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Conventional methods of constructing econometric models are 
typically fraught with problems of using available data efficiently. The 

author presents a new method that resolves difficulties with mixed frequen-
cy and temporal aggregation of data. (T/jis method also deals with data mea-

surement errors and transmission delays, but these problems are not discussed in this 
article.) Using monthly total nonfarm employment data and quarterly U.S. real GNP da-

ta from January 1958 to December 1978, the author applies a Kalman filter, often used in en-
gineering and scientific applications, to construct a bivariate time series model for forecasting 

employment and GNP. The Kalman filter in a state-space setting is powerful in handling complex samples 
because it separates the model's characteristics from those of the sampling scheme. 

Economic analysts cont inua l ly at-

tempt to comprehend large amounts 

of new and revised data to gauge the 

current state and future direction of the econ-

omy. The data come in many varieties. Re-

port ing frequencies vary. Some data, like 

bond prices, pertain to an instant while other 

data, like quarterly gross national product 

(GNP), represent sums over periods of time. 

Some data are newly reported; some are re-

vised, often more than once. Methods of col-

lecting the data differ, and expected variation 

from the true value of the item differs widely 

among data series. 

Analysts approach this variety of data in 

many ways: with quantitative tools such as 
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econometric models; with rules of thumb, 

intuition, or subjective judgments; or with 

some combination of these methods. What-

ever their method, analysts face the same 

basic problem of using all information in the 

available data. Statisticians call this "effi-

cient" use of data, by which they mean that 

the data's information is not wasted or dis-

torted. The issue of efficiency arises in al-

most every empirical economic analysis 

because the form of relationships derived 

from economic theory does not match the 

way the variables are actually measured and 

reported. 

For example, suppose that one wishes to 

forecast U.S. real GNP at monthly intervals. 

Economists' theory of production indicates 

that GNP is in part determined by total em-

ployment. Monetary theory indicates that 

GNP is influenced by some monetary aggre-

gate like Ml or M2. But even the most careful-

ly articulated production or monetary theory 

will not provide sufficient guidance about how 

to use the actual observations on GNP, em-

ployment, and money. A particular problem, 

with which this article is concerned, is that 

GNP, employment, and money are available 

at quarterly, monthly, and weekly intervals, 

respectively. 

This type of problem—eff ic ient use of 

mixed-frequency data—confronts virtually ev-

ery economic analyst who uses more than one 

time series at a time. The difficulty is typically 

compounded by at least three other data 

problems: some variables are observed at a 

particular time while others are added up or 

averaged over time intervals; observations 

are subject to measurement errors; and ob-

servations are available only after a delay to 

allow for collecting, processing, and transmit-

ting them. 

Although these four data problems have 

been recognized for some time, they have not 

been satisfactorily addressed by conventional 

methods used to estimate forecasting mod-

els.1 These methods allow very little flexibility 

in distinguishing between the forms of data as 

they are specified by economic theories and 

the ways in which the data are actually mea-

sured. Previously suggested solutions in-

volved either wasting or distorting sample 

information. 

As a response to these problems, this arti-

cle briefly describes and applies a time series 

estimation and forecasting method that has 

the ability to resolve the problems simultane-

ously in a satisfactory way.2 In view of the nov-

elty of the method, the application in this 

article addresses only the first two data prob-

lems—mixed frequencies and data summed 

or averaged overtime (temporal aggregation). 

The remaining problems of measurement er-

rors and transmission delays will be ad-

dressed in a future study. 

The method is applied to forecast U.S. real 

GNP at monthly intervals with the aid of month-

ly observations on U.S. total employment. It is 

used to estimate directly a monthly time-series 

forecasting model—a vector autoregressive 

moving-average (VARMA) model—with monthly 

employment and quarterly GNP data. 

Problems Caused by Mixed Frequen-
cies and Temporal Aggregation 

Methods conventionally used to estimate 

time series models and forecast economic 

time series, such as ordinary least squares re-

gression and its variants, are designed for da-

ta at a single frequency. Consequently, they 

generally do not handle mixed-frequency da-

ta satisfactorily. Attempting to use one of 

these regression me t hod s with mixed-

frequency data, economists have resorted to 

one of three options: transforming the data to 

a single frequency by adding up, averaging, or 

skip sampling the higher-frequency observa-

tions (like monthly employment) to the lower-

frequency observations (like quarterly GNP); 

transforming the data to a single frequency by 

interpolating lower-frequency observations to 

the highest frequency in the data; or restricting 

the model so that the regression method can 

be directly applied.3 None of these options is 

entirely satisfactory. 

The author is an associate professor in the Department of Economics 
at Washington State University. The work underlying this article 
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partment of the Federal Reserve Bank of Atlanta. He is grateful for 
conversations with William R. Bell, David F. Findiey, and William 
T. Roberds. 
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The first method—adding up, averaging, 

or skip sampling the higher-frequency obser-

vations—throws away sample information. 

Changing from monthly to quarterly observa-

tions in this way involves losing two-thirds of 

the observations in the monthly series. 

On the other hand, when the goal is to esti-

mate a model, for forecasting or other purpos-

es, interpolation is at best a nuisance and at 

worst a source of distortion in the data. In the 

context of a sample of monthly and quarterly 

observations, for instance, interpolat ion 

means estimating the missing monthly values 

of the quarterly observations. Commonly used 

interpolation methods do not use all the avail-

able sample information. Statisticians com-

monly interpolate each time series separately, 

using only its relationship to its own previous 

values (see, for example, A.C. Harvey and R.G. 

Pierse 1984). Economists typically interpolate 

with regression methods, which primarily em-

phasize contemporaneous relationships be-

tween variables. However, even the most 

sophisticated regression-interpolation method 

will generally not be able to exploit all signifi-

cant relationships within and among data se-

ries.4 Moreover, to the extent that the 

interpolation method is inconsistent with the 

economic model being estimated, the esti-

mates of the model and subsequent forecasts 

will be biased. 

Imposing restrictions on a model by limit-

ing certain relationships among its variables is 

another, more complex way to handle mixed-

frequency data with single-frequency meth-

ods. In the example involving month ly 

employment and quarterly GNP, these restric-

tions eliminate all feedback from (quarterly) 

GNP to (monthly) employment and reduce 

feedback from lagged GNP to GNP to quarter-

ly intervals. Most likely these restrictions on 

the model will inhibit its effectiveness. Be-

cause virtually any collection of aggregate 

economic time series will have significant 

feedbacks across all variables and all frequen-

cies, models with arbitrarily restricted feed-

backs of lower-frequency variables will 

generally produce suboptimal forecasts. 

Mixed-frequency problems are often com-

pounded because some variables are only 

observed as sums or averages; that is, they 

are temporal aggregates.5 The prob lems 

caused by aggregation over time are twofold. 

First, to estimate a model with data that are 

added up or averaged, one must correspond-

ingly add up or average the equations of the 

model. However, when this calculation can be 

done, it also requires imposing restrictions 

like those discussed in the previous para-

graph. Moreover, if two or more variables 

have different degrees of temporal aggrega-

tion that are not multiples of each other, then 

the equations of the model cannot be aggre-

gated into a form compatible with the data, fn 

such cases, conventional methods break 

down and cannot be applied at all. Second, 

although estimating the model may pose no 

problems, with a conventional method one 

can only produce forecasts of variables in an 

aggregated or averaged form; there is no op-

tion to forecast some or all variables in origi-

nal disaggregated form. 

In sum, conventional regression methods, 

designed for single-frequency disaggregated 

data, are inadequate for estimating and fore-

casting with multivariate economic time series 

models when the data involved are mixed fre-

quency or temporally aggregated. By contrast, 

the method outlined in the next section in 

principle overcomes these problems in a 

completely satisfactory way.6 Unlike single-

frequency methods, it does not require that 

the data be aggregated to the lowest frequen-

cy or interpolated to the highest frequency or 

that the model be arbitrarily restricted. 

An Overview of Estimating and Fore-
casting with the Kalman Filter 

The key to the present method is the use 

of a device called a Kalman filter. This device, 

often applied to engineering and other scien-

tific problems, allows routine handling of the 

sampling complications of mixed frequencies 

and temporal aggregation. The basic insight 

that brings the Kalman filter into play is to 

view the model as operating at the highest 

frequency in terms of temporally disaggregat-

ed measurements of all the variables. In the 

employment-GNP context discussed above, 

the fact that GNP is observed only at quarterly 

intervals and only as an aggregate over each 
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quarter presents fewer observations of GNP 

than actually come from the process that gen-

erates the data. If the underlying process gen-

erates disaggregated monthly values of both 

employment and GNP, then quarterly GNP 

leaves one with "missing values" relative to 

the observations that could be obtained. 

The Kalman filter inherits its ease of han-

dling these and other sampling complications 

from the state-space representation of the 

model being considered. Indeed, the Kalman 

filter can hand le any sampl ing complica-

tions—including measurement errors and da-

ta transmission delays—as long as they can 

be described as linear transformations of the 

model's variables. This flexibility derives from 

a clean separation, in a state-space formula-

tion, of the characteristics of the model from 

the characteristics of the sampling scheme in-

to two unconnected parts. 

Therefore, the first step in applying the 

Kalman filter with a given model is to write the 

model in state-space form. A state space for-

mula t ion of a t ime series mode l has two 

parts—a state vector, together with its law of 

motion, and an observation equat ion. The 

state vector is a list of variables that summa-

rizes the relevant "state of the world" in the 

model . For a given model , there are many 

ways to formulate a state vector and its law of 

motion. In essence, however it is set up, a 

state vector consists of current and lagged val-

ues of the variables and disturbances of a 

model. The state vector and its law of motion 

summarize the dynamics of a model, as an en-

tity separate from the way the variables in the 

model are observed. The observation (or mea-

surement) equation tells how observations are 

made in terms of the state vector. In particular, 

it appropriately maps linear combinations of 

state variables and optional measurement er-

rors into the vector of observations. 

Kalman filtering state-space methods de-

rive their power for handling complex sam-

ples from the separa t ion of observat ion 

characteristics from the mode l equat ions. 

Setting up the observation equation to han-

dle such complications is a simple matter. 

Then, given a state-space representat ion 

that incorporates the sampling scheme, the 

Kalman filter can be appl ied to formulate a 

likelihood function to estimate a model or 

to p r oduce forecasts with an e s t ima ted 

model.7 

This powerful advantage of state-space 

Kalman filtering methods is contrasted with 

the severe limitations of conventional regres-

sion methods for handling sampling complica-

tions. The absence of a separate observation 

equation in conventional regression methods 

forces an a t tempt to transform the mode l 

equations to conform to the sampling scheme. 

Even when such a transformation is possible, 

it usually requires additional assumptions not 

motivated by economic theory. 

Application to Forecasting GNP at 
Monthly Intervals 

The fo l lowing empi r i ca l app l i c a t i on 

demonstrates the usefulness of Kalman filter-

ing as a means for efficiently producing short-

term economic forecasts with up-to-date 

values of different economic data that arrive 

at different frequencies. In the application, a 

VARMA model was estimated with monthly 

observations of U.S. total nonfarm employ-

ment and quarterly observations on U.S. real 

GNP for the period January 1958 to December 

1978. The model was then used to forecast 

employment and GNP, from one to twelve 

months, for the period lanuary 1979 to De-

cember 1988. 

The employment data used are produced 

and published in Employment and Earnings by 

the U.S. Bureau of Labor Statistics. Based on 

monthly surveys of payrolls, they represent 

totals of all types of employees in nonfarm es-

tablishments. The GNP data are produced 

and published in Survey of Current Business by 

the U.S. Bureau of Economic Analysis. They 

are based on numerous surveys and are pro-

duced and revised in a lengthy process.8 Both 

data series were obtained in seasonally ad-

justed form. 

The data are historical series that mix revised 

early values with preliminary recent values. 

They have been treated as being of the same 

degree of revision (an approach that is justified 

because they are mostly final revisions). 

Before the data were used they were trans-

formed into annual ized percentage growth 
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form. This transformation was done for two rea-

sons. First, because GNP and the other aggre-

gate economic variables are typically forecast 

in annualized percentage growth form, this da-

ta transformation makes the present forecasts 

comparable to forecasts of other economists. 

Second, putting data in this form makes them 

covariance stationary—in particular, removing 

their trends. Because trends dominated varia-

tions in the untransformed data, a failure to re-

move them would have resulted in inefficient 

use of the sample information.9 

Chart 1 suggests that monthly employment 

figures contain useful information for forecast-

ing GNP at monthly intervals.10 Clearly, varia-

tions of employment and GNP follow each 

other quite closely; somewhat less clearly, 

within-year variations in employment appear 

to slightly lead variations in GNP. Of course, 

other monthly series may contain additional 

useful information for forecasting GNP, but, 

given the limited objectives of the present 

study, other series were not considered.11 

That the two series contain useful informa-

tion for forecasting is more precisely revealed 

by serial and cross-serial correlation coeffi-

cients that are summary measures indicating 

the presence of lagged linear relationships 

(feedbacks). A serial correlation at lag k is a 

measure of the degree of linear relationship 

between a variable and values of itself k peri-

ods in the past. A cross-serial correlation at lag 

k is a measure of the degree of linear relation-

ship between a variable and another variable 

k periods in the past. Like all correlations, seri-

al and cross-serial correlations range from -1 

to +1: -1 indicates a perfect negative linear re-

lationship; 0 indicates no linear relationship; 

and +1 indicates a perfect positive linear rela-

tionship. Once significant feedbacks are indi-

cated by inspecting serial and cross-serial 

correlations, the precise nature of the feed-

backs is determined by estimating a model.12 

Cross-serial correlations of employment 

and GNP are displayed in Charts 2 and 3. In 

these charts individual correlations are signifi-

cantly different from zero at about the 95 per-

cent confidence level if they are greater than 

or equal to .20 in absolute value. At this level 

of confidence, Charts 2 and 3 show significant 

feedbacks between employment and GNP at 

lags of up to about six months. Charts 4 and 5 

Chart 1. 
Percentage Growth of Employment and GNP 

(January 1958 to December 1988) 
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Chart 2. 
Monthly Cross-Serial Correlations of Percentage Growth of 

Current GNP and Lagged Employment 
C(k) 
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Monthly Lags 

Chart 3. 
Monthly Cross-Serial Correlations of Percentage Growth of 

Current Employment and Lagged GNP 

Monthly Lags 
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Chart 4. 
Monthly Serial Correlations of Percentage Growth of Employment 

Monthly Lags 

Chart 5. 
Monthly Serial Correlations of Percentage Growth of GNP 

C(k) 
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demonstrate that employment is significantly 

serially correlated and GNP is only marginally 

serially correlated in this range. These four 

charts suggest that a monthly employment-

GNP model can be estimated to forecast ef-

fectively at least up to six months ahead. 

Because monthly employment fluctuations 

are the sample information which permits esti-

mation and forecasting at monthly intervals, it 

would seem that the most critical correlations 

in this respect are the cross-serial correlations 

of current GNP and lagged employment in 

Chart 2, which reflect feedbacks from employ-

ment to GNP. Indeed, these are the most sig-

nificant correlations in Charts 2 to 5. In the 

regression approach to this application, in the 

absence of interpolated monthly GNP values, 

employment would have to be treated as ex-

ogenous. As a result, GNP-to-employment and 

GNP-to-GNP feedbacks would not be used in 

producing GNP forecasts. Although the GNP-

to-GNP feedbacks reflected in Chart 5 are only 

marginally significant, the GNP-to-employment 

feedbacks in Chart 3, although not as signifi-

cant as the employment-to-GNP feedbacks in 

Chart 2, are, nevertheless, quite significant up 

to about the eight-month lag. 

When all variables in a multivariate system 

feed back on each other and on themselves, 

as employment and GNP do, efficient fore-

casting requires that all own and cross feed-

backs—that is, all significant serial and 

cross-serial correlations—be taken into ac-

count. Efficiently forecasting GNP several 

months ahead with the present data requires 

not only exploiting significant feedbacks from 

employment to employment and to GNP, as 

regression methods do, but also exploiting 

significant feedbacks from GNP to GNP and to 

employment, as the present method allows 

but regression methods cannot. 

The search for the best model began with a 

fairly complex model (a bivariate ARMA [3,1] 

model) and whittled it down in a series of 

stages to a simpler form (a bivariate ARMA 

11,11 model). At each stage, the weakest pa-

rameters were eliminated, the reduced mod-

el was reest imated, and it was dec ided 

whether the reduction was justified on the ba-

sis of a criterion designed to seek out the true 

data-generating process.13 The resulting esti-

mated model is presented in Table I.14 

Considering that the data are in growth form, 

the model appears to fit the data fairly well.15 

But, because the major goal of time series esti-

mation is to reduce the residuals of the model 

to serially uncorrelated "white noise," better 

indicators of the adequacy of an estimated 

model are serial and cross-serial correlations of 

residuals. When these correlations are insignifi-

cantly different from zero, the model is ade-

quate because it has captured all systematic 

variation in the data overtime: all residual vari-

ation is unpredictable white noise. In fact, time 

plots of correlations and cross-correlations of 

residuals show only a few isolated marginally 

significant correlations but do not show any 

systematic patterns that would indicate that 

the model should be modified or extended 

(P.A. Zadrozny 1990). This finding confirms that 

the estimated model in Table 1 is adequate in 

this respect.16 

The next step is to evaluate forecasts pro-

duced with the best overall model (see Table 2), 

Table 1. 
Best Overall Estimated Bivariate 

Monthly Employment-GNP Model: 
Unrestricted ARMA (1,1) 

Maximum Likelihood Estimates 

e(f) = .799e(f- 1) + AMg(t- 1) + 2.37 s^t) 
(1.75) (.377) (2.54) 

-.615e1(f-1)-.697e2(f-1) 
(-.204) (-.112) 

g(t) = .203e(f- 1) + .353g{t- 1) + .634e^t) 
(1.19) (1,228.) (.140) 

+ 1.34 E2{t) + 1.72e1 {t- 1 ) - .613e2 ( t- 1 ) 
(.222) (.441) (-.078) 

Model-Fit Summary Statistics 

Variable Standard Error 

Employment 2.83 .228 
GNP 2.82 .472 

The estimation period is January 1958 to Decem-
ber 1978; e(t) = percentage growth of employ-
ment; g(t) = percentage growth of GNP; erft), 
e2(t) = disturbances; t ratios are in parentheses. 
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over the post-estimation period, January 1979 

to December 1988. The forecasts were gener-

ated as described in Zadrozny (1990) and 

were evaluated in several ways in terms of 

their root mean squared errors (RMSE).17 

First, Theil U statistics were examined. 

For a given variable and a given number of 

forecasting steps ahead, a Theil U statistic is 

the RMSE of the forecasting method being 

evaluated d iv ided by the RMSE of naive 

forecasts, where the naive forecast of a vari-

able any number of steps ahead is the most 

recent observation of the variable at the 

time the forecast is made. Theil U statistics 

provide an internal test of the competitive-

ness of the model's forecasts. If the model's 

forecasts, which cost something to be pro-

duced, have greater errors than the naive 

forecasts—that is, they yield Us greater 

than one—then they are inferior to the cost-

less naive method. Table 2 shows U statis-

tics all s ignif icant ly less than one. The 

forecasts of the model in Table 1 are thus 

quite competitive in this respect, especially 

in short-horizon forecasting.18 

The claim made above that all feedbacks 

among the variables reinforce each other 

and thus should be used in forecasting is 

tested next by comparing the Theil U statis-

tics of the model with those of best univari-

ate models for employment and GNP. The 

criterion for choosing the "best" univariate 

model was the same as was used in choosing 

the best bivariate model in Table 1. The 

message from comparing RMSEs and Theil U 

statistics of the bivariate model with those 

of the univariate model is that the accuracy 

in forecasting employment improves only 

very slightly when GNP is used in forecasting 

employment but improves dramatically, es-

pecially in short-horizon forecasts, when em-

ployment is used in forecasting GNP. 

Having demonstrated that all available in-

formation should be used in forecasting, the 

next test is to compare the forecasts of the 

best overall model with those of the best 

model obtained with a conventional regres-

sion method, shown in Table 3.19 All serial and 

cross-serial correlat ions of the mode l ' s 

residuals were insignificantly different from 

zero. Table 4 reports month ly forecast-

evaluation statistics of the regression mod-

Table 2. 
Forecast-Evaluation Statistics 

of Model in Table 1 

Employment Forecast-Evaluation Statistics 

Months 

Ahead RMSE Theil U 

1 2.33 .576 

2 2.40 .592 

3 2.56 .632 

4 2.69 .664 

5 2.77 .684 

6 2.83 .699 

7 2.87 .710 

8 2.93 .724 

9 3.02 .747 

10 3.10 .767 

11 3.18 .786 

12 3.22 .796 

GNP Forecast-Evaluation Statistics 

Months 

Ahçaçi RMSE Theil U 

1 2.51 .437 

2 2.79 .485 

3 3.34 .582 

4 3.72 .647 

5 3.85 .670 

6 3.97 .692 

7 4.20 .731 

8 4.14 .721 

9 4.15 .723 

10 4.24 .738 

11 4.25 .740 

12 4.30 .749 

The forecast-evaluation period is January 1979 to 
December 1988. RMSE means root mean-
squared forecast error. Theil U Statistic = RMSE 
of forecast + RMSE of the naive forecast, where 
the naive forecast is the most recent observation 
at the time the forecast is made. 

el, which can be directly compared with those 

in Table 2. The comparison shows that the 

forecasting performance of the present 

method is uniformly better—marginally for 

employment and significantly for GNP—than 

the performance of the regression method, es-

pecially for forecasts up to five months ahead. 
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Table 3. 
Best Standard-Method Bivariate 

Monthly Employment-GNP Model: 
Restricted AR(1) 

Maximum Likelihood Estimates 

e(f) = .938e(f-1) + 2.31e1(i) 

(8.40) (3.49) 

g(f) = .387e(i-1) + 1.11ei(0 + 1.78e2(/) 

(1.60) (.452) (1.72) 

Model-Fit Summary Statistics 

Variable Standard Error R 2 

Employment 2.84 .227 

GNP 3.24 .304 

The estimation period is January 1958 to Decem-
ber 1978; eft) = percentage growth of employ-
ment; g(t) = percentage growth of GNP; erft), e2(t) 
= disturbances; t ratios are in parentheses. 

All the tests so far were "internal" in the 

sense that all the forecast-evaluation statistics 

were based on the same employment-GNP 

data set. To put the results in Tables l to 4 in 

a wider perspective, some comparisons of 

the forecasting performance of the best over-

all model with the forecasting performances 

of models developed by others are now con-

ducted. The internal comparisons are rigor-

ous comparisons of forecasting performance 

because they are all based on the same vari-

ables and model-estimation and forecast-

evaluation periods. By contrast, the set of 

variables and estimation and forecasting pe-

riods were different in each study in the ex-

ternal comparisons. Moreover, only one of 

the outside studies used monthly data and 

made monthly GNP forecasts. Therefore, any 

conclusions drawn from the external compar-

isons are weakened by these data dispari-

ties. Nevertheless, as Table 5 shows, even 

after taking these differences into account 

the forecasts of the best model produced 

with the present method appear to be com-

petitive—indeed, generally better for fore-
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Table 4. 
Forecast-Evaluation Statistics 

of Model in Table 3 

Employment Forecast-Evaluation Statistics 

Months 

Ahead RMSE Theil U 

1 2.36 .583 
2 2.42 .598 
3 2.58 .637 

4 2.70 .667 

5 2.79 .689 

6 2.85 .704 

7 2.91 .718 

8 2.96 .732 

9 3.05 .753 

10 3.11 .769 

11 3.18 .786 

12 3.22 .796 

GNP Forecast-Evaluation Statistics 

Months 

Ahead RMSE Thçil u 

1 2.96 .516 
2 3.17 .552 

3 3.51 .612 

4 3.79 .660 

5 3.91 .680 

6 4.01 .698 

7 4.24 .738 

8 4.18 .727 

9 4.18 .728 

10 4.27 .744 

11 4.27 .744 

12 4.32 .752 

The forecast-evaluation period is January 1979 to 
December 1988. RMSE means root mean-
squared forecast error. Theii U Statistic = RMSE 
of forecast + RMSE of the naive forecast, where 
the naive forecast is the most recent observation 
at the time the forecast is made. 

casts up to three months. In particular, the 

present forecasts are impressive in these 

comparisons because they were produced 

with a model involving substantially fewer 

variables.20 
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Table 5. 
Comparison with Other Forecasts 

for Comparable Periods 

Quarterly GNP Forecast RMSEs 

Quarters 

Ahead Table 2 Roberds McNees 

1 3.34 3.87 4.25 

2 3.97 3.85 3.61 

3 4.15 4.15 3.78 

4 4.30 4.34 3.82 

Monthly GNP Forecast RMSEs 

Months 

Ahead Table 2 Trghan 

1 2.51 1.81 

2 2.79 3.34 

Sources: "Roberds" data are from Table 2, part 1, 
column 2 in Roberds (1988) and reflect fore-
casts over quarter 1, 1977, to quarter 1, 1987. 
"McNees" data are the average of columns 1 to 
4 in Table 2 in McNees (1986) and reflect fore-
casts over quarter 2, 1980, to quarter 1, 1985. 
"Trehan" data are from Table 2, part 2, column 
3 in Trehan (1989) and reflect forecasts over 
quarter 4,1978, to quarter 4,1988. 

Conclusion 

This article has demonstrated the feasibili-

ty and usefulness of applying a Kalman filter-

ing method to directly estimate a monthly 

model of employment and GNP, when em-

ployment is observed monthly and GNP is 

observed quarterly, and of using the estimat-

ed model to produce monthly forecasts of 

GNP. The forecasts were evaluated by internal 

tests and by comparisons with forecasting 

performance of models developed by others. 

The tests and comparisons showed that the 

method is able to produce competitive GNP 

forecasts using only emp loymen t as the 

source of monthly information. The method is 

computationally much more demanding than 

standard regression methods; however, with 

some experience, an application of the scope 

of the one presented in this article could be 

conducted in an afternoon on a personal com-

puter.21 

As noted in the introduction, the Kalman 

filtering method can routinely handle the 

sampling complications of mixed frequencies, 

temporal aggregation, measurement errors, 

and data transmission delays. In the applica-

tion mixed frequencies and temporal aggrega-

tions were fully accounted for, measurement 

errors were somewhat accounted for, and 

transmission delays were ignored.22 It would 

be useful to extend the present application to 

fully account for measurement errors and data 

transmission delays and to use, in addition, 

other sources of monthly information such as 

industrial production and retail sales. 

Measurement errors and transmission de-

lays are intimately connected. Consider the 

case of GNP data. The first observations on 

GNP for a given quarter are available fifteen 

days after the end of the quarter. As more sur-

vey data come in and are processed, more ac-

curate estimates of GNP are released. In fact, 

there is a succession of releases of GNP, each 

presumably more accurate than the previous 

one. The next two releases, after the so-called 

fifteen-day release, are forty-five and seventy-

five days after the end of the quarter.23 A 

plan for future application of the method 

discussed here is to extend the present ap-

plication to take such revisions—that is, 

measurement errors and transmission de-

lays—fully into account, not just in GNP but 

also in any other monthly variables used.24 

Finally, although the application in this ar-

ticle was a purely statistical exercise in the 

sense that no economic theory was directly 

used to specify and restrict any equations in 

the model, the method could equally well be 

used to estimate, forecast, and make infer-

ences with models directly motivated by an 

economic theory. That is, the method could 

be app l ied to a wide range of economic 

models such as dynamic simultaneous equa-

tions models and rational expectations mod-

els.25 
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Notes 

' S o m e e x a m p l e s of forecas t ing in which conven t i on-

al s i ng le- f requency m e t h o d s are a p p l i e d to mixed-

f r e q u e n c y d a t a a r e C o r r a d o a n d G r e e n e (1988 ) , 

F i tzgera ld a n d Mi l l e r (1989), a n d Trehan (1989). 

2 The p r e s e n t ar t ic le is d rawn from a wo rk i ng p a p e r 

(Zadrozny 1990) that descr ibes the me t hod and appli-

cation in much greater deta i l a nd sophist icat ion . This 

working pape r is avai lable from the Publ ic Information 

Depar tment of the Federal Reserve Bank of Atlanta. 

3Sk ip samp l ing means reducing a t ime series by picking 

out nonconsecut ive values, that is, at greater t ime inter-

vals than those in the original series. For examp le , to 

reduce a month ly emp l oymen t series to quarterly val-

ues by t empo r a l aggregat ion o n e wou l d average the 

three month ly values of each quarter. However, to re-

duce t h e e m p l o y m e n t ser ies by sk ip s a m p l i n g o n e 

would pick the first (or second or third) month ly va lue 

of each quarter. 

4Litterman's (1983) me thod , which exploits two levels of 

serial correlations in residuals, is the most sophisticat-

ed regression-interpolat ion m e t h o d . Neverthe less , it 

c anno t exp l o i t al l p o s s i b l e ( p o t en t i a l l y s ign i f i cant ) 

cross-serial correlat ions be tween low-frequency vari-

ables be ing interpolated and high-frequency variables 

serving as interpolators. 

5Yet another p r ob l em may b e cross-sectional aggrega-

tion; that is, s ome observat ions are sums of several dif-

ferent var iab les . In fact, s o m e observa t ions cou ld b e 

s imul taneously cross-sectionally and tempora l ly aggre-

gated. The me t hod presented here can s imul taneous ly 

handle cross-sectional and tempora l aggregation. 

6Obvious ly , t he present me t hod also has its l imitations. 

First, compared with regression methods , it is computa-

t iona l ly much mo re d e m a n d i n g so tha t t h e s izes of 

mode l s that it can hand le are much more l imi ted . Sec-

ond , regardless of how it is es t ima ted , a m o d e l mus t 

satisfy a set of ident i f icat ion condi t ions . Identif icat ion 

cond i t ions for es t imat ing VARMA mode l s with single-

frequency data that are not tempora l ly aggregated are 

well known; their extensions to mixed-frequency tem-

porally aggregated data are as yet unknown. Fortunate-

ly, in a g iven app l i ca t ion there are informal empir ica l 

ways of checking whether ident i f icat ion cond i t ions are 

satisfied. 

7 For a d e t a i l e d d iscuss ion of set t ing u p a state-space 

representat ion of a VARMA mode l for a s amp l e involv-

ing mixed f requenc ies and t empo ra l aggregat ion and 

then us ing the Ka lman filter with the o b t a i n ed state-

sp a ce r e p r e s e n t a t i o n t o e s t i m a t e t h e m o d e l , s e e 

Zadrozny (1990). 

8Carson (1987) and Young (1987) d iscuss in deta i l t he 

compi lat ion of GNP data. 

9 Data are said to be (covariance) stationary when their 

mean va lues (central tendency) and variances (disper-

sion) are constant over the sample . A failure to put data 

into stationary form prior to using them usually results 

in ineff icient es t imates of the m o d e l and b i a sed test 

statistics. Economic data are typically nonstat ionary be-

cause of t he presence of strong trends. In the applica-

t i on , t r e n d s we re r e m o v e d by t a k i n g m o n t h l y a n d 

quarterly differences in the transformation to percent-

age growth form. There has b een some discussion late-

ly a b o u t w h e t h e r t r e n d s s h o u l d b e r e m o v e d by 

differencing or by l inear regression (see, for examp le , 

Wh i teman and Roberds 1990). A general izat ion of differ-

encing, which recognizes that variables may share com-

mon trends , is to treat t h em as co integrated (see, for 

e x a m p l e , Eng l e a n d G r ange r 1987 a n d Foun t i s a n d 

Dickey 1989). The mode l can also legit imately be esti-

m a t e d with u n d e t r e n d e d da t a if a p p r op r i a t e restric-

tions are p laced on the parameters. This t echn ique has 

been used especial ly in Bayesian analyses (see, for ex-

amp le , Doan, Litterman, and S ims 1984, Lit terman 1986, 

and Roberds 1988). Data from 1947 to 1957 were also 

cons i de red , bu t t ime p lots a na l ogous to Chart 1, ex-

t e n d i n g from 1947 to 1988, r evea l ed tha t t h e trans-

fo rmed da ta d i s p l ay no t ab l y greater var ia t ions from 

1947 to 1957 than in later years. Therefore, to be sure of 

a stationary sample , only data from 1958 onward were 

used . 

l 0Hereafter, " emp l oymen t " and "GNP" mean e m p l o y m e n t 

and G N P in transformed annua l i zed percentage growth 

form. 

" F o r examp l e , Fi tzgerald a n d Mi l ler (1989) u sed total 

hours worked (average hours worked t imes total em-

p loymen t ) in l ieu of total emp l o ymen t ; Trehan (1989) 

used industrial product ion and retail sales in add i t i on 

to emp l oymen t . 

1 2The reported correlations were c ompu t ed with the usu-

al formulas for s amp l e variances and covariances, modi-

fied only to skip terms in summat i ons which could not 

be c ompu t ed because of missing values of GNP. Each 

of the summat i ons were normal i zed by the actual num-

ber of terms that were compu t ed . In Chart 5 correlations 

at nonquarter ly intervals ( I , 2, 4, 5, . . .) were set to zero 

to indicate that they could not be c ompu t ed with pure-

ly quarterly data. 

13 Parameters were cons idered "weakest" when their esti-

ma t e s a n d t rat ios ( es t ima tes d i v i d e d by e s t i m a t e d 

standard errors) were both less than .1 in abso lu te val-

ue. The criterion for selecting the "best" mode l was the 

Akaike (1973) information criterion, mod i f ied to correct 

for f inite-sample b ias as suggested by Hurvich and Tsai 

(1989). 

14 In Tables I a nd 3 the moving-average parts in the esti-

mated equa t i ons have been normal i zed so that the dis-

t u r b a n c e s , e , a n d s2, h a v e u n i t v a r i a n c e s a n d a re 

uncorrelated with each other and that the current va lue 

of the second d is turbance, e2(t), is absen t from the em-

p loymen t equa t ion . The normal izat ion is necessary to 

so lve an ident i f icat ion p r ob l em (e l im ina te r edunden t 

parameters) and , therefore, does not restrict the mode l . 

Wi thout further identifying assumpt ions , e,(l) and e2(t) 

canno t b e v i ewed as respec t ive "pure " e m p l o y m e n t 

and GNP shocks; they can only be viewed as unspeci-

fied l inear comb ina t ions of such pure shocks. 

'^An R 2 goodness-of-fit statistic of .228 for emp l oymen t is 

fair a nd an R2 of .472 for GNP is good . Although R2 is not 

a re l iab le statistic here, it never the less is useful be-

cause it summar izes the fit of the ind iv idua l equa t ions 
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in the mode l . As in ordinary least squares (OLS) estima-

tion, R2 is c ompu t ed as I m inus the variance of residu-

als d i v i ded by the variance of observat ions. But, unl ike 

in OLS, the present est imat ion criterion is not entirely 

geared toward max imiz ing the fit of i nd iv i dua l equa-

t ions. Therefore, it can h a p p e n that t he R2s of s o m e 

equa t i ons can be negative. In OLS, R2s necessarily sat-

isfy 0 < R2 < 1. 
l 6 O n e source of skept ic ism a b o u t the a d e q u a c y of t h e 

mode l might be that only three of the parameters are in 

t h e range of stat ist ical s ign i f icance by c o n v e n t i o n a l 

standards. An es t imated parameter is significantly dif-

ferent from zero at abou t the 90 percent conf idence lev-

el when its t ratio is greater than abou t 1.6 in abso lu te 

value. (Note that the improbab ly high 1 va lue of 1,228 is 

u ndoub t ed l y the result of numerical errors inherent to 

the numer ica l m e t h o d for ca lcu lat ing s t anda rd errors 

which was used.) The generally low t va lues of estimat-

ed pa rame te r s are a d m i t t e d l y s o m e t h i n g to b e con-

c e r n e d a b o u t a n d wil l b e g i ven a t t e n t i o n in fu ture 

extensions of this work. The only th ing to d o in this re-

spect is to try to come u p with restrictions on parame-

ters that result in higher t ratios wi thout reduc ing the 

f i t—and forecasting ab i l i ty—of the es t imated mode l . In 

fact, t he role of Bayesian VAR or BVAR est imat ion is to 

d o just that . See , for examp l e , Doan , L i t terman , and 

S ims (1984), Lit terman (1986), and Roberds (1988). 

1 7Let RMSE(/?) d eno t e the RMSE of ^-months ahead fore-

casts of a variable. Then, for example , in t he case of em-

p loymen t , RMSE(fc) is t he squa re root of t he average 

va lue of |e(f + ft) - e(t + /?|t)|2 over the range t = S + 1 to I 

+ T - ft, where e(f + ft) deno tes the observat ion on em-

p loymen t in month t + ft, e(t + /e|t) deno tes the forecast 

of e m p l o y m e n t in month t + ft m a d e in mon th t, S + 1 

deno t e s lanuary 1979, and T d eno t e s Decembe r 1988. 

Of course, in the case of GNP, with g{t + /?) and g{t + ft + 
i) de f ined analogously to e(( + ft) a nd e(t + 6|i), |g{t + ft) -
git + ft\t)\2 cou ld only be c ompu t ed for values of t + ft, 
which represent third mon ths of quarters. 

l 8 A l t hough t h e pr inc ipa l in terest is in eva l ua t i ng G N P 

forecasts, e m p l o y m e n t forecasts are also reported be-

cause the me t hod treats the two variables symmetrical-

ly. 
I9TO make the compar ison, a search was m a d e for a best 

mode l subject to the type of restriction that wou ld be 

necessary in est imat ion with a convent iona l regression 

me thod . Al though the max imum l ikel ihood est imat ion 

program of the present me t hod was actually used , the 

impos i t ion of restrictions del ivers results equ iva len t to 

what regressions can produce. 

2 0For example , Roberds (1988) uses a total of eight vari-

ables: real GNP, implicit G N P deflator, u n emp l oymen t 

rate, bus iness fixed investment , monetary base, yield 

on three-month Treasury bills, Atlanta-Fed dollar index, 

and commod i ty price index. Trehan (1989) uses a total 

of four variables: real GNP, total emp l oymen t , industrial 

product ion , and retail sales. 

21 The appl icat ion was carried out with a FORTRAN pro-

gram written by the author. The program was comp i l ed 

with the Lahey Compu t e r Systems FORTRAN 77 compil-

er (version 3.00) and was run on a 386 personal comput-

er opera t ing at 20 MHZ clock s p e e d with a numerica l 

coprocessor. It took less than twenty minu tes to d o all 

of t he computa t ions under ly ing the figures and tables 

reported in Zadrozny (1990). 

2 2The extent to which measu remen t errors were account-

ed for is d iscussed in Zadrozny (1990, 22-24). 

23 Revisions cont inue, with the next one be ing annual . Ev-

ery July the previous three years' releases are revised 

to b e consistent with annua l survey data. 

2 4Using state-space me thods , Conrad and Corrado (1979), 

Howrey (1984), a nd Scadd ing (1987) accounted for the 

different precisions of prel iminary and revised data but 

d i d no t c on s i de r t r ansm iss i on de l ays . O n t h e o ther 

hand, Bordignon and Trivellato (1989), also using state-

space methods , s tud ied the effects of t imel iness of da-

ta b u t d i d not s imu l t aneous l y work with pre l im inary 

and revised data. 

2 5See, for examp le , l udge et al. (1980) and Hansen and 

Sargent (1989) for discussions of dynam i c s imu l taneous 

equa t i ons mode l s and rational expectat ions mode ls . 
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