5t)
+H2(n1+ny)+n€+1,2(nz+ny+na)§2ny+1,2ny+n_—gf;s (5, 8t) Dnyyne+1hss (st)
FHo(ny +n0) 41 41,2000 +1y +10);2(n0 +1y +10)+1,2(n0 +y +n0)+10 fis (s, 50) Dlss (8)
FHo(ny )b+ 1,2(ng b1y £n0):2(ng Fry+ne )+ +12(ngtny tnetng) fas (8 5¢) DOss (st)

Dl,ny fsls (Sla St) Dl,nmgss (S/)

+Don+1,2n, +na fis (8, 5¢)

nm+1,nm+n5;nz+n5+1hss (St)

+Dny+1,2ny fslé (5/7 St) %nIJrl,nIJrnE;nIJrnaJrlgss (5t>
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Given the solution from Steps 1 and 3, the condition Hy, 1., tn.mptn. s tnet1Ghs (1) = 0.
for 1 < i < n, + n, implies a linear system of equations that determines the solution

{{an-kl,nx-i-ns;nx—l—ne-i-lgés (st)}?:y1 ) {an-i-l,nx-i-ns;nx-i-ns—i—lhis (St)}?:z1}ns

sg=1"

11.6 Step 6: Obtaining the derivatives of y twice

The sixth equation is the derivative with respect to y twice.

Ns
Hoytnetling +ne+1Ghs (56) = D Py, 0 X
s/'=1
’ T /
Drytne+19ss (s') 2 Fi (s 50) Drytne+19ss (s')
’ Liny;l,ny Jss » St ’
+D1,nmgss (5 )Dnm+n5+1hss (St) +D1,nmgss (3 )Dnm+n5+lhss (St)
Hl,ny;ny+1,2ny f;s (sl7 St) Dnm+n5+lgss (St)
+2 Dnyt+ne+19ss (s') +H17”y52”y+172”y+”m fsls (8", 5t) Dnytne+1hss (st)

+D1,n,Gss (s") Dnytne+1hss (s¢) +Hl,ny;2(nm+ny+n5)+1,2(nm+ny+n5)+n9 fsls (3/7 s5¢) DOss (s/)

+’H17ny;2(711+ny+na+ne)+1,2(nz+ny+ng+n9)fsis (s",5¢) Dbss (st)
Hny+1,2nyiny+1,2n, fis (5, 5t) Dnytno+19ss (st)
+Dny+ne+19ss (5¢)7 P2y gz 2y fis (50 Dn:fniﬂhss (st)
F2H 11,20y 2(ng fry+ne ) +1,2(ng tny+ne )£ 55 (s, 5t) DOss (')
+2Hny+1,2ny;2(n1+ny+n5+ne)+1,2(nm+ny+n5+n9)fsis (s, 5¢) DOss (st)
Hon, +1,2ny +n0:2ny +1,2ny +ng fis ('3 8¢) Dngtno+1hss (5t)

F2H o, 11,20y +1032(ne+ny +ne ) +1,2(na +ny+ne ) +ne fis (85 50) DOss ()
HDnytnetthss (56T | +2Hop 41 90y 42 (natnytne)tngt1,2(ng by bnetng)fas (8'5¢) Dhss (st)
+ [Dlvny f;s (5,7 st) Hing;1,n, gss (Sl)] Drytnet+1hss (st)
+2 [Di,n, i (', 8) Hinaging +ne+19ss (87)]

Ho(na+ny)+1,2(n0 1y )+ne2(natny)+1,2(na+ny ) +ne f5s (s',5t)

+ (EI)T +D1a"y fsls (s, s¢) Mg +1,n0+neing+1ng+neJss (s") &
+Dn,+1,np+n:9gss (5/)I’HI,ny;1,ny fis (8',5) Dnyt1,mp4ne gss (57)
+2Dn, +1ng+n.gss (') M nys2(nytne)41,2(ny tna)+ne fis (85 5)
3 ’ !
+D0ss (s')T Ho(ng+ny+ne)+1,2(n0+ny+ne ) +10:2(na+ny+ne)+1,2(na+ny+ne)+ng f5s (s, 5t) Dlss (s)

+2H2(n1+ny+n€)+1,2(nz+ny+n5)+n9;2(nz+ny+n€)+n9 +1,2(nz+ny+n5+n9) f;s (sl7 St) Dbss (St)

i !
+D0ss (st)7 HQ(na:+ny+7L5)+n9+1,2(nm+ny+ns+"9)§2("m+ny+n5)+n9+1a2(nm+"y+n£+"9)f‘;s (%, 5) Dbss (st)
Diyny fis (5", 5¢) D1,ny gss (8)
Ty /s ’ nm S/S Hnm+n5+1;nm+n5+lhss (st)
+D2ny+1,2ny+n, fis (87, 5t)
D1, fis (8, 5t) Hng4ne+1img+ne+19ss (8)

+Dny 1,20y fis (8, 56) Hngtne+1ing+ne+19ss (5t)
Y Y

Do (gt ne)+1,2(na iy +ne) g fas (87 5) HOss (1)

] ’
+D2(nm+ny+n5)+ng +1,2(nm+ny+n5+n9)fsls (S ) st) HOss (st)

Given the solutions from Steps 1, 3 and 4, the condition H,, 1n.t1m,4n.+1GL (s1) = 0
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for 1 < i < n, + n, implies a linear system of equations that determines the solution

Ny Ns

{{an+na+1;nz+na+lgis (St>}?:y1 ) {an+ng+1;nz+ns+1his (St>}i:1 si=1"
t
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